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Peterson’s Isomorphism (Lam-Shimozono, 2007)
After taking torus-equivariant extension and localization,

H,(QK)

H.(K) = QH*(G/B), =~

=~ QH*(G/P).

QH*(G/B) VS QH*(G/P).
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Introduction

P! = Gr(1,2) = {Vi < Vo(2C?) | dimV; =1}
I
Foz:={Vi < Vo <C?| dimV; =1,dim Vs, =2}
|

P? = Gr(2,3) = {Vo < C3 | dim V, =2}

e Fl3is a Pl-bundle over P2.
e H*(-) is functorial.

> * o H*(Fl3) — H*(PY); 7% H*(P2) — H*(F{3).
» 3 a filtration F on H*(F{3) such that (as graded algebras)

Gr¥ (H*(Ft3)) = H*(P') @ H*(P?).

Question: How about the quantum analog??
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What is “quantum”??
X =P? = {ptjucCtucz
* HYX,Z) = HX,Z) @ H*X,Z) & H¥YX,Z)
= Z-e &3] Z - x &3] Z-y
o QH*(X) = (H*(X) ® Q[q],*) is a “deformation” of H*(X).
° classical quantum
Uy=0=0-y *y=1-q

. _e

> “deformation”: x*y|q:0 =xUy.
» “1": Gromov-Witten invariant; 3! line that passes through two
given points (and hits the given line).
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Aim and outline of the present talk

@ Aim: Quantum analog of the graded-algebra isomorphism
Gr(H*(G/B)) = H*(P/B) ® H*(G/P).

>

G ) P ) B
(semi-)simple parabolic Borel
Lie group/C subgroup subgroup

> P/B— G/B— G/P.
E.g. P! — Fi3 — P2

@ Outline of the talk.

m Introduction  (done).

B QH*(G/P) and relevant problems/developments.
> G/P ~ H*(G/P) ~ QH*(G/P).

m On the quantum analog.
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oy g ane1 ap Eg:
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Flag varietiess G/P's «w (A, Ap)'s

@ G: a simply-connected complex simple Lie group

» G corresponds to one of the following Dynkin diagrams

a2
A,: O—O0—0O---0—0O
ar ey a3 G o Es :
a a3 oy a5 og
B,: O—0O---0—C=0 az
[e3} Qz  Qp_2 Qp_1] Qp
E7:
C,: © O - - -O—O=¢=0 a a3 oy a5 g ap
ay Q@2 Qp—2 Qp-1 Qn
[e5]
Qn—1
D,: O—O-- Es:
@ Qg Qp—3 Op_s :
1 2 n=3 fn-2 ar az ay as ag ar asg
ap,
Fy: O—0O==0—0 Gy ==0
ay az asz Qy ay Qz
» A:={ay, - ,,} is a base.

@ P: a parabolic subgroup of G, i.e. a Lie subgroup of G such
that G/P is (a smooth) projective (variety).
» P corresponds to a subset Ap of A.
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Examples of G/P's (Ag = 0)

@ A Borel subgroup B is a minimal parabolic subgroup.
°

Fiz={Vi <V, <C?| dimV; = 1,dim V, = 2}
SL( cc:) B K = SU(3)

G
s < T =5S(U(1) x U(1) x U(1))
{ ( 0 * = ) } B
0 0 =«

Fl3=G/B = K/T is a (complete) flag variety of type A;.

o Flag varieties G/P of A,-type are all of the form:
G/P ={V, <<V, <C"dim Vo =aj,j =1, k}.
» G/P = Gr(k,n+1), then Ap = A\ {ak}.



(Quick review) Weyl group W £ (s1,--- , s,)

H . _ Y
o Cartan matrices (Aj)  ; Aj = (aj, ).
nxn J
s
A0 O—0O—0 -~ 0—0
ar e a3 o an B :
a a3z oy oy ag
B,: 0—O0---0—0=x=0 as
ay Qa2 Qp-2 QGn-1 Qn
By
G —0- - =0 a0 as a5 ag or
ar @y Qpep Gpo1 Oy
s
D, 0_077%""
Ex
a1 G2 3 Gpd
an a a3 ay a g ar ag
Fy: O—CO=>=0—0 Gy : ==0
ay az az ay ay g

A~
> A,‘,‘ é2.

L. —1, if darrow from «; to «;
> . A ) 'j i
Fori#j. Aj { —fajaj, otherwise ’

2 -3
m Eg. type Go: ( 1 9 )



(Quick review) Weyl group W £ (s1,--- , s,)

@ Cartan matrices (A,-j)

®si:bh—b;

A,

Ajj = (o, af

nxn’ J

IQZ
a a;  az ap Eg:
1 4 5 Qg
ni OO -~ -O——0==0 az
ay Qa2 Qp-2 QGn-1 Qn
Ey:
a

\/>.

Cp: O—O---0—C=0 @ a3 a4 a; ag ar
L a2 Qns ani an
az
D,: O—O-- Ot )
o gz s Qe B a1 a3 oy a3 ag  ay oy
: o—0==0—20
f ar ay a3 oy “ z?éE:i
A
si(A) £ X — (i, Aoy
- n . *\* __ _ n Vi
» b7 =P, Cai; (") =b=60D,-, Cq;

» reflection along the hyperplane H,, := {

>

Neb | (an ) =0},



(Quick review) Weyl group W £ (s1,--- , s,)

o Cartan matrices (Aj) Aj = (e, ).

nxn’

°osi:h—b si(\)E2XN—{(a;Na).

1
> b =@, Ca; (b*)" =b=@; Ca/.
» reflection along the hyperplane H,, := {\ € b | (a;, \) = 0}.
> siiht = b5 si(8) = 8- (B, )
@ Length function /: W — Z>.
» ((id) £ 0.
» For w #id, {(w) £ min{k |w=s;, s, }.
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In particular, W = S3 (via 51— (12), 50 — (23)), |W]|=6.



(Quick review) Weyl group W = (sy,--- ,s,)
m Eg type Ay: G =SL(3,C), A = {1, a0}. 0:= a1+ az.

1 /%

W ={1,s1, 5,515, 9251, 2515}
In particular, W = S3 (via 51— (12), 50 — (23)), |W]|=6.
Note that

H*(Ft3) = H*(P') ® H*(P?) as vector spaces
— dim H*(F(3) = dim H*(P*) x dim H*(P?) =2 x 3 =6 = |W/|
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So Where a € A\ Ap.
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(Quick review) (A, Ap): WP C W
Wp £ (s;:a; € Ap); WPE{w € Wl(w) < £(v),Vv € wWp}.
o WP W/Wp.

e w € WP < Every reduced expression of w ends with some
So Where a € A\ Ap.

m When P =B, WP =Ww.

m When G/P = Gr(k,n+1),

WP = partitions inside k x (n+ 1 — k) rectangle.
E.g. type Ax: A = {041,042}, Ap = {al}.

M"t

WP = {1,s,515}. Note that G/P =P? and G/B = F/3.

v




H*(G/P,Z).  (ApC A)

Bruhat decomposition: G/P = || BwP/P.

wewPp
PN

e H(G/P,Z)= @ Zow; H(G/P,Z)= & Zo".
weWwP weWwP
> = [BWP/P] € Hyu)(G/P, Z)
> <cr O0y) = 0wy 0w € HW(G/P, 7).



H*(G/P,Z).  (ApC A)

Bruhat decomposition: G/P = || BwP/P.

wewPp
PN

e H(G/P,Z)= @ Zow; H(G/P,Z)= & Zo".
weWwP weWwP
> = [BWP/P] € Hyu)(G/P, Z)
> <cr O0y) = 0wy 0w € HW(G/P, 7).

m Hy(G/P,Z) = QV/Qp, where Qp := D cn, Za.
> H2(G/B,Z)§
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>0

@ A “combinatorial” formula/algorithm for Ny, 's,
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» Duan (2003): effective algorithm (= sign).
» Many other (partial) results.
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Problems/Answers on H*(G/P)

@ A (nice) presentation of the cohomology ring H*(G/P).

Borel (1950s) H*(G/B,Q) = Q%[hf\}v :
>0

@ A “combinatorial” formula/algorithm for Ny, 's,

u v woo_w
oc'Uc’ = E Ny ,o”.
w

» Kostant-Kumar (1986): explicit formula
» Duan (2003): effective algorithm
» Many other (partial) results.

Q@ H*(G/B) VS H*(G/P)

“trivial”: functorial properties, graded-algebra isomorphisms

© Other problems (e.g. Schubert polynomial).
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(SMALL) QH*(G/P) = (H*(G/P) @ Q[a], x)
G/P ew (A, Ap).  Hy(G/P,Z) = QV/QY.
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G/P «~ (A, Ap). H,(G/P,Z) = QV/Qp.
For each «; ¢ Ap, we introduce a formal variable g;.
For Ap =32, ajay + Qp, we denote g, = [L¢a, q; .
Definition
For any u,v € WF, the (small) quantum product is defined by

u

v A wW,Ap W
o' xo" = g Ny 7P o qap,
WEWP,)\PGQV/Q;(

o N = [{f : PL — G/P hol | £([P']) = Ap, f(0) €
P.D.(c"),f(1) € P.D.(6"), f(c0) € P.D.((c*))}|.



(SMALL) QH*(G/P) = (H*(G/P) @ Qla], »)

G/P e (A, Ap). H:(G/P,Z) = QV/Qp.

For each «; ¢ Ap, we introduce a formal variable g;.

For Ap =32, aja) + Qp, we denote g, = [L¢a, q; .
Definition

For any u,v € WF, the (small) quantum product is defined by

u

v A wW,Ap W
o' xo" = g Ny P o qap,
WEWP,)\PGQV/Q;(

o N = [{f : PL — G/P hol | £([P']) = Ap, f(0) €
P.D.(c"),f(1) € P.D.(6"), f(c0) € P.D.((c*))}|.
> (0™)¥'s lie in H*(G/P) such that [¢ p(0)* U™ = G-
» Finite sum. NY;* =0 unless g\, € Q[q].



QH*(G/P) VS H*(G/P)

e Similarity.
» QH*(G/P) is commutative and associative, and has unit 1.
> Nl'j‘f;/)‘P's have geometrical meanings. For instance for
G/P =P? we have xxy =1-g-

Thus N, J = 1; that means -
> Nl‘j‘f;/ = Nl'jfv.



QH*(G/P) VS H*(G/P)

e Similarity.
» QH*(G/P) is commutative and associative, and has unit 1.
> Nl'j‘f;/)‘P's have geometrical meanings. For instance for
G/P =P? we have xxy =1-g-

Thus N, J = 1; that means -
> Nl‘j‘:;/ = Nl'jfv.
e Difference: there is “NO" functorial property for QH*(-).
In general, f : X — Y does not induce
*: QH*(Y) — QH*(X).



Problems on QH*(G/P)

O A (nice) presentation of the quantum cohomology ring:

* _Q[Xla"'axl\//aqla"'aqr]
QH(G/P) = (relations) '

@ A ‘“combinatorial” formula/algorithm for Nl'j'f\’,)“”s,
@ QH*(G/B) VS QH*(G/P).
@ Other problems (e.g. quantum Schubert Polynomial).



Developments on QH*(G/P)

© A presentation of the quantum cohomology ring QH*(G/P).
Known for (1) P = B; (2) G = SL(n+ 1,C); (3) (almost all)
P is maximal.
» B. Kim (1999): nice presentation of 7 with
QH*(G/B) = Qfx,- Xn 91, 5Gn]
» Results for G = SL(n + 1,C) or P is maximal (Givental-Kim,
Buch, Kresch-Tamvakis, Chaput-Manivel-Perrin, etc.).
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Known for (1) P = B; (2) G = SL(n+ 1,C); (3) (almost all)
P is maximal.

» B. Kim (1999): nice presentation of Z with
QH*(G/B) Q[xi,- ";Xn;qla ";qn]'

» Results for G = SL(n + 1,C) or P is maximal (Givental-Kim,
Buch, Kresch-Tamvakis, Chaput-Manivel-Perrin, etc.).

m Lam-Shimozono (preprint, 2007; Acta. Math. 2010):
QH*(G/B) = H.(Q2K) after taking torus-equivariant extension
and localization (D. Peterson’s isomorphism).



Developments on QH*(G/P)
© A presentation of the quantum cohomology ring QH*(G/P).

@ A combinatorial formula/algorithm for N,‘,"f;,’\”'s.

» Fulton-Woodward (2004): (Peterson's) quantum Chevalley
formula on 0% x 0.
» Mihalcea (2007): an algorithm.
» Leung-Li (preprint, 2008): a closed formula (3 sign).
> Results for special cases, including
» Complex Grassmannians.
> Quantum Pieri rules for partial flag varieties of type A (I.
Ciocan-Fontanine, 1999), and for Grassmannians of classical
types (Buch-Kresch-Tamvakis, 2009).
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types (Buch-Kresch-Tamvakis, 2009).

Woodward (2005): (Peterson's) comparison formula on
Ny = Ny,

“Quantum to classical” principle for (almost all)
Grassmannians (Buch-Kresch-Tamvakis,
Chaput-Manivel-Perrin).



Developments on QH*(G/P)

© A presentation of the quantum cohomology ring QH*(G/P).

@ A combinatorial formula/algorithm for N,‘,"f;,’\”'s.

>

Fulton-Woodward (2004): (Peterson’s) quantum Chevalley
formula on 0% % o,

» Mihalcea (2007): an algorithm.
» Leung-Li (preprint, 2008): a closed formula (3 sign).
> Results for special cases, including

» Complex Grassmannians.

> Quantum Pieri rules for partial flag varieties of type A (I.
Ciocan-Fontanine, 1999), and for Grassmannians of classical
types (Buch-Kresch-Tamvakis, 2009).

Woodward (2005): (Peterson's) comparison formula on
NP = N¥ e - QH*(G/B) VS QH*(G/P) «--
“Quantum to classical” principle for (almost all)
Grassmannians (Buch-Kresch-Tamvakis,
Chaput-Manivel-Perrin).



Grading map on H*(G/B)

m Eg. type Ay and Ap ={ay}. P/B— G/B — G/P with
H*(G/P) = H*(Pz) — @{1,X,X2} — Q{170.5270_5152}’
H*(P/B) = H*(P') = Q{1,z} = Q{1,0°} and G/B = Fs.



Grading map on H*(G/B)

m Eg type Ay and Ap ={a1}. P/B— G/B — G/P with
H(G/P) = H'(F2) = Q{1x,x%} = Q{1 0%, 052},
H*(P/B) = H*(P') = Q{1.2} = Q{L.0"} and G/B = F

» As vector spaces: H*(G/B) = H*(P/B) ® H*(G/P).

o5 = zx, 0919 = zx2,



Grading map on H*(G/B)

m Eg type Ay and Ap ={y}. P/B— G/B— G/P
» As vector spaces: H*(G/B) = H*(P/B) ® H*(G/P).
» Grading map gr: W — 7Z2; gr(w) = (i,}).

P/B

4

3

2

1 z 2T 2z

0 1 v a? a/p
-1 0 0 0
) 0 0 0 0 0 0 0
i 0 1 2 3 4 5 6

j




Z>-filtration on H*(G/B)
m Z2filtration F = {Fa}acz2, Where Fy = Der(w)<a Q™.

» Lexicographical order: a = (a1, a2) < (b1, by) = b if and only if
either (i) a1 < by or (i) ay = by and a; < by.

» H*(G/B) is a Z filtered algebra. That is, FaFp C Fayp.

» Associated graded algebra Gr¥ = @ Gr,.
Gra = Fa/ Uy, Fo = 0 <= a lies in the gray blocks.

P/B




Z>-filtration on H*(G/B)
m H*(G/B) is a Z-filtered algebra with filtration F

m F is compatible with P/B <+ G/B - G/P: there exist
algebra isomorphisms i* and 7* such that

H*(G/B) A

projl \ /lprof
H*(G/B)/l —— H*(P/B), H*(G/P)——A/J,

» A:=7*(H*(G/P)) is a subalgebra of H*(G/B) with J =0<A
» | aH*(G/B) is spanned by {x, x?, zx, zx?}.




Z>-filtration on H*(G/B)
m H*(G/B) is a Z?filtered algebra with filtration F

m F is compatible with P/B iR G/B =5 G/P: there exist
algebra isomorphisms i* and 7* such that

H*(G/B) A
,,,,,J-J \ /lp@-
H*(G/B)/I —— H*(P/B),  H'(G/P)—L+A/J,

m Ais a subalgebra of H*(G/B) with J=0<A
m | <H*(G/B).

» As Z2-graded algebras,
Gr7 (H*(G/B)) = H*(P/B) ® H*(G/B).

> HX(G/P) ~ Q[hX]WP

Q[h *]V>Vo




Step 1 for quantum analog: known information

e Quantum Chevalley formula for G/B:  uve W,1<i<n,

o' xo% =3 (xi7")o" + 2 (X0, 7Y) gy o, where
el vers

M :={yeR"|{(usy) =¢(u)+ 1} and

o= {y € R | us) = l(u) +1— (2p,4")}.

» {x1, - ,Xxn} Cb*: fundamental weights. (X;,Cvjv> = 0.
» pi=>1 . Xi. R =W-An (@ZZOQ’)' w(a;)" = w(ay).



Step 1 for quantum analog: known information

e Quantum Chevalley formula for G/B:  uve W,1<i<n,

ot x o = 3 (xi,7)e" + 3 (X ) g ot
ver ver

» Quantum Chevalley formula determines the ring structure of
QH*(G/B) completely.



Step 1 for quantum analog: known information
e Quantum Chevalley formula for G/B:  uve W,1<i<n,

ot x o = 3 (xi,7)e" + 3 (X ) g ot
ver ver

@ Peterson-Woodward comparison formula: For every
u,v,w € WP, we have

W,/\p . W-,)‘B
Nu,v - Nu.v )

where (W, A\g) is uniquely determined by (w, Ap).



Step 2: typical example and expected grading map
E.g. type Ax with Ap = a1: G/B = Fil3, G/P = P2

e Quantum products for F/3:
Ol kgL =0%5 4 g, oSl kOS2 = oSN Sl 4 g2l =gy 02,
O %GR =05% 4 qy, R K g =GN g2 % o512 = g0,
P2 4 gSIRSL = gy po2, O K O = qua2SL, g5 % SIS = g1 012 £ gy o,

S 515281 SHS:
072 x 012 =@t + q1q2,
1251 4 g2 = g gp 0K T2,

j.5251 * 0.515251 — q1q20517 0.5251 * 0.5251 — qla.51$27
7k R =02 4 gR5 gSI% 4 g951 = qqp,



Step 2: typical example and expected grading map
E.g. type Ax with Ap = a1: G/B = Fil3, G/P = P2

e Quantum products for F/3:
Ok o= 4 qp, O ko2 = gNUNS g% % g =q0%,
02 %02 =092 4 @y, 02 k02 = g 5% 4 g2 = g0,
712 4 g1 = g1 pO 2, 02 % 0NN = oD, g% % g2 =101 + g1 o,
75251 4 15251 — q1q2051, o251 % o251 — quS1S27 o2 % gS19251 — q20-5251 + q19o,
7 xR =02 4 g9 g% 4 g9 = qiqp,  OIRS K gNIN2S= g gy 05k 0.

o QH*(P?) = % X *p X2 = t.



Step 2: typical example and expected grading map
E.g. type Ax with Ap = a1: G/B = Fil3, G/P = P2

e Quantum products for F/3:
Ok o= 4 qp, O ko2 = gNUNS g% % g =q0%,
02 %02 =092 4 @y, 02 k02N = g 5% 4 g2 = g0
712 4 g1 = g1 pO 2, 02 % 0NN = oD, g% % g2 =101 + g1 o,
75251 4 15251 — q1q2051, o251 % o251 — quS1S27 o2 % gS19251 — q20-5251 + q19o,

751 % g2 = gS1%2 + 0-5251, o552 4 5251 — gi9o, o S19251 4 5519251 — gi19o o5l%x g2,
* 2\ __ Q[th] 2 _
.QH(P)—W X *p X = t.

m Peterson-Woodward comparison formula --3 t «~ goo®.
Recall that P/B = P!
H*(P?) = Q{1, x,x%}, H*(P!) = Q{1, z},
H*(Fl3) =2 H*(P') @ H*(P?): 0% = x, 0% = z,0%% = X2,



Step 2: typical example and expected grading map
G/B=Ft;, G/P=P2 P/B =Pl

e QH*(G/B) is naturally labelled by a subset of W x QV.
Can define a grading map gr : W x Q¥ — Z?
tp/B

gr(qigby) = agr(q) + bgr(qz) + gr(y)

G/p
0




Step 3: statements --+ modifications --+ proofs
m Can define a filtration F = {Fa}acz2 on QH*(G/B) similarly.

» F is a deformation of the classical one.
» F = {Fa}acze define a Z?-filtered algebra structure on
QH*(G/B). That is, Fa x Fy C Fayp.
Guess that QH*(G/B) is a Z>-filtered algebra, keeping similar
properties to the classical ones'.



Step 3: statements --+ modifications --+ proofs
m Can define a filtration F = {Fa}acz2 on QH*(G/B) similarly.

» F is a deformation of the classical one.
» F = {Fa}acze define a Z?-filtered algebra structure on
QH*(G/B). That is, Fa* Fy C Fasp.
Guess that QH*(G/B) is a Z>-filtered algebra, keeping similar
properties to the classical ones'.
m Check one more example of type A3. Need to modify the

“statement”.
Correction: consider a Z"*1filtration instead, where r = |Ap|.



Step 3: statements --+ modifications --+ proofs
m Can define a filtration F = {Fa}acz2 on QH*(G/B) similarly.

» F is a deformation of the classical one.
» F = {Fa}acze define a Z?-filtered algebra structure on
QH*(G/B). That is, Fa* Fy C Fasp.
Guess that QH*(G/B) is a Z>-filtered algebra, keeping similar
properties to the classical ones’.
m Check one more example of type A3. Need to modify the
“statement” .
Correction: consider a Z"1filtration instead, where r = |Ap|.

m Proofs by using induction together with quantum Chevalley
formula and Peterson-Woodward comparison formula.



PW-lifting map ¥a a,

m Peterson-Woodward comparison formula:



PW-lifting map ¥a a,

m Peterson-Woodward comparison formula:
@ For \p € QV/Qp, 3! Ag € QY such that A\p = A\g + Qp and
(a,Ag) € {0,—1} forall a € RF (= RN Do,en, Zaj).



PW-lifting map ¥a a,

m Peterson-Woodward comparison formula:
@ For \p € QV/Qp, 3! Ag € QY such that A\p = A\g + Qp and
(a,Ag) € {0,—1} forall a € RF (= RN Do,en, Zaj).
@ For every u,v,w € WP, we have
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u,v u,v ’

where Ap = {a; € Ap | (@, A\g) = 0}.



PW-lifting map ¥a a,

m Peterson-Woodward comparison formula:
@ For \p € QV/Qp, 3! Ag € QY such that A\p = A\g + Qp and
(a,Ag) € {0,—1} forall a € RF (= RN Do,en, Zaj).
@ For every u,v,w € WP, we have

NW,)\p — NWWPWPIJ\B
u,v u,v ’

where Apr = {Oz,' € Ap | <Oé,'7)\B> = 0}

Yan, WFxQV/Qp — W x QY;
(W, /\,D) = (Wu)pwP/./ )\B).



PW-lifting map ¥a a,

m Peterson-Woodward comparison formula:
@ For \p € QV/Qp, 3! Ag € QY such that A\p = A\g + Qp and
(a,Ag) € {0,—1} forall a € RF (= RN Do,en, Zaj).
@ For every u,v,w € WP, we have

NW,)\p — NWWPWPIJ\B
u,v u,v ’

where Apr = {Oz,' € Ap | <Oé,'7)\B> = 0}

Yan, WFxQV/Qp — W x QY;
(W, /\,D) = (Wu)pwP/./ )\B).

» E.g. type Ay, for A\p = oy + QY where Ap = {1}, we have
Yan,(1,Ap) = (s1,a) (note wp = 51 and wpr = id).



PW-lifting map ¥a a,

m Peterson-Woodward comparison formula:
@ For \p € QV/Qp, 3! Ag € QY such that A\p = A\g + Qp and
(a,Ag) € {0,—1} forall a € RF (= RN Do,en, Zaj).
@ For every u,v,w € WP, we have

NW,)\p — NWWPWPIJ\B
u,v u,v ’

where Ap = {a; € Ap | (@, A\g) = 0}.

Yan, WFxQV/Qp — W x QY;
(W, )\,D) = (Wujpw,of./ )\B).

» E.g. type Ay, for A\p = oy + QY where Ap = {1}, we have
Ya,np(1,Ap) = (s1,03) (note wp = 51 and wpr = id).
m Peterson-Woodward comparison formula does not seem to tell
us information on the relationships between the ring structure

of QH*(G/P) and QH*(G/B).



Definition of grading map
@ Give a “canonical order” on Ap:

USE NOT USE

* - —O0—O -O—0=&0 - &—O0—0O-
a a1 o

ar o @ m
*--—0—0-- *--—0—o0--
a e @ a [

Set APJ = {al,az,'-- ,ozj} for1<j<r. Pr_|_1 = G.



Definition of grading map

@ Give a “canonical order” on Ap:

USE NOT USE
® - -—0—O0---0—0=0 ® --—0—0---0—O0=0
&~0—o—o~o—o<: t~o—o—o~©—o<:
Set Apj = {al,az,'-- ,Ozj} for1<j<r. Pr_|_1 = G.

@ Considering {P;/B — Pj11/B — Pj41/Pi}i_,
Obtain a Z"-filtration on H*(G/B), by defining (for
w e W)

r

gr(w) =>_|Inv(w)n (Re, \ RE_)lej € 2,
j=1

where Inv(w) = {8 € Rt | w(f) ¢ R"} and R} = 0.



Definition of grading map

@ Give a “canonical order” on Ap: Apj's.

@ Define a grading map gr : W — Z"+1.

@ Extend the grading map to gr : W x Q¥ — Z"*1.
Remain to define gr(q;)’s recursively (by using

Peterson-Woodward comparison formula).
- Q—O—O O—C=I=O

e i



Definition of grading map

@ Give a “canonical order” on Ap: Apj's.

@ Define a grading map gr : W — Z"+1.

© Extend the grading map to gr : W x Q¥ — Z"*1.
Remain to define gr(q;)’s recursively (by using

Peterson-Woodward comparison formula).
- Q—O—O O—C=I=O

e i

For instance, if Ap is of A-type, then we define

o gr(g)=(1—j)ej_1+(1+j)ej, for1 <j<r.
o for a & Ap,

gr(qa) = (Uwpwp )42+ 2a) i1 —griwpwe )~ > aigr(q),
i=1 i=1

where wpwp: and a;'s satisfy
(wpwpr, 0¥+ Y0y a0} )= a.an(La¥ + QY).



Definition of grading map

@ Give a “canonical order” on Ap: Apj's.
@ Define a grading map gr : W — Z"+1.
© Extend the grading map to gr : W x Q¥ — Z"*1.

m Obtain a Z'*!-filtration F via the grading map gr.



Theorem (Leung-Li, math.AG 1007.1683)

m QH*(G/B) has an Z"!-filtered algebra structure with
filtration F.



Theorem (Leung-Li, math.AG 1007.1683)

m QH*(G/B) has an Z ! -filtered algebra structure with
filtration F.
@ There is a canonical algebra isomorphism
QH*(G/B)/T — QH*(P/B)
for an ideal Z (which is explicitly defined) of QH*(G/B).

P/B r(q1) + bgr(qz) + gr(y




Theorem (Leung-Li, math.AG 1007.1683)

Suppose Dyn(Ap) is a disjoint union of A-type ones AK)'s,

e There exists a subalgebra A of QH*(G/B) together with an
ideal J of A, such that QH*(G/P) is canonically isomorphic
to A/J as algebras.

e As graded algebras, (after localization) Gr* (QH*(G/B)) is
isomorphic to ((Q, ®7_; QH*(P*)) Q QH*(G/P), where

k=1

rg ‘= ‘A(k)‘




Remarks on the theorem

e There are analogous maps to 7* and +*. The quantum case is
a deformation of the classical cases.
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Remarks on the theorem

e There are analogous maps to 7* and +*. The quantum case is
a deformation of the classical cases.

e The assumption “Suppose Dyn(Ap) is a disjoint union of
A-type ones A(K)'s” is not strong.
It holds for all G/P’s if G is of A-type or G-type.
Furthermore for each remaining type, more than half of the
homogeneous varieties G/P's also satisfy this.



Remarks on the theorem

e There are analogous maps to 7* and +*. The quantum case is
a deformation of the classical cases.

e The assumption “Suppose Dyn(Ap) is a disjoint union of
A-type ones A(K)'s” is not strong.
It holds for all G/P’s if G is of A-type or G-type.
Furthermore for each remaining type, more than half of the
homogeneous varieties G/P'’s also satisfy this.

e (In preparation.) Could expect that for the remaining cases,
QH*(G/P) is isomorphic to a graded subalgebra A’ of
r+1 (QH*(G/B)) :== B0 Gr,f;rﬂ. (It is always a proper
subalgebra except for one special case.)



One more question

How about the analog on the side of based loop groups?



One more question

How about the analog on the side of based loop groups?

77— QK =77

~» a similar filtration on H,(Q2K)?
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