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The model Quenched polymers with attractive charges

A brief overview of the literature
Pictures

The model

Consider ¢ = (qk)k=0 an i.i.d. sequence in R and S = (Sk)x>0 the
simple symmetric random walk in Z9, independent of q. We denote
their joint law by P.
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The model

Consider ¢ = (qk)k=0 an i.i.d. sequence in R and S = (Sk)x>0 the
simple symmetric random walk in Z9, independent of q. We denote
their joint law by P.

The charge at x € Z¢ induced by the first N monomers is

Q=D alis—

0<k<N

and we call

Hv =Y (Q%)°= D qalis—s;

x€Z4d 0<j k<N

Marc Wouts — Université Paris 13 A first-order transition in charged polymers



The model

Quenched polymers with attractive charges
v of the literature

We focus on the quenched polymer model with Hamiltonian —Hy /N:

Hv = Z(QN Z 9kl {s;=s,)

x€Zd 0<j, k<N

ZN(ﬂ) = E <exp <ﬁHN> qo0,- -+, QN—1>

P,’i,(A) = ZNl(B)E<1AeXp <ﬁHN>‘qO;---aQN1>

In this model, charges with the same sign attract.
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The model " .
Quenched polymers with attractive charges

A brief overview of the literature
Pictures

Literature

Hy= > qalis-s,
0<j k<N

@ Garel and Orland. Mean-field model for protein folding, EPL 1988.

Quenched polymer with Hamiltonian —Hy /N on the complete graph
has a phase transition between a swollen phase at high temperature
to a collapsed phase at low temperature.

Marc Wouts — Université Paris 13 A first-order transition in charged polymers



The model " .
Quenched polymers with attractive charges

A brief overview of the literature
Pictures

Literature

Hyv= Y qalis—s,
0<j,k<N
@ Garel and Orland. Mean-field model for protein folding, EPL 1988.
@ Garel and Orland. Chemical sequence and spatial structure in simple

models of biopolymers. EPL 1988.

Extensions of the previous work with g, a vector instead of a scalar,
chain constraints. Similar phase transition.
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The model " .
Quenched polymers with attractive charges

A brief overview of the literature
Pictures

Literature

Hyv= Y qalis—s,
0<j,k<N
@ Garel and Orland. Mean-field model for protein folding, EPL 1988.

@ Garel and Orland. Chemical sequence and spatial structure in simple
models of biopolymers. EPL 1988.

@ Brydges and Slade. The diffusive phase of a model of self-interacting
walks. PTRF 1995.

Non-random g = 1 and Hamiltonian —Hy/N has a diffusive phase
—00 < B < By, where By > 0.
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The model " .
Quenched polymers with attractive charges

A brief overview of the literature
Pictures

Literature

Hy= > qalis-s,
0<j k<N

@ Garel and Orland. Mean-field model for protein folding, EPL 1988.

@ Garel and Orland. Chemical sequence and spatial structure in simple
models of biopolymers. EPL 1988.

@ Brydges and Slade. The diffusive phase of a model of self-interacting
walks. PTRF 1995.

@ Bolthausen and Schmock. On self-interacting d-dimensional random
walks. Ann. Prob. 1997.

For a continuous polymer with non-random g = 1 and Hamiltonian
corresponding to —Hy /N, the end-to-end distance of the polymer has
bounded exponential moments for large 3, uniformly in the length of
the polymer.
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The model

Pictures

Polymer model with Hamiltonian Hy was considered in

Kantor and Kardar. Polymers with random self-interactions. EPL
1991.

Derrida, Griffiths, and Higgs. A model of directed walks with random
self-interactions. EPL 1992.

Derrida and Higgs. Low-temperature properties of directed walks
with random self interactions. J. Phys. A 1994.

Golding and Kantor. Two-dimensional polymers with random short-
range interactions. Phys. Rev. E 1997.

van der Hofstad and Konig. A survey of one-dimensional random
polymers. J. Statist. Phys. 2001.

den Hollander. Random polymers, LNM 2009.
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The model

overview of the ||terature

Pictures

and Hpy was studied in

Chen. Limit laws for the energy of a charged polymer. Ann. IHP
2008.

Chen and Khoshnevisan. From charged polymers to random walk in
random scenary. IMS Lecture Notes 2009.

Hu and Khoshnevisan. Strong approximations in a charged-polymer
model. Periodica Mathematica Hungaria 2010.

Asselah. Annealed lower tails for the energy of a polymer. JSP 2010.

Asselah. Annealed upper tails for the energy of a polymer. Ann. IHP
2011.
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Quenched polymers with attractive charges

A brief overview of the literature
Pictures

A sample with 5 =3.50, d =2, N = 1000, gy = £1
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The model Quenched polymers with attra

A brief overview of the literature
Pictures

A sample with 5 = 4.10, d =2, N = 1000, gy = £1
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The model Quenched polymers with attractive charges

A brief overview the literature
Pictures

A sample with 5 =4.30, d =2, N = 1000, gy = £1
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The model

Quenched
A brief ov:
Pictures

A sample with 5 =4.32, d =2, N = 1000, gy = £1
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The model

Quenched
A brief ov:
Pictures

A sample with 5 =4.34, d =2, N = 1000, gy = £1
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The model " .
olymers with attractive charges

view of the literature

Pictures

A sample with 5 =4.35, d =2, N = 1000, gy = £1
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The model Quenched pol 3 ith attractive charges

A brief overvi of the literature
Pictures

A sample with 5 =4.36, d =2, N = 1000, gy = £1
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The model Quenched pol 3 ith attractive charges

A brief overvi of the literature
Pictures

A sample with 5 =4.38, d =2, N = 1000, gy = £1
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The model Quenched polymers with attra

A brief overview of the literature
Pictures

A sample with 5 =4.40, d =2, N = 1000, gy = £1
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The model Quenched pol ers with at ive charges

A brief ove f the literature
Pictures

A sample with 5 =4.50, d =2, N = 1000, gy = £1
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The model " .
Quenched polymers with attractive charges

A brief overview of the literature
Pictures

A sample with 5 =5.00, d =2, N = 1000, gy = £1
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The model Quenched pol 3 ith attractive charges

A brief overvi of the literature
Pictures

A sample with 5 =5.50, d =2, N = 1000, gy = £1
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The model Quenched polymers with attractive cha

A brief overview of the literature
Pictures

A sample with 5 = 6.00, d =2, N = 1000, gy = £1
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

The delocalized phase

Assumption (H)
@ Eqp =0 and Vargyp =1
o There is k < oo such that Eet® < e"°/2 V't € R.
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

The delocalized phase

Assumption (H)
@ Eqp =0 and Vargyp =1
o There is k < oo such that Eet® < e"°/2 V't € R.

This holds with k = 1 if gg = 41 unbiased or go ~ N(0,1).
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

The delocalized phase

Assumption (H)
@ Eqp =0 and Vargyp =1
o There is k < oo such that Eet® < e"°/2 V't € R.

This holds with kK = 1 if gg = 41 unbiased or qo ~ N(0,1). Let

D~ {ser:zu0) Ly en(d)}.
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

The delocalized phase

Assumption (H)
@ Eqp =0 and Vargyp =1
o There is k < oo such that Eet® < e"°/2 V't € R.

This holds with kK = 1 if gg = 41 unbiased or qo ~ N(0,1). Let
D~ {ser:zu0) Ly en(d)}.
N—o0

Theorem (Hu, Khoshnevisan, W. 2010)

Assume (H). Then D is an interval that contains (—oo,1/k) and

P? —P(|q0, ..., qn_ H P, 0, vgenD.
H v — P(lqo an-1) g B €
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

The restricted partition function

Let LY, = Y gcxen 1s,—x be the local time at x € Z¢ and L}, =
max,cz4(L}) the maximum local time. For any ¢ > 0, we consider

Zy(B) =E (exp <,€HN> Lix<eny| o, - - - q/v—1>

The former theorem is a consequence of:

Proposition

Assume (). For any 8 € R and € > 0 such that 2kfe < 1,

BZ{(8) — exp(5)
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

o Zy(5) LQEQ exp(3) when 4xpe < 1.
Indeed,
E(Zy®)-¢*)" = EZy(87 + ¥ — 2MZy(8)"

EZ5(28) + €*® — 2EZ5(B)e”

o

<
—
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

L2(P)
o Zy(B) — exp(p) when 4xfe < 1.

o Zy(5) N exp(3) when 2kf8e < 1.

Indeed, Z5/%(8) — exp(8) while Z5,(8)— ZZ/*(8) is a positive
variable whlch expectation goes to 0.
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

o Zy(5) LQEQ exp(3) when 4xpe < 1.
o Zy(5) N exp(3) when 2kf8e < 1.
o (—00,1/k) C D as Zy(B) = Zn(B) when e > 1/2, N large.
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

(8) H® exp(3) when 4rf8e < 1.

Zy

Zy(5) N exp(3) when 2kf8e < 1.

(—o0,1/Kk) C D as Zy(B) = Zn(5) when € > 1/2, N large.

D is an interval according to Jensen's inequality
Zn(B1)PPr < Zy(B) < Zn(B2)?P

when 0 < 81 < B < fe.
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

Total variation distance

HPﬁ, - P(lqo,---, qul)HTV = Sl:‘P ‘Pﬁ (A)—P(Alqo:---,qn-1)
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

Total variation distance
HP?, —P(|q,---, qN,l)HTV = sg\p ‘Pﬁ (A)—P(Algo,---, qN,l)’
does not exceed sup, di(A) + dr where
di(A) = Py (AN {Li <eN}) =P (AN {Ly <N} do,- ., qu-1))
do = Py ({Ly > eN}) + P ({L} > eN}).
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

Total variation distance
HP?, —P(|q,---, qN,l)HTV = sg\p ‘Pﬁ (A)—P(Algo,---, qN,l)’
does not exceed sup, di(A) + dr where
di(A) = Py (AN {Li <eN}) =P (AN {Ly <N} do,- ., qu-1))
do = Py ({Ly > eN}) + P ({L} > eN}).

When 8 € D, d» — 0.
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Proof of the theorem

Total variation distance
HP?, —P(|q,---, qN,l)HTV = sg\p ‘Pﬁ (A)—P(Algo,---, qN,l)’
does not exceed sup, di(A) + dr where
di(A) = Py (AN {Li <eN}) =P (AN {Ly <N} do,- ., qu-1))
do = Py ({Ly > eN}) + P ({L} > eN}).

When 5 € D, d i> 0. Furthermore

2

1/2
ex Hy/N
di(A) < E p(Zfl(ﬁN)/) = 1| 1{;<eny| Gos a1, -- -, QN—1‘|

- [23(25) 220 (1, < 5N})] e
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Lower bound on EZ5 ()

As Hy = o< k<n 9jqk1{s;=s,}. (H) implies that

E(Hn|S) =E Z l{j:k,sjzsk} S| =N.
0y, k<N
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Lower bound on EZ}(3)

As HN = Zogj,k<N QJle{Sj:Sk}r (H) implies that

E(Hn|S) =E Z l{j:k,sjzsk} S| =N.
0y, k<N

By Jensen's conditional inequality,

EZy(B) = E (E (exp <ZHN) ’ 5) 1{L;,<s/v}>

> exp(B)P(Ly < <N)

= en(s)
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Upper bound on EZ5(f)

Lemma

Assume (H). Let € > 0 and B € R such that 2xfe < 1. Let
0 > 0 small enough. Then, there is C < oo such that, for every N

sufficiently large,

E ﬁ( +ootq)?) < ﬂ£+5yﬂy£+cL—2
exp N qo dL-1 X exp N N N2

uniformly in L € {0, ...[eN]}.
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Upper bound on EZ5(f)

Assume 3 > 0. Introduce & a centered unitary gaussian variable
independent of g and the Laplace transform W(t) = Eexp(tqp).
Then

EeXP(Z(QO+"'+QL1)2> = Eexp (\/%f(QO‘F""FQLl))
L
()

As W(t) < exp(kt?/2) and L < eN, the contribution of ¢ with
[\/28/NE| > § is negligible. For the remaining part, use
2

V() = exp <t2 + tio(t2)> .
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Our main result
The restricted partition function
An insight at the proof

The delocalized phase

Upper bound on EZ5(f)

Consequence of the lemma: when 2x6e < 1,

5> 1{L;,<s}>

E(]] E eXp B(OW) 5> Lir<ey

BZy(5) = exp (5 HN)

xcZ4
< exp ﬁz +5Iﬁ\Z—N+CZ N2
x€Z4 x€Z4 x€EZ4
— exp(B +4|B)).

N—oo
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Our result
A first order transition An excluded range for Ly, /N

A first order transition

As Hp/N is sub-additive, the free energy
1
F(B) = lim —logZ
(8) = lim - log Z(5)

exists a.s. and in L' when Vargg < co. Let B¢ := supD.

Theorem (Hu, Khoshnevisan, W. 2010)
Assume (H). For any 8 < ¢, F(8) = 0. There is ¢ > 0 such that,

F(B) > c(B—Bc), VB> pe.

Furthermore, for all B > B¢, for all € > 0,

Ly F 1
Pﬁ, <I\,7 > (1 —¢)max <(5m72/€5)> Ni)o 1.
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Our result
A first order transition An excluded range for Ly, /N

A signal of the first order transition

Assume (H) and let 8,e,m7 > 0 such that ¢ < (1 —7)/(2x3). Then

5 Ly _1-n\  _zZy ") - zy(s)
EPN<5<N<2K5> = E 7o)
< B(Z08) - zy(9))
N—> 0

according to the proposition.
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The four points
Excursions have exponential tail

Open questions
At low temperature ! 1

At low temperature

Let ¢ € {£} and p € {odd, even}. Then

Q= > (@)

0<k<N:k=p

is the total charge of sign ¢ available at the sites x € Z with parity p
(ile. x1+ ...+ x4 =p).
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The four points
Excursions have exponential tail

en questions
At low temperature Op juestions

At low temperature

Let ¢ € {£} and p € {odd, even}. Then

Q= > (@)

0<k<N:k=p

is the total charge of sign ¢ available at the sites x € Z with parity p
(ile. x1+ ...+ x4 =p).

Claim

Assume d > 2. Then, for any q,

max Hyy = > (QP)2.

ee{£},pe{odd,even}

In particular, maxs Hy is typically of order N2 under P.
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The four points
Excursions have exponential tail

Open questions
At low temperature ! 1

The four points

Let 0 < a < 1. Denote

There exists a square with vertices x?
Sn(a) = x2\e < l+a AP :
such that (Qy )° > 254 Qf

Theorem (Hu, Khoshnevisan, W. 2010)

Let d > 2. Assume that qg takes both positive and negative values.
Let 0 < aw < 1. For 8 large enough, there is ¢ > 0 such that

EP% (Sn(@)€) < exp(—cN)
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The four points
Excursions have exponential tail

en questions
At low temperature Op juestions

Excursions have exponential tail

When Sy(a) occurs, folding excursions onto the square increases
significantly the energy. As a consequence, excursions from the
square have exponential tail when f is large.

Proposition

Let d > 2. Assume that qg takes both positive and negative values.
For 3 large enough, there is C < oo such that

EP? (Diam(Sp, ..., Sy_1) < ClogN) — 1
N—oo

sanE%(rSN_ﬂ) < C
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The four points
Excursions F exponential tail

At low temperature Oppem qsiiiens

Open questions

@ What happens at G, ?

Marc Wouts — Université Paris 13 A first-order transition in charged polymers



The four points
Excursions have exponential tail

At low temperature Oppem qsiiiens

Open questions

@ What happens at G, ?

@ Is it true that supy EE%|SN_1] < oo for all 3> B 7 Do we
still have logarithmic diameter 7
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The four points
Excursions have exponential tail

At low temperature Oppem qsiiiens

Open questions

@ What happens at G, ?

@ Is it true that supy EE%|SN_1\ < oo for all 3> B 7 Do we
still have logarithmic diameter 7

@ We observe no phase transition for § < 0, instead the polymer
is always delocalized. What is the correct scaling for observing
the transition to a folded state ? What is that folded state ?
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The four points
Excursions have exponential tail
Open questions

At low temperature

Thanks
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