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Topological Similarity

Definition
Let Γ be a countable discrete group, and let G be a Polish group.
A representation of Γ in G is a homomorphism R : Γ → G . Two
representations R1, R2 are said to be topologically similar if for all
sequences {γn} ⊆ Γ

R1(γn) → 1G ⇐⇒ R2(γn) → 1G .

In other words if the map R1(γ) 7→ R2(γ) extends to a
bi-continuous isomorphism between the topological groups R1(Γ)
and R2(Γ).





Topological Similarity

Let us consider the case Γ = Z. Then any homomorphism
R : Z → G is determined by the image of the identity element
R(1). In other words we have a relation of topological similarity on
the elements of the group G , i.e. g ∈ G is topologically similar to
f ∈ G if for any sequence {nk} ⊆ Z

gnk → 1G ⇐⇒ f nk → 1G .
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R : Z → G is determined by the image of the identity element
R(1). In other words we have a relation of topological similarity on
the elements of the group G , i.e. g ∈ G is topologically similar to
f ∈ G if for any sequence {nk} ⊆ Z

gnk → 1G ⇐⇒ f nk → 1G .

More generally, a representation of a free group Fn on n generators
is uniquely determined by specifying images of the generators. This
gives us a relation of topological similarity on the n-tuples in G ,
i.e., (g1, . . . , gn) ∈ G n is topologically similar to (f1, . . . , fn) ∈ G n if
for any sequence of words {wk} ⊆ Fn

wk(g1, . . . , gn) → 1G ⇐⇒ wk(f1, . . . , fn) → 1G .
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Let T denote the circle, viewed as a compact abelian group. Let α,
β ∈ T be two elements of the infinite order.
Question: When α is topologically similar to β?



Example: Circle

Let T denote the circle, viewed as a compact abelian group. Let α,
β ∈ T be two elements of the infinite order.
Question: When α is topologically similar to β?
Answer: α is similar to β if and only if α = ±β.



Induced Conjugacy Classes

To simplify notations we concentrate from now on the case
Γ = Fn. We then regard G n as the space of representations, on
which G acts by diagonal conjugation:

g .(g1, . . . , gn) = (gg1g
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Induced Conjugacy Classes

To simplify notations we concentrate from now on the case
Γ = Fn. We then regard G n as the space of representations, on
which G acts by diagonal conjugation:

g .(g1, . . . , gn) = (gg1g
−1, . . . , ggng

−1).

Orbits of these action are called n-dimensional conjugacy classes.
If G is a topological subgroup of H then we can induce conjugacy
classes from Hn to G n: (g1, . . . , gn) ∈ G n is H-conjugate to
(f1, . . . , fn) ∈ G n if there is h ∈ H such that gi = hfih

−1.
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Some of the properties of the relation of topological similarity are:

◮ Topological Similarity is an equivalence relation in the space
of representations.

◮ Conjugacy classes refine classes of topological similarity.

◮ Moreover, if G < H then classes of topological similarity are
still coarser that H-conjugacy classes.



Automorphisms of the Lebesgue Space

Let (X ,Σ, µ) denote the standard Lebesgue space (think about the
Lebesgue measure on the unit interval [0, 1]) and Aut(X ) will
denote the group of measure-preserving automorphisms of X . By
the Koopman representation this group is a closed subgroup of
U(H).
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Let (X ,Σ, µ) denote the standard Lebesgue space (think about the
Lebesgue measure on the unit interval [0, 1]) and Aut(X ) will
denote the group of measure-preserving automorphisms of X . By
the Koopman representation this group is a closed subgroup of
U(H).

◮ (del Junco) Each conjugacy class in Aut(X ) is meager.

◮ (Kechris) Each U(H)-conjugacy class in Aut(X ) is meager.

◮ (Rosendal) Each class of topological similarity in Aut(X ) is
meager.
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Let Q denote the set of rationals, viewed as a dense linear ordering
without endpoints. The Aut(Q) is the group of order-preserving
bijections. It is a Polish group in the topology of pointwise
convergence, if Q is endowed with the discrete topology.

◮ There is a generic conjugacy class in Aut(Q).

◮ (Hodkinson, Truss) Every two-dimensional conjugacy class in
Aut(Q) is meager.

◮ Every non-trivial element generates a discrete copy of Z and
so all non-trivial elements fall into a single class of topological
similarity.

◮ (S.) Every two-dimensional class of topological similarity is
meager in Aut(Q).
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The Urysohn space U is the complete separable metric space, that
is uniquely characterized by the following properties:

◮ Every finite metric space embeds into U;

◮ U is ultrahomogeneous, i.e., every partial isometry between
finite metric spaces extends to a full isometry of U.



Urysohn Space

The Urysohn space U is the complete separable metric space, that
is uniquely characterized by the following properties:

◮ Every finite metric space embeds into U;

◮ U is ultrahomogeneous, i.e., every partial isometry between
finite metric spaces extends to a full isometry of U.

This space has a rational counterpart: the rational Urysohn space
QU. Similarly, it is defined as the countable metric space with
rational distances, such that

◮ Every finite metric space with rational distances embeds into
QU;

◮ QU is ultrahomogeneous.
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The Groups of Isometries

We will be interested in the groups of isometries Iso(U), Iso(QU)
of these spaces. They are Polish groups if endowed with the
topology of pointwise convergence (for this U is viewed as a metric
space, and Q as a discrete space).
The group Iso(U) is very large: it is an injectively universal Polish
group.
Notation: For a subset A of U or of QU we denote by IsoA(U)
and by IsoA(QU) the subgroups that pointwise fix A.



Amalgams of Metric Spaces
Let A, B and C be finite metric spaces, such that A ∩ B = C . The
amalgam of A and B over C is denoted by A ∗C B is defined as
follows. Take A ∗C B = A ∪ B and define a metric on it as

d(x , y) =











dA(x , y) if x , y ∈ A

dB(x , y) if x , y ∈ B

min{dA(x , z) + dB(z , y) : z ∈ C} if x ∈ A and y ∈ B .
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Solecki’s Theorems

Let A be a finite metric space. A partial isometry of A is an
isometry between two finite subsets of A.
Hrushovski showed that for every finite graph A there is a bigger
finite graph B ⊇ A such that every partial isomorphism of A

extends to a full automorphism of B . Ward Henson asked if the
similar question is true for metric spaces and partial isometries.
This was answered in affirmative by Solecki.

Theorem (Solecki)

For any finite metric space A there is a finite metric space B ⊇ A

such that every partial isometry of A extends to a full isometry of

B.



Solecki’s Theorems

Theorem (Solecki)

Let A be a finite metric space, and let p be a partial isometry of A.

There are a finite metric space B ⊇ A, a natural number M and a

full isometry q ⊇ p of B such that

◮ q2M(x) = x for any x ∈ B

◮ qM(A) ∪ A is the amalgam of qM(A) and A over the set of

periodic points of p.





Corollary (Solecki)

Let A be a finite metric space, and let p be a partial isometry of A.

There are a finite metric space B ⊇ A, a natural number M and a

partial isometry q ⊇ p of B such that qM(A) ∪ A is the amalgam

of qM(A) and A over the set of periodic points of p.
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For applications one needs a version of Solecki’s Theorem for
several partial isometries. For this we need some additional
assumptions. For simplicity we give the statement for the case of
two partial isometries.



Extensions of Several Isometries

For applications one needs a version of Solecki’s Theorem for
several partial isometries. For this we need some additional
assumptions. For simplicity we give the statement for the case of
two partial isometries.

Theorem (S.)

Let A be a finite metric space, p1, p2 be partial isometries of A

such that all the periodic points of pi are fixed points of pi . Then

there are a finite metric space B ⊇ A, partial isometries q1, q2 of

B, that extend those of A, and a word w ∈ F2 such that

w(q1, q2)(A) ∪ dom(q1) is the amalgam of w(q1, q2)(A) and

dom(q1) over F (p1) ∩ F (p2) — the intersection of the sets of

fixed points.
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Theorem (Melleray)

Let A and B be finite subsets of U, then
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Theorem (Melleray)

Let A and B be finite subsets of U, then

IsoA∩B(U) = 〈IsoA(U), IsoB (U)〉.

Theorem (S.)

Let A and B be finite subsets of QU, then

IsoA∩B(QU) = 〈IsoA(QU), IsoB (QU)〉.
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g ∈ 〈IsoA(U), IsoB (U)〉 such that

∀x ∈ C d(f (x), g(x)) < ǫ.



Melleray’s Theorem. Reformulation

Here is a reformulation of the above cited Melleray’s result.

Theorem (Melleray)

Let A and B be finite subsets of U, then for any ǫ > 0, any

f ∈ IsoA∩B(U), and for any finite C there is

g ∈ 〈IsoA(U), IsoB (U)〉 such that

∀x ∈ C d(f (x), g(x)) < ǫ.

Then the above result on the rational Urysohn space can be
reformulated as follows:

Theorem
Let A and B be finite subsets of U, then for any f ∈ IsoA∩B(U)
and for any finite C there is g ∈ 〈IsoA(U), IsoB (U)〉 such that

∀x ∈ C f (x) = g(x).



Linearly Ordered Rational Urysohn Space

Formally speaking linearly ordered rational Urysohn space is the
Fräıssé limit of the class of finite ordered rational metric spaces.
Informally speaking, this is the rational Urysohn space with an
ordering on top, that is independent of the metric structure, and
that is isomorphic to the rationals. We denote this space by QU<
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The motivation for looking at linearly ordered spaces in general
and this space in particular comes from the work of
Kechris-Pestov-Todorcevic on the extreme amenability of the
groups of automorphisms of the Fräıssé limits. They proved, in
particular, that if such a group is extremely amenable, then it
preserves a linear ordering. In all the known examples extreme
amenability seems to be orthogonal to the existence of large
multidimensional conjugacy classes and large classes of topological
similarity.



Linearly Ordered Rational Urysohn Space

Formally speaking linearly ordered rational Urysohn space is the
Fräıssé limit of the class of finite ordered rational metric spaces.
Informally speaking, this is the rational Urysohn space with an
ordering on top, that is independent of the metric structure, and
that is isomorphic to the rationals. We denote this space by QU<

The motivation for looking at linearly ordered spaces in general
and this space in particular comes from the work of
Kechris-Pestov-Todorcevic on the extreme amenability of the
groups of automorphisms of the Fräıssé limits. They proved, in
particular, that if such a group is extremely amenable, then it
preserves a linear ordering. In all the known examples extreme
amenability seems to be orthogonal to the existence of large
multidimensional conjugacy classes and large classes of topological
similarity.
Caution: This may well be because we have lack of examples of
both types of groups.
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Conjugacy and Similarity in the LORU Space

The structure of conjugacy classes in this space differs from the
case of rationals.

Theorem (S.)

◮ Every one-dimensional conjugacy class in Aut(QU<) is

meager.

◮ Every non-trivial element in Aut(QU<) generates a discrete

copy of Z.

◮ Every two-dimensional class of topological similarity is meager

in Aut(QU<).

A similar result holds for the group of automorphisms of the
randomly ordered random graph.
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Some of the open questions are:
Question 1: Is there a generic two-dimensional conjugacy class in
the group of homeomorphisms of the Cantor set? Quite a few
things is known in this direction:

◮ (Kechris-Rosendal, Akin-Glasner-Weiss, Kwiatkowska) There
is the generic one-dimensional conjugacy class.

◮ (Rosendal) There is a generic two-dimensional class of
topological similarity (a discrete one).

◮ (Rosendal) The group of measure-preserving homeomorphisms
of the Cantor space has generic conjugacy classes of all orders.

Question 2: Are there extremely amenable groups with generic
conjugacy classes of all orders?



Thank you!
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