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Today main energy sources
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Figure: World main energy sources (in TW=102W)
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... how much oil remains?

@ It is thought that the peak oil will be reached before 2020
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and some consequenses
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and some consequenses
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@ Environment pollution: air, land, rivers and oceans
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and some consequenses
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@ Environment pollution: air, land, rivers and oceans

@ Global warming (carbon dioxide emissions)
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@ Renewable energy

Wind power
Hydropower

Solar energy
Biomass

Biofuel
Geothermal energy

®© ©6 6 6 o o

(]

Nuclear energy (7)

Produces clean energy (electric current and water)
Issues:
e Production of hydrogen
e Storing and transporting hydrogen
o Extracting energy from hydrogen:
(PEM HFC)
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What are the alternatives?

@ Renewable energy

Wind power
Hydropower

Solar energy
Biomass

Biofuel
Geothermal energy

Nuclear energy (?)
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What are the alternatives?

@ Renewable energy

Wind power
Hydropower

Solar energy
Biomass

Biofuel
Geothermal energy

Nuclear energy (?)

@ Hydrogen energy

Produces clean energy (electric current and water)
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What are the alternatives?

@ Renewable energy

Wind power
Hydropower
Solar energy
Biomass

Biofuel
Geothermal energy

o Nuclear energy (7)
@ Hydrogen energy
Produces clean energy (electric current and water)

Issues:

e Production of hydrogen

e Storing and transporting hydrogen

o Extracting energy from hydrogen: proton exchange
membrane hydrogen fuel cells (PEM HFC)
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Several car manifactures in PEM HFC race

FUEL CELL
AR
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What is a PEM HFC, how it works?
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How the energy is produced?
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What is a PEM HFC, how it works?

Individual Fi I ELECTRIC CIRCUIT
usbEuslice 140% - 60% Efficiency)
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Proton Exchange Membrane

How the energy is produced?
o At the anode: 2H, = 4H"T + 4e”
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What is a PEM HFC, how it works?

Individual Fi I ELECTRIC CIRCUIT
usbEuslice 140% - 60% Efficiency)
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How the energy is produced?
o At the anode: 2H, = 4HT + 4de™
o At the cathode: 0 + 220 = 20~
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What is a PEM HFC, how it works?

Individual Fi I ELECTRIC CIRCUIT
ualiFuelCel 140% - 60% Efficiency)
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How the energy is produced?
@ At the anode: 2H, = 4HT + 4de~
o At the cathode: 0 + 220 = 20~
@ At the catalyst layer: 4HT + 20~ = 2H,0
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What is a PEM HFC, how it works?

[ Carbon diffusion layer B Catalystiayer

U Proton exchange membrane @ Pt nanoparticle

Anode  Cathode

Water Channel Model

H20O channel crystallite
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Inside PEM HFC: numerical computations

@ Dry model, cathode channel and GDL, only one cell

Anode GDL (anode)

4— (L (anodg)
<«— menhrane

Sl o
XL
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Inside PEM HFC: numerical computations

@ Dry model, cathode channel and GDL, only one cell

@ Variables:
Co,» Ch,0,u, p, T

GDL (anode)

4— (L (aodg)
<«— menhrane

Sl o
X L
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Inside PEM HFC: numerical computations

@ Dry model, cathode channel and GDL, only one cell

@ Variables:
Co,» Ch,0,u, p, T

GDL (anode)

4— (L (aodg)
<«— menhrane

Sl o
X L
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The model: geometry and variables

- GDL (anode) . M
——— CL (anode)
—-—— membrane w G w
~—— CL (cathode)
™ GDL (cathode)  « z T
T
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@ Two dimensionnal, dry model
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The model: geometry and variables

Anode GDL (anode) x2 ™
“—— CL (anode) "
—-—— membrane w G w
~—— CL (cathode)
™ GDL (cathode)  « z T
]
o
1 A
X3
- =
Air (03) :
Cathode —H - - i

@ Two dimensionnal, dry model

@ Cathode channel and GDL, only one cell
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The model: geometry and variables

GDL (anode) *2
——— CL (anode)
-+——— membrane
~—— CL (cathode) w

_ GDL (cathode)

M

o

Cathode

@ Two dimensionnal, dry model
@ Cathode channel and GDL, only one cell
@ Variables:

Co,, Cy0, u = (u1,w2), p, T

A. NovRruzl Optimal shape design and hydrogen fuel cells



The model: geometry and variables

X2

GDL (anode)
——— CL (anode)
-+——— membrane

~—— CL (cathode)

™ GDL (cathode)  «

I

Air (O,)
Cathode

@ Two dimensionnal, dry model

@ Cathode channel and GDL, only one cell

@ Variables:
Co,s CHy0, u=(u1, ), p, T
@ Dimensions:

H=5-10"2m, e¢=10"3m,

A. NOVRUZI O
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The model: the equations

@ The equations

A(u) + B(p) := (—pAu + Vp) xa + (%u + Vp) x¢= 0 in Q
Bi(p):=V-u= 0 in Q

C(c,u):=—=DAc+u-Vc= 0 in Q,
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The model: the equations

@ The equations

A(u) + B(p) := (—pAu + Vp) xa + (%u + Vp) x¢= 0 in
Bf(p):=V-u= 0 in
C(c,u):=—=DAc+u-Vec= 0 in

@ Boundary conditions

c u p
K c=¢ (J; u1,2) = (6,0) | p=p'
0 : 0,c=0 up=0| p=p°
[ &,c =0 (Ul, U2) = (0,0)

T | e = [0 = 0 | (1(07), [ta]) = (0,0) | [p] = O

W &,c =0 u = 0

M: | DO,c = —Hnc up = —zp(c)

zm smooth function, zm,(c) = Hpy for ¢ > 0.

Cm
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The model: the objective

@ The domain variation
0 = Cz(ﬁo; [Rz) | -
N {9 = (0,(92), 0, =0 in {Xg > —6},
(1+ 0)(Ro) < [0,] x [~H, A
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The model: the objective

@ The domain variation
0 = Cz(ﬁo;[Rz) | -
N {9 = (0,(92), 0 =0 in {Xg > —6},
(1+60)( @) € [0,1]  [—H, h]

@ The set of admissible shapes is defined by
O ={Qy=(1+06)(Q), 0 € O},
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The model: the objective

@ The domain variation
0 = Cz(ﬁo;[RZ) | -
N {9 = (0,(92), 0 =0 in {Xg > —6},

(1+6)(Q0) C [0,1] x [H, h]

@ The set of admissible shapes is defined by
O ={Qy=(1+06)(Q), 0 € O},

@ The energy functionnal
1

E(9) = Zw, c—][c

2 M

2
_Wl/ C_Wv/ Cv"’Wp(pI_pO)
Lo(M) M 0
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The model: the objective

@ The domain variation
0 = Cz(ﬁo;[R2) | -
N {9 = (0,(92), 0 =0 in {Xg > —6},
(1+6)(Q0) C [0,1] x [H, h]

@ The set of admissible shapes is defined by
O ={Qy=(1+06)(Q), 0 € O},

@ The energy functionnal

1 2 .
E(0) = Zw, c—][c —W1/ C—WV/ cv+wp(p'—p°)
2 M Ly (M) M o
e Find 0 € ©

E(6*) = min{E(0), 0 € ©}
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Existence and uniqueness of state variables

For any 6 € ©, there exists a weak solution (u,p, ¢) of

A(u)+ B(p) =0, B*(u)=0, C(c,u)=0,
subject to B.C. D(u,p,c) =0.

If ¢’ is small enough then the solution is unique.

o Idea of the proof:
a(u+Z(c),v) +B(v,p) =
Blu,q) = 0
Ve, piu+2Z(c)) = 0
where

B(Z(c),") =0, Z(c)= —zm(c) on M.
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Existence and uniqueness of state variables: idea

@ There exists Z : H! — H!, continuous and

B(Z(c),) =0, Z(c)=—zm(c)on M
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Existence and uniqueness of state variables: idea

@ There exists Z : H! — H!, continuous and
B(Z(c),") =0, Z(c)=—zm(c)on M

o Consider the operators T, S, L=T o S:

U:=Tc=u+Z(c), a(u+Z(c),v)+p(v,p) = 0
fluq) = 0
c = Sa, v(c,p;0) = 0
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Existence and uniqueness of state variables: idea

@ There exists Z : H! ~— H?, continuous and
B(Z(c),") =0, Z(c)= —zm(c)on M
o Consider the operators T, S, L=T o S:
U:=Tc=u+Z(c), afu+Z(c),v) + B(v,p) =
Bu,q) =
c = Sa, v(c, o 1) =

@ We have
T is continuous from H! to H!, and compact inL", r > 2
S is continuous from L", r > 2 to H!
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Existence and uniqueness of state variables: idea

@ There exists Z : H! ~— H?, continuous and
B(Z(c),") =0, Z(c)= —zm(c)on M
o Consider the operators T, S, L=T o S:
U:=Tc=u+Z(c), afu+Z(c),v) + B(v,p) =
Bu,q) =
c = Sa, v(c, o 1) =

@ We have
T is continuous from H! to H!, and compact inL", r > 2
S is continuous from L", r > 2 to H!

o [ has a fixed point Gi: @ = L& (unique if ¢’ small)
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Solution of shape optimization problem

The problem:

Find 0* € ©, E(6*) = min{E(6), 0 € ©}

has at least one solution in the class of uniform Lipschitz domains.

Idea of the proof:
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Solution of shape optimization problem

The problem:

Find 0* € ©, E(6*) = min{E(6), 0 € ©}

has at least one solution in the class of uniform Lipschitz domains.

Idea of the proof:

@ The set of uniform Lipschitz domains is compact
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Solution of shape optimization problem

The problem:

Find 0* € ©, E(6*) = min{E(6), 0 € ©}

has at least one solution in the class of uniform Lipschitz domains.

Idea of the proof:
@ The set of uniform Lipschitz domains is compact

@ The map
0 — (UQ, Cg)

is continuous in H! x H! weak
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Solution of shape optimization problem

The problem:

Find 0* € ©, E(6*) = min{E(6), 0 € ©}

has at least one solution in the class of uniform Lipschitz domains.

Idea of the proof:
@ The set of uniform Lipschitz domains is compact
@ The map
0 — (UQ, Cg)
is continuous in H! x H! weak

@ The map 0 — E(0) is lower semi-continuous
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Shape differentiability of the energy

Theorem 3

Assume ¢’ is small enough. Then:
i) the map

6~ (uo(1+06),po(l+0),co(l+0))

is shape differentiable near § = 0 from © to (Ug, Py, Cp)
ii) the energy functionnal E(6) is differentiable and

E(0)() = /M (wolc — Fpyc) — wr) Bpe(€)

+
g

&
pai
&
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Shape differentiability of the energy: idea of the proof (1)

e Find
(UQ,pg,Cg):(uo(ﬂ+9),po(ﬂ+9),c0(|]—|—9))EUQXP()X Co:

alug 4+ zg,v;0)+ B(v, pe; 0)

- /(#MeV(ue +2zg)- Mng)Jac([] +0)+ /%(u@ +29)-v
A c

2
[ > Miadecti+0)~ p) [ - =0,
Ao

ij=1 lo
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Shape differentiability of the energy: idea of the proof (1)

e Find
(U@,pg,Cg):(UO(H+9),p0(”+9),c0(”+9))EU()XPOX Co:

a(ug + zg,v;0) + B(v, py; 0)
- /(IU'MGV(UG +2zg)- Mng)Jac([] +0)+ /%(u@ +29)-v
A c
2 .. )
B / Pez My’ OpvjJac(l +0) — pg/ vi(1—17/(0)) =0,
Ao p

ij=1

2
B(up, q:0) = _/ a> Mé’faju,-’gJac([l—l—H)—q"/u179(1—77'(0))
A lo

0 ij=1
= 0’
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Shape differentiability of the energy: idea of the proof (1)

e Find
(ug,po,cp) = (uo (I +6),po(l+80),co(l+86)) €Uy x Py x Cp:

alug 4+ zg,v;0)+ B(v, pe; 0)
= /(uM9V(U9 +29) - MpVv)Jac(l + 0) + /%(u@ +2p) v
A G

0

2
[ > Miadecti+0)~ p) [ - =0,
Ao Io

ij 1
B(up, q:0) = / Z M du; g Jac(l + 6) — ¢ /uw(l—n'(O))

/ DM@VC@ MoV + SO(UQ + Z@) M@VC@)JQC(U + 9)
Qo

Hmcop = —/ Hme

Optimal shape design and hydrogen fuel cells

v(co, p;ug + 24,0)

+
z\
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Shape differentiability of the energy: idea of the proof (2)

@ Derivative at 8 = 0:

ap(u+2',v)

_|_

Bo(v, p)

/uV(u+z')-Vv+/ﬁ(u+z’)-v—/ pV-v—p
Ao ¢ K A

/1(V),

A. Novruzl

0
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Shape differentiability of the energy: idea of the proof (2)

@ Derivative at 8 = 0:

ap(u+2',v) + Bo(v,p)

= / ,uV(u—!—z’)-Vv—F/ﬁ(u—Fz’)-v—/ pV-v—pi/vl
Ao GK Ao Iy
= /1(V),

Bo(u,q) = f/A qV~ufq"/IU1=/z(q)7

Yo(c,p,u0) + [ (u+2') Ve
Qo

= [D(Ve- Vo) + (- Veo+ [ Hncot [ elutz)-Vey
Qo M Qo

= hk(y)
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Shape differentiability of the energy: idea of the proof (3)

@ We consider the operator Ty, So

0=S(c)=u+2(c), ao(u+z,v)+folv,p) = h(v),

Bo(u,q) = h(a),

¢ = S, Yo(c, ¢; o) +/(ﬁ Va)e = h(p),
Q
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Shape differentiability of the energy: idea of the proof (3)

@ We consider the operator Ty, So

0=S(c)=u+2(c), ao(u+z,v)+folv,p) = h(v),

Bo(u,q) = h(a),

¢ = S, Yo(c, ¢; o) ~I—/(ﬁ Va)e = h(p),
Q

and Ly = TpoSy: L L
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Shape differentiability of the energy: idea of the proof (3)

@ We consider the operator Ty, So

i = So(c) =u+2Z(c), ao(u+2z,v)+ Bo(v,p) = h(v),
fo(u,q) = h(a),

¢ = Soi, To(cs 0 o) + /Q (@-Va)e = hiy),

and Ly = TpoSy: L L

@ Lo is compact. If ¢/ is small Lg has a unique fixed point.
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Shape differentiability of the energy: idea of the proof (3)

@ We consider the operator Ty, So

i = So(c) =u+2Z(c), ao(u+2z,v)+ Bo(v,p) = h(v),
fo(u,q) = h(a),

¢ = 5, Yo(c, @i UO)+/Q(ﬁ‘VCO)SO = h(y),

and Ly = TpoSy: L L

@ Lo is compact. If ¢/ is small Lg has a unique fixed point.

@ Implicit function theorem:

shape differentiability of 6 — (ug, pg, )
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e E'(0)(¢) involves

shape derivatives u’, p’, ¢

A(u') +

B(p')
B*(u')

9cC(co,up)c” + 0y C(co, up)u’

subject to B.C

0
0,
0

9uD(ug, po, co)c’ + 9pD(ug, po, co)p’ + 9, D(ug, po, co)c’ =0

Too costly!

«0» «F»r « =) 4 Q™

it
N



Numerical computation of the optimal shape

e E'(0)(&) involves

shape derivatives u’, p’, ¢’
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Numerical computation of the optimal shape

e E'(0)(&) involves

shape derivatives u’, p’, ¢’

A() + B(p

aCC(Co, Uo)C/ + 8., C(Co, UO)U =
subject to B.C.

8UD(U(), Po, Co)C/ + 8pD(U07 Po, Co)p/ + 8VD(U0, Po, C())CI =0.
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Numerical computation of the optimal shape

e E'(0)(&) involves

shape derivatives u’, p’, ¢’

subject to B.C.
duD(uo, po, co)c’ + 9pD(uo, po, co)p’ + Ay D(uo, po, co)c’ = 0.

e E'(0)(¢) is not appropriate for computations: Too costly!
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o Let v=(v1,wn), q=(q,q'), o, the adjoint variables:

+ oV 0 inAyUG,
0 in Qo,
—DAc —ug - Vo 0 inQo,
subject to
o v q
/- c=0| (f,vi,v)=(w,0)| g=¢
0: Do,o + (ug - v) = w=0| g=0
r: 0o =0 (vi,v2) = (0,0)
r: [o] = [020] =0 | (v1(07),[v2]) = (0,0) | [q] =0
W : d,0 =0 vi =0
M : | DO,o + (Hm+ug-v)o vo =20
+9zpm(c0) =




o Let v=(vi,v), q=(q,q'), o, the adjoint variables:

o

(—pAv + Vq) xa, + (v + Va)xe +0Vey =

K inAgU G,

Vv =0 inQ(),
—DAO’—Uo-VU =0 inQQ,

subject to
o v q
l: oc=0 (J;vi;v2) = (wp,0) | g=4¢'
O: Do,o + (up - v) = vo=0| g=0
r: 0o =0 (vi,v2) = (0,0)
> [o] = [020] =0 | (v1(07),[wv2]) = (0,0) | [q] =0
W 0,0 =0 vi=0
M| DO,o + (Hm+ug-v)o vo =0
+qzm(c) =




Adjoint variables

o Let v=(v1,wn), q=(q,q'), o, the adjoint variables:

y
(—plv + Vq) xa, + (&

Kv+Vq)xg+aVco = 0 inAyUBG,

Vv = 0 inQy,
—DAc —ug-Vo = 0 inQy,

subject to
o v q
I o=0 (Jiviove) = (wp,0) | g=¢'
O:| Do,o+(up-v)=w, vw=0| ¢g=0
M 81,0' =0 (Vl, Vg) = (0,0)
> [0] = [020] = 0 | (v1(07),[v2]) = (0,0) | [q] =0
W . 8V0' =0 Vi = 0
M: | DOyo + (Hm +ug - v)o vo=20
+quIn(C0) = Wm
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Adjoint variables and shape derivative of the energy

Theorem 4

Assume c' is small enough.

Then the adjoint problem has a unique weak solution v, q, o.
Furthermore, for all £ € © we have

E(0)(€) = / (1 (@30 - o) — D(Duot - D)) (€ - )

)
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Adjoint variables and shape derivative of the energy

Theorem 4

Assume ¢’ is small enough.
Then the adjoint problem has a unique weak solution v, q, o.
Furthermore, for all £ € © we have

E(0)(€) = / (1 (@30 - o) — D(Duot - D)) (€ - )

)

Easy to compute
0. Fix .
1. Compute state variables, adjoint variables.
2. Compute E’.
3. Update the boundary: T = (I — AE")(Ip).
4. If E' is small enough, stop.
Otherwise, set g = I and repeat steps 1-4.

A. NovRruzl Optimal shape design and hydrogen fuel cells



Numerical computations

@ Remember E:

E(0) =

— Wy,

2

2
C—][C —Wl/ _Wv/cv+WP(pI_po)a
M 1l Ly(Mm) M o

where ¢, =1 — ¢, — ¢, and ¢, constant.
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Numerical computations

@ Remember E:

— Wy,

E(0) = 5

2
C—][C —Wl/ _Wv/cv+WP(pI_po)a
M 1l Ly(Mm) M o

where ¢, =1 — ¢, — ¢, and ¢, constant.

@ Several choices of parameters w,,, wi, wy, wp.
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Numerical computations: reference case

@ Data:

¢ = 0.4[m],

Mo =[0,4 x {~Ho},
i =0.24,

¢ = 0.005 [m/s],

03 Tnenraon g 0240

i’
; 02
i
N i
< 003
TR

i gen DiArEutzn on 2 Membrare

e’
3 3
: 15
1
: !
4
2 13
4

1
4
g 05
¢ ou o

. Novruzi

h=3-10"3[m],
H=1-10"2[m],

cn = 0.75,

p° = 250 000 [Pa]

G Moz vlocy Mg 3254
I

M -6 327e-3

Ges Verelve oty

w?

7 [F—

Ho=6-10"3
e=1-10"3[m]
cm =35

Var 1457e-5 s Presse Max 2507
a? af
0002 ] 2507
2
RLCH 1506
o B9 T
-l |
D 2504
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Numerical computations: reference case

@ Data:

¢ = 0.4[m],

Mo =[0,4 x {~Ho},
i =0.24,

¢ = 0.005 [m/s],
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Numerical computations: w,

ow, =1l wvp=w,=wp,=0
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Numerical computations: w;

ow,=0,wi =1 w=w,=0
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Numerical computations: w,

ow,=w; =0, w, =1, w,,=0
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Numerical computations: w,

ow,=wr=w, =0 w,=1
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Numerical computations: w,, wy

ow,=10" vy =1, w,=w,=0
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Numerical computations: w,, w,
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Numerical computations: w,, w,

o w,=10", wp=1,m =w, =0
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Numerical computations: wy, w,
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