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Mathematical Mathematical ModellingModelling of of 

Infectious DiseasesInfectious Diseases

nn ImmunologyImmunology

nn Spread of an infection in Spread of an infection in 

a hosta host

nn EpidemiologyEpidemiology

nn Spread of disease in a Spread of disease in a 

populationpopulation

HIVHIV MeaslesMeasles

InfluenzaInfluenza

Hepatitis B, CHepatitis B, C

HerpesHerpes
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Hepatitis Hepatitis 

nn Hepatitis refers to inflammation of the liverHepatitis refers to inflammation of the liver

nn Can be caused by alcohol, certain Can be caused by alcohol, certain 

medications and chemical, or by viral medications and chemical, or by viral 

infectioninfection

nn Hepatitis B virus and Hepatitis C virus are Hepatitis B virus and Hepatitis C virus are 

two such pathogenstwo such pathogens
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Hepatitis B Virus Hepatitis B Virus 

nn DNA virus that infects liver cells and leads to DNA virus that infects liver cells and leads to 

acute or chronic infection.acute or chronic infection.

nn Acute disease for approx 1 yearAcute disease for approx 1 year

nn Experience severe symptoms for up to a year, Experience severe symptoms for up to a year, 

including jaundice, extreme fatigue, nausea, including jaundice, extreme fatigue, nausea, 

vomiting and abdominal pain. vomiting and abdominal pain. 

nn Chronic infection leads to cirrhosis or Chronic infection leads to cirrhosis or 

hepatocellularhepatocellular carcinoma.carcinoma.

nn About 25% of chronic carriers die from liver About 25% of chronic carriers die from liver 

cancer induced by the virus.cancer induced by the virus.

nn 350 million of chronic HBV infections worldwide.350 million of chronic HBV infections worldwide.
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Hepatitis B Virus Hepatitis B Virus 
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Hepatitis C Virus Hepatitis C Virus 

nn RNA virus that infects liver cells and leads to RNA virus that infects liver cells and leads to 

acute or chronic infection.acute or chronic infection.

nn Acute disease for approx 6 monthsAcute disease for approx 6 months

nn May experience symptoms including decreased May experience symptoms including decreased 

appetite, appetite, fatiquefatique, abdominal pain, jaundice, , abdominal pain, jaundice, 

itching and fluitching and flu--like symptoms.like symptoms.

nn Chronic infection leads to cirrhosis or Chronic infection leads to cirrhosis or 

hepatocellularhepatocellular carcinoma.carcinoma.

nn One third of chronic carriers develop cirrhosis of One third of chronic carriers develop cirrhosis of 

the liver.the liver.

nn 170 million of chronic HCV infections worldwide.170 million of chronic HCV infections worldwide.
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Hepatitis C Virus Hepatitis C Virus 
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Treatment Treatment 

nn Drug therapyDrug therapy

nn HCV HCV –– PeginterferonPeginterferon ACRibavirinACRibavirin

nn HBV HBV –– lamivudinelamivudine and and entecavirentecavir

nn Ineffective in eliminating the virusIneffective in eliminating the virus

nn Liver transplantationLiver transplantation

nn Thought that this would cure patients since liver is Thought that this would cure patients since liver is 

primary source of infectionprimary source of infection

nn New liver is New liver is reinfectedreinfected

nn Rapidly progressing Rapidly progressing 
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Standard of careStandard of care

nn The current standard of care (SOC) for The current standard of care (SOC) for 

HCV involves 48HCV involves 48––72 weeks of treatment 72 weeks of treatment 

with with pegylatedpegylated interferon and interferon and ribavirinribavirin. . 

nn Approximately 40Approximately 40––60% of the patients 60% of the patients 

treated with SOC achieve a sustained viral treated with SOC achieve a sustained viral 

response (SVR) after this treatment. response (SVR) after this treatment. 
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Compartments of infection Compartments of infection 

nn The fact that The fact that reinfectionreinfection of the liver after of the liver after 

transplantation occurs, suggests that transplantation occurs, suggests that 

virus is present in other reservoirsvirus is present in other reservoirs

nn The virus can be circulating in the blood The virus can be circulating in the blood 

which ultimately which ultimately reinfectsreinfects the liver if drug the liver if drug 

therapies cannot clear ittherapies cannot clear it

nn We build on the basic model of inWe build on the basic model of in--host host 

dynamics to include a second dynamics to include a second 

compartment of infection compartment of infection 
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Basic ModelBasic Model

nn x x -- uninfected cellsuninfected cells

nn y y -- infected cellsinfected cells

nn v v -- free virusfree virus
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Nowak, M.A. and R.M. May, Virus Dynamics

nn λλ, k , k -- production rate production rate 

nn ββ -- efficacy of infectionefficacy of infection

nn ddxx, , ddyy, , ddvv -- death rates/death rates/
clearance timeclearance time
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InIn--host Modelhost Model
nn Basic reproductive ratioBasic reproductive ratio

nn The number of secondary infections produced by an initial infectThe number of secondary infections produced by an initial infective in a ive in a 

totally susceptible populationtotally susceptible population

R0 = 4
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Basic ModelBasic Model

nn Model doesnModel doesn’’t show persistence of t show persistence of 
virus after transplantation, but virus virus after transplantation, but virus 
does persistdoes persist

nn We add another compartment of We add another compartment of 
infectioninfection

nn BloodBlood
nn Peripheral blood mononuclear cells and Peripheral blood mononuclear cells and 

various organs likely contribute to the high various organs likely contribute to the high 
rate of rerate of re--infectioninfection
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Hepatitis B/CHepatitis B/C
nn ModelModel

Qesmi, Wu, Wu, Heffernan, Math Biosci, 224, 118-125
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Hepatitis B/CHepatitis B/C

nn LiverLiver--bloodblood--virus modelvirus model
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Hepatitis B/CHepatitis B/C

nn Find diseaseFind disease--free and endemic free and endemic equilibriaequilibria

nn Stability does not only depend on R0Stability does not only depend on R0
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Hepatitis B/CHepatitis B/C

nn LiverLiver--bloodblood--virus modelvirus model

nn Uninfected and infected equilibriumUninfected and infected equilibrium
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Hepatitis B/CHepatitis B/C

nn Infected equilibriumInfected equilibrium

nn C<0 is equivalent to R0>1C<0 is equivalent to R0>1
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Hepatitis B/CHepatitis B/C

nn TheoremTheorem

i.i. A unique endemic equilibrium if C<0 A unique endemic equilibrium if C<0 

(R0>1)(R0>1)

ii.ii. A unique endemic equilibrium if B<0 and A unique endemic equilibrium if B<0 and 

C=0 or BC=0 or B22--4AC=04AC=0

iii.iii. Two endemic Two endemic equilibriaequilibria if C>0, B<0 and if C>0, B<0 and 

BB22--4AC>04AC>0

iv.iv. No endemic equilibrium otherwiseNo endemic equilibrium otherwise

Qesmi, Wu, Wu, Heffernan, Math Biosci, 224, 118-125
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Hepatitis B/CHepatitis B/C
nn TranscriticalTranscritical bifurcationbifurcation 0))(( >−− yxwz akak

Qesmi, Wu, Wu, Heffernan, Math Biosci, 224, 118-125
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Hepatitis B/CHepatitis B/C
nn Backward bifurcationBackward bifurcation

0))(( <−− yxwz akak

Qesmi, Wu, Wu, Heffernan, Math Biosci, 224, 118-125
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Hepatitis B/CHepatitis B/C

nn Change model assumptions to closer Change model assumptions to closer 
reflect the biology of the systemreflect the biology of the system

nn k(ak(a))

nn The proliferation rate of the virus The proliferation rate of the virus 
depends on the age of infection, starts depends on the age of infection, starts 
low and ramps up to a maximum low and ramps up to a maximum 
production rateproduction rate

nn δδ(a)(a)

nn The mortality rate of an infected cell The mortality rate of an infected cell 
depends on its agedepends on its age
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Hepatitis B/CHepatitis B/C
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Production rateProduction rate
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Death rateDeath rate
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Hepatitis B/CHepatitis B/C

nn wherewhere
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Hepatitis B/CHepatitis B/C

zvxvuv

daatzatvaakdaatxatvaak

dt

dv

zdzv
dt

dz

xdxv
dt

dx

zx

wwzyyx

zzz

xxx

ββ

σβσβ

βλ

βλ

−−−

−−+−−
=

−−=

−−=

∫∫
∞∞

00

)()()()()()()()(

Qesmi, El-Saddany, Heffernan, Wu, submitted

∫
=

∫
=

−

−

a

w

a

y

dss

w

dss

y

ea

ea

0

0

)(

)(

)(

)(

δ

δ

σ

σ



2929

Hepatitis B/CHepatitis B/C

nn If R0 < 1 then the DFE is locally asymptotically If R0 < 1 then the DFE is locally asymptotically 

stablestable

nn If R0 > 1 then the DFE is unstableIf R0 > 1 then the DFE is unstable

nn If R0 ≤ 1 and (Ny − 1) (Nw − 1) ≥ 0 then the DFE If R0 ≤ 1 and (Ny − 1) (Nw − 1) ≥ 0 then the DFE 

of the systemof the system is GAS.is GAS.
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TranscriticalTranscritical bifurcationbifurcation

nn (Ny − 1) (Nw − 1) ≥ 0 (Ny − 1) (Nw − 1) ≥ 0 

nn The endemic state undergoes a The endemic state undergoes a TranscriticalTranscritical

bifurcation:bifurcation:

nn For R0 > 1, R0 close to 1, the EE is LAS and For R0 > 1, R0 close to 1, the EE is LAS and 

the DFE is unstable.the DFE is unstable.

nn The HBV disease persistsThe HBV disease persists

nn For R0 ≤ 1, the DFE is GAS.For R0 ≤ 1, the DFE is GAS.

nn The HBV disease dies outThe HBV disease dies out
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Hepatitis B/CHepatitis B/C
nn TranscriticalTranscritical bifurcationbifurcation

Qesmi, ElSaadany, Heffernan, Wu, submitted
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Backward bifurcationBackward bifurcation

nn (Ny − 1) (Nw − 1) (Ny − 1) (Nw − 1) << 0 0 

nn When R0 = 1, the LVB system undergoes a When R0 = 1, the LVB system undergoes a 

backward bifurcationbackward bifurcation

nn For For RcRc < R0 < 1, there is an endemic < R0 < 1, there is an endemic 

equilibrium which is LAS;equilibrium which is LAS;

nn The DFE is LAS for R0 ≤ 1;The DFE is LAS for R0 ≤ 1;

nn For R0 > 1, the DFE is unstable and an For R0 > 1, the DFE is unstable and an 

endemic equilibrium appears and is stable.endemic equilibrium appears and is stable.
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Hepatitis B/CHepatitis B/C
nn Backward bifurcationBackward bifurcation

Qesmi, ElSaadany, Heffernan, Wu, submitted.
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Conclusions and Future WorkConclusions and Future Work

nn Drug therapy may be effective at reducing Drug therapy may be effective at reducing NxNx < 1 < 1 

in the liver, but may not be successful in reducing in the liver, but may not be successful in reducing 

NzNz < 1 and therefore, the virus can not be < 1 and therefore, the virus can not be 

eradicated.eradicated.

nn CURRENT DEBATECURRENT DEBATE

nn Are there virus producing cells in the blood?!!!!!!Are there virus producing cells in the blood?!!!!!!

nn Can use our model for liver transplantation studiesCan use our model for liver transplantation studies

nn Compare to Compare to reatereate of of reinfectionreinfection data of the new liverdata of the new liver

nn Give us an idea if virus and/or infected cells are needed for thGive us an idea if virus and/or infected cells are needed for this is 

to occurto occur
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Immune SystemImmune System

nn Innate immunityInnate immunity

nn Adaptive immunityAdaptive immunity

nn HumoralHumoral and cell and cell 

mediatedmediated
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Immune SystemImmune System

nn Macrophages, Macrophages, 

DendriticDendritic cells, etccells, etc

nn LymphocytesLymphocytes
nn T T –– produced by thymusproduced by thymus

nn CD4CD4

nn Helper THelper T--cellscells

nn Activated by antigen Activated by antigen 

presenting cellspresenting cells

nn Activate the rest of the Activate the rest of the 

immune responseimmune response

nn CD8CD8

nn Killer TKiller T--cellscells

nn B B -- produced in bone marrowproduced in bone marrow

nn Mature in spleenMature in spleen

nn Plasma cells, antibodiesPlasma cells, antibodies

nn Naive, activated memoryNaive, activated memory
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Immune SystemImmune System
nn Macrophages, Macrophages, DendriticDendritic

cells, etccells, etc

nn LymphocytesLymphocytes
nn T T –– produced by thymusproduced by thymus

nn CD4CD4

nn Helper THelper T--cellscells

nn Activated by antigen presenting cellsActivated by antigen presenting cells

nn Activate the rest of the immune Activate the rest of the immune 

responseresponse

nn CD8CD8

nn Killer TKiller T--cellscells

nn B B -- produced in bone marrowproduced in bone marrow

nn Mature in spleenMature in spleen

nn Plasma cells, antibodiesPlasma cells, antibodies

nn Naive, activated memoryNaive, activated memory
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Basic ModelBasic Model


