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Abstract
In this talk I will describe some quantum manifestations
of classical (mainly) chaotic dynamics
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Aim
In this respect it should be said that

classical chaos is a well defined phenomenon (i.e.
Lyapunov exponent), while
quantum chaos is still a very open question
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In his pioneering work on
chaos Poincaré showed the
importance of

Periodic
orbits
Homoclinic
solutions
Heteroclinic
solutions
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Later (and before), the relevance of other classical structures
was demonstrated
Today, we will discuss manifestations of

Invariant tori
Periodic orbits
Homoclinic and Heteroclinic motions
Cantori
Poincaré-Birkhoff structures

in Quantum Mechanics
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LiCN molecule
Consider molecular vibrations
From this point of view molecules are

collections of oscillators
coupled and anharmonic
Hamiltonian systems
Mixed dynamical phase space
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LiCN molecule
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V(R, θ) is the potential (energy surface)
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LiCN molecule

Dotted line: Minimum energy path: Re(θ)
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LiCN molecule

Poincaré surfaces of section:
ρ = R− Re(θ); ψ = θ

Pρ = PR; Pψ = Pθ + PR[dRe/dθ]
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Model: Billiards
Bunimovitch stadium billiard
Hyperbolic dynamics
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Model: Quartic oscillator

H = 1
2(P2

x + P2
y) + 1

2 x2y2 + ε
4(x4 + y4), ε = 0.01

Smooth, homogeneous potential
Mechanical similarity
q
q0

=
(

E
E0

)1/4
, P

P0
=
(

E
E0

)1/2
, S

S0
=
(

E
E0

)3/4
, T

T0
=
(

E
E0

)−1/4

Free from hassles due to phase space evolution (bif’s)

Very chaotic dynamics
Thought hyperbolic for ε→ 0

Dahlqvist and Russberg
(1990) found POs for ε = 0

Also Waterland el at. for
ε = 1/240

SOS: y = 0,Py > 0
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Model: Quartic oscillator
Carles Simó (forgive me, please)
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Model: Harper map
The model that we have chosen to study is the Harper map in
the unit square,

qn+1 = qn − k sin(2πpn) (mod 1),

pn+1 = pn + k sin(2πqn) (mod 1), (1)

where k is a parameter measuring the strength of the
perturbation. This map can be understood as the stroboscopic
version of the flow corresponding to the (kicked) Hamiltonian

H(p, q, t) = − 1
2π

cos(2πp)− k
2π

cos(2πq)
∑

n

δ(t − nk). (2)
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Phase space representations of QM
Wigner transform (1932)

W(q,P) =
∫

ds eisP ψ∗
(
q− s

2

)
ψ
(
q + s

2

)
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But ...
W(q,P) can be negative
Why?:
Heisenberg’s uncertainty principle
Solution: Husimi function

Gaussian average in cells of area ~N

H(q,P) =
∫ ∫

~N dq′ dP′Gq,P(q′,P′) W(q′,P′)
Coherent state representation
H(q,P) = 1

(2π~)N |〈φq,P|ψ〉|2
φ minimum uncertainty coherent state
φ(x, y,Px,Py) =

[ 2α
π

]1/4
e−α(x−x0)

2
e−α(y−y0)

2
eiP0

x x eiP0
y y
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Zeros of the Husimi function
Maxima of the Husimi function appear localized on the
important parts of the quantum density
Leboeuf and Voros showed that the zeros give also
relevant information

Regular states: they appear on a line, sitting at the nodes
Irregular/chaotic states: they spread over all available
phase space
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Simpler example (even trivial), QM101

ψI = ψIII = 0

− ~2

2m
d2ψII
dx2 + VψII = EψII

d2ψII
dx2 + k2ψII, k =

√
2mE
~

But, don’t forget the dynamics:
k = P

~
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Solution

ψ(x) = a sin kx + b cos kx

First boundary condition:
ψ(0) = 0 −→ b = 0
ψ = a sin kx

Normalization condition:∫ L
0 |ψ|

2 dx = 1 −→ a =
√

2
L

Second boundary condition:
ψ(L) = 0 −→ kn = nπ

L

Solutions: ψn(x) =√
2
L sin nπx

L , n = 1, 2, . . .
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But, don’t forget the dynamics . . . k = P
~

Classical action:∮
Pdx = 2

∫ L
0 Pdx = 2

∫ L
0 k~dx = 2k~L = 2 nπ

L ~L = nh

Action is quantized in QM!
Classical actions ≡ Quantum numbers
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Quantization of the action. How?
Einstein–Brillouin–Kramers (EBK) Method

∮
Cj

∑N
i Pi dqi = h

(
nj +

αj
4

)
Classical info = Quantum condition
Associated WKB (Wentzel–Kramers–Brillouin) wave
function
ψ(q) =

∑
j Aj eiSj(q)/~
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Periodic orbits in quantum mechanics: Scars
What are scars?
Expected: Chaotic classical dynamics −→ uniformly
distributed quantum density

F. Borondo Quantum Poincaré-Birkhoff Th 34/ 85



Introduction
Invariant tori in quantum mechanics

Periodic orbits in quantum mechanics: Scars
Homoclinic and heteroclinic motions

Quantum-like Poincaré-Birkhoff theorem

Scarred functions
But in numerical calculations ...

Heller in 1984 coined the term scar to name an enhanced
localization of quantum probability density of certain
eigenstates on classical unstable periodic orbits
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Scars and the zeros of the Husimi function

Husimi zeroes also tell about scarred states!
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Scars still generate interest after 25 years
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Scars in Optical Fibers
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Scars in Microcavity lasers
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Why do scars happen?
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Heller’s dynamical explanation for scars

Recurrences
Fourier transform
between:
correlation function
C(t) = 〈φ(0)|φ(t)〉, and
corresponding spectrum
I(E) =

∫
dt eiEt/~ C(t)

F. Borondo Quantum Poincaré-Birkhoff Th 47/ 85



Introduction
Invariant tori in quantum mechanics

Periodic orbits in quantum mechanics: Scars
Homoclinic and heteroclinic motions

Quantum-like Poincaré-Birkhoff theorem

Recurrences

F. Borondo Quantum Poincaré-Birkhoff Th 48/ 85



Introduction
Invariant tori in quantum mechanics

Periodic orbits in quantum mechanics: Scars
Homoclinic and heteroclinic motions

Quantum-like Poincaré-Birkhoff theorem

Peaks
Where?
Bohr–Sommerfeld quantization condition on the action:
S =

∮
P · dq = 2π~

(
n + α

4

)
Why?
Constructive interference in the WKB wavefunction
ψ(q) = A eiS(q)/~
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BUT ...

What happens to the density that does not come back in the
recurrence along the scarring periodic orbit?

This is the question that will be addressed now
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How to systematically construct scar functions
Borondo et al., PRL 73, 1613 (1994); version 2007
Wavepacket initially localized on the PO
ψtube(x, y) = N

∫ T
0 dt e−αx(x−xt)2−αy(y−yt)2

× cos
[
St − µπt

2T + Pxt(x− xt) + Pyt(y− yt)
]
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In phase space
Quantum SOS based on Husimi function:
H(x,Px) =

∣∣∣∫∞−∞ dx′ e−(x−x′)2/(2α2
H)−iPxx′ψ(x′, y′ = 0)

∣∣∣2

F. Borondo Quantum Poincaré-Birkhoff Th 52/ 85



Introduction
Invariant tori in quantum mechanics

Periodic orbits in quantum mechanics: Scars
Homoclinic and heteroclinic motions

Quantum-like Poincaré-Birkhoff theorem

This can be improved

Propagate ψtube(x, y) in time and Fourier transform at EBS

ψscar(x, y) = N
∫ TE
−TE

dt cos
(
πt

2TE

)
e−i(Ĥ−EBS)t ψtube(x, y)

F. Borondo Quantum Poincaré-Birkhoff Th 53/ 85
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Same in phase space

ψtube(x, y)

ψscar(x, y)
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Lets us return to our previous question:

What happens to the density that does not come back in the
recurrence along the scarring periodic orbit?
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The rest will leave the PO along the unstable manifold,
and the main part will return using two homoclinic circuits.
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Homoclinic motion and eigenvalues
Phys. Rev. Lett. 94, 054101 (2005)
The rest will leave the PO along the unstable manifold,
and the main part will return using two homoclinic circuits.

F. Borondo Quantum Poincaré-Birkhoff Th 58/ 85



Introduction
Invariant tori in quantum mechanics

Periodic orbits in quantum mechanics: Scars
Homoclinic and heteroclinic motions

Quantum-like Poincaré-Birkhoff theorem

Quantization of the homoclinic torus
Under which circumstances the homoclinic trajectory reinforce
the quantization of the central one?

Quantization horizontal PO: kLH − π
2 νH = 2πnH

Scar condition
Quantization homoclinic torus: kLHT − π

2 νHT = 2πnHT

These two conditions can be combined into a single one:
k(LHT − LH)− π

2 (νHT − νH) = 2π(nHT − nH)
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Quantizing the homoclinic torus

The homoclinic motions (both h1 and h2) can be
approximated by two families of satellite PO’s
(Ozorio de Almeida)
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Quantization horizontal PO: kLH − π
2 νH = 2πnH

Quantization m–th satellite PO: kLm − π
2 νm = 2πnm

Combination
k(Lm − mLH)− π

2 (νm − mνH) = 2π(nm − mnH)

m Lm − mLH

Family h1 Family h2

3 -3.367 727 48 -2.990 915 39
4 -3.368 367 57 -2.991 131 87
5 -3.368 389 68 -2.991 141 81
6 -3.368 390 43 -2.991 142 21
7 -3.368 390 45 -2.991 142 22
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Which should be the effect in QM – Scarred states?
When both quantization conditions are fulfilled the scarred
state is better defined
When only the PO is quantized the scarred state is worse
defined
Then, when projecting the scars on the spectrum the width
should fluctuate periodically with the excitation number
along the PO
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Project scar functions on eigenstates spectrum
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Compute σ =
√∑

n |〈n|ψ〉|2(k2
n − k2

BS)

Scale σ and make them adimensional
σrel = σ−σsc

σsc
; σsc = π~λ

| ln ~| ; λ Lyapunov exp
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Now Fourier analyze the signal
"The noise is the signal" (Landauer)

Peaks at S = 0.633 and 1.007
Also at S = −3.367 and -2.993, since FT is LH = 4 periodic
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Peaks coincide with the value of primary homoclinic areas
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Homoclinic motion and wave functions
Phys. Rev. Lett. 97, 094101 (2006)

|φscar〉 =
∫ T
−Tdt cos

(
πt
2T

)
ei(EBS−Ĥ)t/~ |φtube〉
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Husimis for 4 scar function with quantization/antiquantization
conditions on the homoclinic torus (all quantized on the PO)
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Scar function n = 224

Homoclinic quantization:
nh1 = 189.01, nh2 = 168.07

Extra quantization on
heteroclinic orbits:
kShe = 2πnhe

nhe1 = 19.00, nhe2 = 5.98

Husimis for T = 0.9tE, 1.2tE
and 3.3tE
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Classical phase space
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Unveiling other classical invariants

Even other classical invariants can be unveiled in QM
i.e. Lazutkin homoclinic invariant
(thanks to Enerst Fontich)
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Cantori in QM
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Classical Poincaré-Birkhoff theorem
After Berry.
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Harper map: classical dynamics

qn+1 = qn − k sin(2πpn) (mod 1),

pn+1 = pn + k sin(2πqn) (mod 1), (3)

for k: (a) 0.1, (b) 0.155, (c) 0.2, and (d) 0.25.
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Harper map: quantum dynamics
The idea is to construct and diagonalize an evolution operator

Û = e−iĤT/~ = exp[iNk cos(2πq̂)] exp[iNk cos(2πp̂)],

N = (2π~)−1

The simplicity of this model allows extremely detailed
calculations.
Diagonalization gives a series of eigenphases: φn = eiEnT
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Eigenphases correlation diagram

∆n = 10 (red squares); ∆n = 6 (blue circles)
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Avoided crossings

States avoid crossing due to the Wigner-von Neumann rule
Locally states interact by pairs: {ψ1, ψ2}
Hamiltonian is given by H11 = 〈ψ1|Ĥ|ψ1〉, H22, H12 = H21

Diagonalizing: E1,2 = H11+H22
2 ± 1

2

√
(H11 − H22)2 + 4H12

E

E

E
2

1
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One avoided crossing

∆n = 6 with nlow = 4 and nup = 10
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Semiclassical analysis of ∆φ

∆n = 6: N=30 (4), 60 (◦), and 100 (×)
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Thanks for your attention
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Same thing with LiCN

F. Borondo Quantum Poincaré-Birkhoff Th 84/ 85



Introduction
Invariant tori in quantum mechanics

Periodic orbits in quantum mechanics: Scars
Homoclinic and heteroclinic motions

Quantum-like Poincaré-Birkhoff theorem

Same thing with LiCN

F. Borondo Quantum Poincaré-Birkhoff Th 85/ 85


	Introduction
	Aim and Motivation
	Models
	Tools

	Invariant tori in quantum mechanics
	Periodic orbits in quantum mechanics: Scars
	Homoclinic and heteroclinic motions
	Quantum-like Poincaré-Birkhoff theorem

