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Contact Manifolds

• M closed, oriented 3-manifold

• A 2-plane field ξ on M is a contact structure if there is a 1-form
α such that locally ξ = kerα and α ∧ dα 6= 0

R3, ξstd = ker(dz − ydx)
tight

R3, ξot = ker(cosrdz − rsinrdθ)
overtwisted
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Legendrian Knots

A knot L in a contact 3-manifold (M, ξ) is Legendrian if it is every-
where tangent to ξ, ie.

TxL ∈ ξx ∀ x ∈ L.

• A front projection of a Legendrian trefoil knot in
(R3, ξstd = ker(dz − ydx)).
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• There are two types of Legendrian knots in overtwisted contact
structures: loose and non-loose.

• A Legendrian knot L in an overtwisted contact 3-manifold M is
loose if its complement is overtwisted and it is non-loose if its
complement is tight.
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Invariants of Legendrian Knots

The classical invariants of Legendrian knots are

• Topological knot type,

• Thurston-Bennequin invariant,

• Rotation number,

Legendrian knots have other invariants

• from Heegaard Floer Homology,

• from Contact Homology,

New invariants

• from Open Book Decompositions,

• for non-loose Legendrian knots in Overtwisted Contact
Structures.

6 of 22



Open Book Decompositions

An open book decomposition of a closed, oriented 3-manifold M is a
pair (B, π) where B is a oriented link in M and the complement M−B
fibers as π : M − B → S1.

• The link B is called the binding,

• The fiber surface, the interior of the Seifert surface of B, is called
the page of the open book decomposition.

• The genus of the open book decomposition is defined as the genus
of the page.

• In particular, planar open book decompositions are genus zero
open book decompositions.

7 of 22



A contact structure ξ on M is supported by an open book
decomposition of M if after an isotopy of the contact structure, there
is a contact form α for ξ such that

• α > 0 on the binding B and

• dα > 0 on every page of the open book decomposition.

(Giroux) Every contact structure is supported by some open book
decomposition. There is a one to one correspondence between

{ oriented contact structures up to isotopy }

and

{ open book decompositions up to positive stabilization }
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Support Genus of Legendrian Knots

The support genus sg(L) of a Legendrian knot L in a contact manifold
(M, ξ) is the minimal genus of a page of an open book decomposition
of M supporting ξ such that L sits on a page of the open book and the
framings given by ξ and the page agree.
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Main Theorems

Theorem [O.]

Any null homologous loose Legendrian knot in an overtwisted contact
3-manifold (M, ξot) has support genus sg(L) = 0.

Theorem [O.]

There are examples of non-loose knots in overtwisted contact structures
with non-zero support genus and examples of non-loose knots with zero
support genus.
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Theorem [O.]

Any topological knot or link in S3 sits on a planar page of an open
book decomposition.

Theorem [O.]

Any topological knot or link in a 3-manifold M sits on a planar page
of an open book decomposition.

For a given topological knot or link in S3, we present an explicit
algorithm to construct a planar open book which contains the knot or
the link on its page:
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Idea
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Lemma

• Every knot can be represented as a pure braided plat.

• Every link of k components L1, . . . , Lk can be represented as a
pure braided plat.
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Example: The Figure Eight Knot
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Pages are disks with 16 punctures
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Remarks and Questions

• Note that support genus of a Legendrian knot gives an upper
bound on the support genus of the contact structure ξ,
sg(L) ≥ sg(ξ).

Question 1.

Is sg(L) or sg(ξ) ever bigger than 1?
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(Ozsváth, Stipsicz, Szabó) If (Y , ξ) is compatible with a planar open
book decomposition, then its contact invariant vanishes when
regarded as an element of HFred(−Y ) which is defined as
HF+(−Y )/Im(Ud).

Lisca, Ozsváth, Stipsicz, Szabó define invariants of Legendrian knots
by using an open book decomposition that supports the contact
structure and contains the knot on its page. L(L) ∈ HFK−(−Y , L)

and L̂(L) ∈ ĤFK (−Y , L).

Question 2.

Can one find restrictions on Legendrian knots sitting on planar pages
by using Heegaard Floer homology?
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Honda-Kazez-Matić construct a partial open book decomposition of a
compact 3-manifold with boundary.

Question 3.

Is support genus of a non-loose knot equal to the support genus of the
contact structure on its complement?
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• There are examples of Legendrian knots in overtwisted contact
structures having same classical invariants but different support
genus.

Question 4.

Are there Legendrian knots L1 and L2 in a tight contact structure such
that tb(L1) = tb(L2), rot(L1) = rot(L2) but sg(L1) 6= sg(L2)?
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• Question 5. If tb(L) < 0 in a support genus zero contact structure,
is sg(L) = 0?

A negative answer, Li, Wang, arXiv:1101.5213

• Question 6. Is support genus of a knot sg(L) additive under
connected sums of knots?

• Question 7. What is the relation between the support genus of a
knot and support genus of its mirror?

Theorem [Geiges, O., Tosun ]

There are distinct Legendrian non-loose prime knots in overtwisted con-
tact manifolds having the same classical invariants.
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Thank you!


