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Vafa-Witten invariants are only conjecturally
defined.

@ For many Kahler manifolds they have been
“computed” by algebraic methods, and the answers

satisfy the conjectured properties.

@ We want to prove that these invariants exist for any
oriented Riemannian manifold.

@ We construct a partial Uhlenbeck compactification.

@ Many issues remain unresolved before invariants
become rigorous.
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If dim V =4, then

ANV =A"VeAV
6 =3 + 3

1 — {+I} — SO(V) — SO(A*V) xSO(A"V) — 1

A*V is an oriented three-dimensional vector space
associated to any 4-D oriented Euclidean V.
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R @ An oriented orthonormal basis for A*T; X is

1

" nel +e? A el

2% ner+ednel,

dd=e"ned+el Ael.

@ Define the cross product on A*T; X via {0}
components, so ¢! x g2 = ¢3.
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An introduction 0 N QO _d) Ql g QZ,+ s 0

to anti-self-duality
b° b! b*
Given a principal bundle P with connection A,
d+
0 0(gp) % 0'(gp) % 0> (gp) > 0.
The double-composition is
djods=[Fy,e].

This defines a complex when F} = 0.
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If g € Gp is a gauge transformation, then
Fia=8Fig™,
so Gp preserves solutions to F} = 0. The moduli space
MASD = {[A] € .Ap/gp|F+ = 0}

is finite-dimensional. Roughly speaking, it defines a
homology class in Ap/Gp. This leads to Donaldson
invariants.
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@ Masp can be singular

@ Msp depends on the choice of a metric

@ Msp has multiple possible compactifications
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motivation Analogy W|th polynom|a|52

o Let M = {x|x? - c=0}. How many points are in m?
e Signed count #M gives +1 -1 =0.
o Generically well-defined on R.
o Unsigned count y(M) gives 1+1 = 2.

o Generically well-defined on C.
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History and In analogy with complexification, we will “double” the
et degrees of freedom in our configuration space by adding
extra fields. This leads to an augmented moduli space
Myw with

Masp € Myw.
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Consider s as a vector field over the zero section in the
total space.

Somehow extend the vector field to the total space...
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If a vanishing theorem holds, the zeroes of our vector
field agree with the zeroes of our section, and the signed
zero count of our vector field equals the unsigned zero
count of our section.
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Myw(gi):
A o4
Masp(g-1)
I
t=-1 t

Ben Mares

History and
motivation

(M, g):

As the Euler characteristic of Masp changes, points in
Myw should be created or destroyed to compensate.
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Some Analytic

Aspects of The previous picture is a fantasy. The crux of this
Vafa-Witten . . .
VAR program is to understand how to deal with pathologies.
Supersymmetric

Yang-Mills Theory

Ben Mares

History and
motivation
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Some Analytic

Aspects of The previous picture is a fantasy. The crux of this
Vafa-Witten . . .
Twisted A = 4 program is to understand how to deal with pathologies.
Supersymmetric

Yang-Mills Theory .

Ben Mares

History and .
motivation .

@ Sequences of solutions in Myw could have
unbounded L? norms.
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Ben Mares .
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motivation .

@ Sequences of solutions in Myw could have
unbounded L? norms.

@ Rays appear in Muw at reducible points of Masp.
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Additional pathologies
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Some Analytic

Aspects of The previous picture is a fantasy. The crux of this
Vafa-Witten . . .
VAR program is to understand how to deal with pathologies.
Supersymmetric

Yang-Mills Theory .

Ben Mares

History and
motivation

@ Sequences of solutions in Myw could have
unbounded L? norms.

@ Rays appear in Muw at reducible points of Masp.

@ Despite having expected dimension zero, there are
often manifolds of non-ASD solutions
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Atiyah-Jeffrey supersymmetry
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric

PRarils  There is an Atiyah-Jeffrey style supersymmetric path
Ben Mares integral expression for the Euler characteristic of Magp.

“X(MASD)” =" / e_L-”

Vafa and Witten recognized Yamron's twist of N =4
supersymmetric Yang-Mills as such.

History and
motivation

They were studying N = 4 supersymmetry in the context
of S-duality.
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S-duality and geometric Langlands
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Some Analytic

Aspects of In this context, S-duality roughly means that the

Vafa-Witten . .
Twisted A = 4 generating function

Supersymmetric

Yang-Mills Theory Z “X(MASD(k))”qk

Ben Mares
k

should be a modular form.

History and
motivation
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Aspects of In this context, S-duality roughly means that the

Vafa-Witten . .
Twisted A = 4 generating function

Supersymmetric

Yang-Mills Theory Z “X(MASD(k))”qk

Ben Mares
k

should be a modular form.

History and

motivation In several specific examples, they “computed” these
generating functions and verified their modularity.
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e A In this context, S-duality roughly means that the

Vafa-Witten . .
Twisted A = 4 generating function

Supersymmetric

Yang-Mills Theory Z “X(MASD(k))”qk

Ben Mares
k

should be a modular form.

History and

motivation In several specific examples, they “computed” these
generating functions and verified their modularity.

This Vafa-Witten theory is one of three twists of N =4
supersymmetric Yang-Mills theory. In 2006, Kapustin and
Witten explored the relation of another such twist is to
geometric Langlands. More recently, the Vafa-Witten
twist has appeared in the work of Haydys and Witten on
five-dimensional gauge theory.
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Explicit example of S-duality

Latest version at http://tensorial.com/math/

Some Analytic

Aspects of Consider the four-manifold X = K3. The generating
oyl functions for G = SU(2) and G = SO(3) are

Supersymmetric
Yang-Mills Theory

Zsu2)(q) = 1q72(% + 0 + 304 + 32004 + ---

16
o 101897907546178504975 T

q

Ben Mares

History and

Zso3)(9) = 97 2(% +0g'? + 0q + 2096128%*+
+ 503562304 + 6791454724°/*+

21379974409572270922824975 16
2 q + ...

eee 4+
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Some Analytic

Aspects of Consider the four-manifold X = K3. The generating
oyl functions for G = SU(2) and G = SO(3) are

Supersymmetric
Yang-Mills Theory

Zsu2)(q) = 1q72(% + 0 + 304 + 32004 + ---

ot 10189790756178504975 .16
4

q 4 ..

Ben Mares

History and

Zso3)(9) = 97 2(% +0g'? + 0q + 2096128%*+
+ 503562304 + 6791454724°/*+

21379974409572270922824975 16
2 q + ...

eee 4+

Define g!/2 = ei*. In this case, S-duality is the “modular
relation”

ZSU(2) (— 1/’[) = (21)—12250(3) (T)
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The equations
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Some Analytic
Aspects of E
VafaWitten The equations
Twisted N = 4

Supersymmetric F:l— —i [_B X B] = % [C, B] = 0

Yang-Mills Theory

Ben Mares dAC + d;;B =0

Let P — X* be a principal bundle over an oriented
Riemannian four-manifold. A configuration (C, A, B)
consists of

The equations

@ A section of the adjoint bundle C € Q°(M;gp)
@ A connection A € Ap

@ An adjoint-valued self-dual two-form
B e Q> (M;gp)
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The quadratic term
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric

Yang-Mills Theory The equatiOnS
Ben Mares FZ_%[BXB]_%[C’B]:O
dAC + dZB =0

The equations This quadratic term on g ® A>" is the tensor product of
the Lie bracket and the cross product.

Since [, ] is antisymmetric on g and x is antisymmetric
on A%*, their product [B; x B,] is symmetric.
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Only semi-definite
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric

Wuariuisi® Note that [B x B] has a nontrivial kernel. Later we will
. see that this has dire consequences.

The equations
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric

Wuariuisi® Note that [B x B] has a nontrivial kernel. Later we will
. see that this has dire consequences.

For example, if B has rank one

B=y®od',
The equations
then
[BxB] =[x, x]®(¢'x0')=0®0.

The quartic form |[B x B]|* is only semi-definite.
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The standard compactness strategy

Latest version at http://tensorial.com/math/

Some Analytic
Aspects of 1 1+1 1 iori T2
Jispects of @ Use energy identities to establish a priori L7 bounds
Twisted N = 4
Supersymmetric
Yang-Mills Theory

Ben Mares

Energy identities
in gauge theory
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Supersymmetric

Yang:Mills Theory @ These L? bounds imply weak compactness (Hodge
sen Mares theory for abelian case, Uhlenbeck/Sedlacek theory
for non-abelian case)

Energy identities
in gauge theory
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Supersymmetric

Yang:Mills Theory @ These L? bounds imply weak compactness (Hodge
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e Elliptic regularity implies strong (Uhlenbeck)
compactness

Energy identities
in gauge theory
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Some Analytic

A t f - - - . . 2
Jispects of @ Use energy identities to establish a priori L7 bounds

Twisted N = 4
Supersymmetric

Yang:Mills Theory @ These L? bounds imply weak compactness (Hodge
sen Mares theory for abelian case, Uhlenbeck/Sedlacek theory
for non-abelian case)

e Elliptic regularity implies strong (Uhlenbeck)
compactness

Energy identities
in gauge theory

Using established analytic machinery, a priori L? bounds
imply compactness

Examples: ASD, Seiberg-Witten, PU(2) monopoles
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The Seiberg-Witten equations
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Some Analytic
Aspects of

Vafa-Witten
Twisted N = 4

Supersymmetric FX - i ¢ ® (7[)*)0 = 0,

Yang-Mills Theory

Ben Mares ¢A¢ = 0

Pis a U(1) bundle with connection A and associated line
bundle L.

¢ is a section of the twisted spinor bundle §® L.

Energy identities

PR Clifford multiplication identifies F; with a traceless
endomorphism of $® L.
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The Seiberg-Witten equations
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric FX - i((p ® (7[)*)0 = 0,

Yang-Mills Theory

Ben Mares ¢A¢ = 0

Pis a U(1) bundle with connection A and associated line
bundle L.

¢ is a section of the twisted spinor bundle §® L.

SIS ra Clifford multiplication identifies F; with a traceless
endomorphism of $® L.

Define energy as the sum of squares:

Ea(A,9) = [ IFi-1(p® ¢ )l + [ 17agl”.
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Energy identities for Seiberg-Witten
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Some Analytic
Aspects of

e ) Esw(A9)i= [ IFi-2(p@ 97 ) + [ Bagl.
Supersymmetric X X

Yang-Mills Theory

Ben Mares

Energy identities

in gauge theory
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Some Analytic
Aspects of

e ) Esw(A9)i= [ IFi-2(p@ 97 ) + [ Bagl.
Supersymmetric X X
Yang-Mills Theory

Sen Maree The Weitzenbock formula for spinors gives

J 10498 = [ (19491 + 4516 =3 (9. F5 - 9))

Energy identities

in gauge theory
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Some Analytic
Aspects of

e ) Esw(A9)i= [ IFi-2(p@ 97 ) + [ Bagl.
Supersymmetric X X
Yang-Mills Theory

e Maree The Weitzenbock formula for spinors gives

J 10498 = [ (19491 + 4516 =3 (9. F5 - 9))
Expanding out &Ew gives
E o= [ (F (@ 97l + L(ELLeo97N)
v [ (1Vagl + s 19" - 16 BE9))

Ew= [ (FiF + Va0l + 3 161" + 1s1gP)
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric

Yang-Mills Theory gSW = f (|FZ|2 + |VA¢|2 + 3% |¢|4 + %S |¢|2) .
X

Ben Mares

Problem When scalar curvature is negative, the term
1o IAI2 .
Jx 5s|9|” could be large and negative.

Energy identities
in gauge theory
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric

Yang-Mills Theory gSW = f (|FZ|2 + |VA¢|2 + 3% |¢|4 + %S |¢|2) .
X

Ben Mares

Problem When scalar curvature is negative, the term
1o IAI2 :
Jx 5s|9|” could be large and negative.

Solution Complete the square:

Energy identities
in gauge theory

Ew = [ (IFiP + 1Vl + 3 (19F + 45)" - 1)
J (IR + 1949 + 35 (19 +45)7) - - [ 357
X X
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Compactness for Seiberg-Witten
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric = —
Yang-Mills Theory ESW O

L (HIEAP + 1940 + 35 6+ 45) =+ [ 35
X X

A priori estimate

Energy identities

in gauge theory
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric = —
Yang-Mills Theory ESW O

L (HIEAP + 1940 + 35 6+ 45) =+ [ 35
X X

A priori estimate

The left hand side is a sum of positive terms. The
quartic term is essentially |¢]7,.

Energy identities

in gauge theory
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Some Analytic
Aspects of

A priori estimate

Vafa-Witten
Twisted N = 4

Supersymmetric = —
Yang-Mills Theory ESW O

L (HIEAP + 1940 + 35 6+ 45) =+ [ 35
X X

The left hand side is a sum of positive terms. The
quartic term is essentially |¢]7,.

Energy identities

in gauge theory The right hand side depends only on the (fixed) topology
of the bundle, and geometry of the manifold.
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Compactness for Seiberg-Witten
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric = —
Yang-Mills Theory ESW O

Ben Mares f (% |FA|2 + |VA¢|2 + 31—2 (|¢|2 + 45)2) =K+ / %52'
X X

A priori estimate

The left hand side is a sum of positive terms. The
quartic term is essentially |¢]7,.

Energy identities

in gauge theory The right hand side depends only on the (fixed) topology
of the bundle, and geometry of the manifold.

Since the gauge group is abelian, elementary Hodge
theory yields genuine L? bounds on A and ¢, and elliptic
bootstrapping implies compactness.
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Energy identities for Vafa-Witten
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Some Analytic

Aspects of We emulate the standard approach:
Vafa-Witten

WESESEN &\ (C, A, B) =1 |d,C+diB|*+|F; -%[BxB]-%[C,B]|’

Supersymmetric
Yang-Mills Theory

Ben Mares

Energy identities
for Vafa-Witten
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Some Analytic

Aspects of We emulate the standard approach:
Vafa-Witten

WESESEN &\ (C, A, B) =1 |d,C+diB|*+|F; -%[BxB]-%[C,B]|’

Supersymmetric
Yang-Mills Theory

Ben Mares

=3 [daCl* + 3 |d;BI” + | F5 ~ 3 [Bx B]|* +3 | [C. B]|*
+L((dAC,dZB)—<FZ,[C,B]))+/}(i([BxB],[C,BD-

Energy identities
for Vafa-Witten
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Some Analytic

Aspects of We emulate the standard approach:
Vafa-Witten

WESESEN &\ (C, A, B) =1 |d,C+diB|*+|F; -%[BxB]-%[C,B]|’

Supersymmetric
Yang-Mills Theory

Ben Mares

=3 [daCl* + 3 |d;BI” + | F5 ~ 3 [Bx B]|* +3 | [C. B]|*
+L((dAC,dZB)—<FZ,[C,B]))+/}(i([BxB],[C,BD-

The bottom line cancels since

Energy identities <FZ, [C, B]> = ([FX, C] 5 B> = (dAdAC, B) 5

for Vafa-Witten

and the Jacobi identity implies
[[BxB]-B]=0.
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Simplification
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Some Analytic

Aspects of

Vafa-Witten . . .
Twisted A" = 4 Thus, assuming that the base manifold X is closed, we
Supersymmetric

VR have the identity

Ben Mares

Evw = 3 [duCIP+3 | d3BIF+| E} ~ £ [Bx B]|*+1[C. B,

This is a different sum of squares, equivalent equations
are

F;-1[BxB]=0, [C,B] =0,
Energy identities d;;B — O, dAC =0.

for Vafa-Witten
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Some Analytic

Aspects of

Vafa-Witten . . .
Twisted A" = 4 Thus, assuming that the base manifold X is closed, we
Supersymmetric

VR have the identity

Ben Mares

Evw = 3 [duCIP+3 | d3BIF+| E} ~ £ [Bx B]|*+1[C. B,

This is a different sum of squares, equivalent equations
are

F;-1[BxB]=0, [C,B] =0,
Al oo d3B =0, daC=0.
These equations are linear in C. The interesting
nonlinear part with B decouples. WLOG, set C = 0.
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Analogy with Seiberg-Witten
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S AuElEE The equations

Aspects of
Vafa-Witten
Twisted N = 4
Supersymmetric
Yang-Mills Theory

Ben Mares

These equations say that B has a harmonic square root,
if we interpret “B*” = [B x B].
B="2\/F}"
diB=0 (= d,B=0)

Energy identities

for Vafa-Witten
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S AuElEE The equations

Aspects of
Vafa-Witten
Twisted N = 4
Supersymmetric
Yang-Mills Theory

Ben Mares

These equations say that B has a harmonic square root,
if we interpret “B*” = [B x B].
B="2\/F}"
diB=0 (= d,B=0)

Energy identities

for Vafa-Witten

Contrast this with the Seiberg-Witten equations

Fi-(¢®¢")o=0
Pap=0
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The Weitzenbock formula
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Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric % ”d;B”Z = i ||VAB||2 + /;((% (B, [FZ X B]) +

Yang-Mills Theory

Ben Mares —|—(1—125—% +)'(B®B>)-
Evw(0,A4,B) = |F; ~5[Bx B]|* + % |d;B*.

Energy identities
for Vafa-Witten
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The Weitzenbock formula

Latest version at http://tensorial.com/math/

Some Analytic
Aspects of
Vafa-Witten

Twisted N = 4

Supersymmetric % ”d;B”Z = i ||VAB||2 + /;((% (B, [FZ X B]) +

Yang-Mills Theory

+ (- 1W) (BoB)).
Ew(0.4,B) = [Ef ~ 5 [B x B[ + 3 |45/,

Once again, the cross-term miraculously cancels:

Energy identities
for Vafa-Witten

Evw = [EXI* + % |[B x B + § | VB[ +

/. M [ G-t w(BoB).
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Vanishing theorem
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Some Analytic
Aspects of
Vafa-Witten . . . .
LETP YN The Vafa-Witten equations (with C = 0) are equivalent to
Supersymmetric
Yang-Mills Theory

Ben Mares 0=3[Fi[* +3 | VaB|* + % | [B x B][*+

+/X(ﬁs—§w+)-(3®3).

Energy identities
for Vafa-Witten
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Some Analytic
Aspects of
Vafa-Witten . . . .
LETP YN The Vafa-Witten equations (with C = 0) are equivalent to
Supersymmetric
Yang-Mills Theory

Ben Mares 0=3|F;[*+5[VaB[* + 4 |[Bx B]|*+
+/(ﬁs—§w+)-(3®3).
X
If furthermore the curvature part is positive semi-definite,

then M must be Kahler, hyper-Kahler, or b* =0, and the
equations decouple further to

Energy identities
for Vafa-Witten

Ff=0 v4B=0 [BxB]=0.


http://tensorial.com/math/

Kahler manifolds
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Some Analytic
Aspects of

BEGAN  Let (M, g, w) be a closed Kahler manifold. The

Supersymmetric

Yang-Mills Theory equatlons

Ben Mares

F:-1[BxB]=0
diB =0

reduce to

Be O (X;9p®C), B=B-B*, 048=0,

Energy identities
for Vafa-Witten

wANiF s +3[BAB*]=0.

Note the extra symmetry 8~ e!%f for 6 constant.
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Some Analytic

Aspects of

Vafa-Witten
Twisted N = 4 . . . .
el \\/e say a subbundle E’ c E is -invariant if

Yang-Mills Theory

Ben Mares ﬁ(E’) cE' ®K.

Suppose E is a Hermitian vector bundle, A is a
holomorphic connection on E, the traceless part of Fy is
FS, and p € O>°(End(E)) satisfies

- 170 1
Energy identities w A ZP‘A + 2 [/3 A ﬂ*] = 0’
for Vafa-Witten

then E is S-semistable.
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Failure of a priori bound
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Some Analytic

Aspects of

Vafa-Witten 5
Twisted A = 4 . . ..
Myt Recall that our quartic term |[B.B]|” is only positive

Bl semi-definite. If it were positive-definite, then it would
dominate the curvature part, and the identity

Ben Mares

0= |Eal® +3 V4Bl + & [[BxB]|” +

+/X(ﬁs—%W+)-(B®B)—K

e would yield a priori bounds on |E4l|, [V4B||, and |B| ..
for Yafariiteen Instead, we get no such bounds since |[B x B]* could
vanish while the curvature terms go to —oo unchecked.
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Scaling the metric
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Some Analytic
Aspects of
Vafa-Witten
Twisted N = 4
Supersymmetric
Yang-Mills Theory

Although these equations are not conformally invariant,
there is a scaling law.

Ben Mares
For all n € R, the space of solutions is invariant under
(C,A,B,g) ~ (e "C, A, e"B,e*g).

Thus rescaling the metric can be absorbed by this

Energy identities

for Vafa-Witten rescaling of B and C.
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Some Analytic
Aspects of

VafaWitten For a more concrete application of the width heuristic,
wistet =4

e nual consider the following identity for solutions:
Yang-Mills Theory

Ben Mares

$A[B[ + 5 |VaB[" +4|[BxB][* = (B- (~&s +3W") B)

In particular,
A|B]? < A|Bf

where A depends on curvature.

Energy identities
for Vafa-Witten
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Some Analytic
Aspects of

VafaWitten For a more concrete application of the width heuristic,
wistet =4

e nual consider the following identity for solutions:
Yang-Mills Theory

Ben Mares

$A[B[ + 5 |VaB[" +4|[BxB][* = (B- (~&s +3W") B)

In particular,
A|B]? < A|Bf

where A depends on curvature.

Energy identities

for Vafa-Witten Wlth Sllghtly more WOI’k,

A|B| < A|B|
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Some Analytic
Aspects of i .
VafaWitten Thanks to a mean-value inequality due to Morrey
wistes =
Supersymmetric
Yang-Mills Theory

A[B|<AB| = [B]~ <c[B]

Ben Mares

Energy identities
for Vafa-Witten
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Some Analytic
Aspects of i .

VafaWitten Thanks to a mean-value inequality due to Morrey
wiste =
Supersymmetric
Yang-Mills Theory
A[B[<A|B| = [B|~ < c|B]p
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VafaWitten Thanks to a mean-value inequality due to Morrey
wiste =4

Supersymmetric
Yang-Mills Theory

AB|<A[Bl = ||B|,~ <c|B]
Thus
2
IFi ] = |13 [BxB]| = <[ B

Assuming a bound on |B|;, we get bounds on | F}

-
and | B ..

Energy identities
for Vafa-Witten

If |[B x B]|* were positive-definite, such bounds would
follow automatically from a priori estimates plus
maximum principle.
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Feehan-Leness program for PU(2)
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Aspects of

Vafa-Witten
Twisted N = 4

Supersmmetic Only major property distinguishing2 PU(2) monopqles and
Vafa-Witten equations is |[B x B]|” being semi-definite.
Their analytic framework extends to give:

Ben Mares

@ Slice theorem
o Elliptic estimates
@ Removal of singularities

e Compactness (almost!)

Properness
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Supersmmetic Only major property distinguishing2 PU(2) monopqles and
Vafa-Witten equations is |[B x B]|” being semi-definite.
Their analytic framework extends to give:

Ben Mares

@ Slice theorem
o Elliptic estimates
@ Removal of singularities

e Compactness (almost!)

Properness Compactness requires bounds on | F}|,.. and |B|;.

I
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Yang-Mills Theory M%W,k = {[O’A, B] € MVW,k | ||B||L2 < b} ,beR

Ben Mares

Properness
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° MVWkCMVWk forb<b'.
° MVWk Masp k.
oMVWk @ for b<0or k <—cb*

Properness
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Supersymmetric

Yang-Mills Theory MVWk — {[0’ A, B] € MVW,k | ||B||L2 S b} Py b € R

Ben Mares

° MVchMVWk forb<b.
°MVWk Masp k.
oMVWk @ for b<0or k <—cb*

Each /\/lVWk has an Uhlenbeck compactification ﬂf,w,k.

Properness

A partial compactification is given by
— —b
Myw i = Uper Myw -
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Some Analytic
Aspects of . L . .
Jepects of The Kuranishi complex for an instanton A € Ap is
Twisted N = 4
YSupe,I\'/sllyI:m‘r_lthric d da+
ang-Mills Theory 0 A 1 A 2.+
0~ Q%(gp) — Q'(gp) — Q> (gp) ~ 0

Ben Mares

with (harmonic) cohomology

Ha M M

Singular
instantons and
gluing
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Nt The Kuranishi complex for an instanton A € Ap is

Twisted N = 4
Supersymmetric
Yang-Mills Theory

da dy
0— Q°gp) — Q' (gp) — Q>*(gp) > 0

Ben Mares

with (harmonic) cohomology

Ha M M

@ HS is the infinitesimal stabilizer (vanishes for
irreducibles)

@ 1} is the tangent space of Msp

Singular
instantons and

gluing @ H3 is the obstruction to transversality
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; d a’
Twisted N = 4 0 A 1 A 2,
Strélt:::ymmetric 0 - Q (gP) Q (gP) Q +(gP) - 0
Yang-Mills Theory
Ben Mares HY H H
We will always assume A is irreducible, so HY = 0.

By the index theorem,
dimHy =d+c dimH3 =

where d is the expected dimension 8k — 3(1 — b, + b*) for
G =SU(2).

Singular
instantons and
gluing
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Twisted N = 4 0 A 1 A 2,+

Supersymmetric 0 - Q (gP) Q (gP) Q (gP) - 0

Yang-Mills Theory
Ben Mares HY H H
We will always assume A is irreducible, so HY = 0.

By the index theorem,
dimHy =d+c dimH3 =

where d is the expected dimension 8k — 3(1 — b, + b*) for
G =SU(2).

Si | . . .
mstontons and For generic metrics, ¢ =0, and a neighborhood of

gluing

[A] € Masp is modeled by 7} with dimension d.
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Vafa-Witten ConS|der
Twisted N = 4
Supersymmetric

Yang-Mills Theory dim 7_[114 — d +1 dim Hi =1

Ben Mares

The differential
dy
Ql(gp) - QZ’+(9P)

is no longer surjective. For a € H!,

+ _ T+ + 1 +_1 +

. =Fi+dia+3[lanal =3[ana] .
Singular Can use inverse function theorem to find a with F} . =0
instantons and A+a

gluing when 1[anra]” L H2.
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Aspects of
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Ben Mares dlm'H}q =d+1

dimH3 =1
Fix w € H2, with w # 0. Define a quadratic form g(a) on
), by
q(a) := / (% [a A a]+~w) =0.
b

If g is nondegenerate, a neighborhood of [A] € Mgp is
modeled on g(a) = 0.

Singular
instantons and
gluing
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Ben Mares

/X([axb]-(xl)=0,

J (laxb]-aa) =0,
[ (lanal ~4[bxb]-w) =0,

When nondegenerate, first equations say a =0 or b = 0.

Singular
instantons and
gluing
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Perturbing the metric
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Some Analytic

Jspects of Consider a perturbation of conformal structure
Twisted A = 4 m e QO(X; HOIII(AZ’_V*,AZ’JrV*))v and the

Supersymmetric

Bl parameterized family tm, t € R. We get an extra term

Ben Mares

[AGlanal =316 xb] - tmF;) - w) =0

When nondegenerate, we get the picture

vw(g:
& . vaed
MAbD(g 1) ~  Masn(g) 4L Masp(g1)
Singular (M. gt)
instantons and
gluing
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Vofe-Witen Following the work of Donaldson and Taubes, we can
Twisted =4

Supersymmetric construct approximate solutions by grafting concentrated
Yang-Mills Theory )
Instantons.

Ben Mares

Singular
instantons and
gluing


http://tensorial.com/math/

Gluing theory and future work

Latest version at http://tensorial.com/math/

Some Analytic
Aspects of

Vofe-Witen Following the work of Donaldson and Taubes, we can
Twisted =4

Supersymmetric construct approximate solutions by grafting concentrated
Yang-Mills Theory )
Instantons.

Ben Mares
The obstruction to repairing the graft to obtain a genuine
solution can be approximated by a quadratic map.
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solution can be approximated by a quadratic map.

Assuming nondegeneracy, we obtain quadratic models of
the Uhlenbeck ends of the moduli space.

We hope to gain insight into the lingering compactness
issues by studying these models.
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Vofe-Witen Following the work of Donaldson and Taubes, we can
Twisted =4

Supersymmetric construct approximate solutions by grafting concentrated
Yang-Mills Theory )
Instantons.

Ben Mares
The obstruction to repairing the graft to obtain a genuine
solution can be approximated by a quadratic map.

Assuming nondegeneracy, we obtain quadratic models of
the Uhlenbeck ends of the moduli space.

We hope to gain insight into the lingering compactness
issues by studying these models.

Singular New nonlinear estimates will hopefully lead to better a
instantons and

gluing priori bounds.
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IT'S OVER!
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Some Analytic
Aspects of
Vafa-Witten
Twisted N = 4
Supersymmetric
Yang-Mills Theory

@ Thanks for listening!

Singular
instantons and
gluing
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