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Introduction

We construct Einstein metrics on some fiber bundles over a Fano K-E
manifold.
@ D? x S' bundle
o Negative scalar curvature

@ Conformally compact Einstein (CCE)
@ Q-flat conformal infinity

@ Zero scalar curvature
@ Asymptotically a degenerate cone
@ Slow volume growth and quadratic curvature decay
@ S®bundle
e Positive scalar curvature

@ Diffeomorphism classification of the total spaces for the base to be
CP?
@ Moduli space of Einstein structures with more than one component
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Principal Bundle

@ (V" h): a Fano K-E manifold of dim¢ = n.
e ¢(V)=p-n: pcZ,,andnis agenerator of H?(V;Z).
e Ric(h) = ph, and the Kahler form is w = 2x[n] € H*(V;R).
@ Py, g, an S x S bundle over V classified by (g1 - 7, gz - 1).
0 Py g = A*(Pg, x Pg): AV — V x Vis the diagonal map, and
P, is an S' bundle over V with Euler class g; - 7.

Pg.g — Pg x Pg

! !
Vv 5 vxvVv
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Associated Bundle

@ The effective action of S' x S on C?
(ei61 5 ei92) : (21 ) 22) = (ei61 Z1, eiezzZ)

induces two fiber bundles associated with Py, g,
@ Solg, g = Pgi.qo Xs1xst (D? x S € C?)
® Sphy, 4, = Pg.q. Xs1xs1 (S® € C?)
@ Open dense subspace
@ SolY o, = Pgy.qp Xs1xs1 (D? x SN\{{0} x S}
® Sphg, ¢, = Pyq Xs1xs (S\{{0} x §', 8" x {0}})

0 0
@ Solg, 4, = Sphg, 4, = Int X Pg, 4
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Construction

@ Ansatz 1: Introduce the following metric on Int x Pg, 4,

2
g=oa(s) 'ds? + > Bj(s)t' ® ¢/ + B(s)h,
i j=1
« = det B, and ' is a connection on Pg, with curvature do’ = gjw.
@ The Einstein equation Ric(g) = \g reduces to a system of ODEs

ﬂl/ 1 B/ Oé/ B/ Oé” det(B/)

2 _
nO[(—le + E(IB) )— n—z 7,8 — > + > = A,
« ! , o n r~_
a, [’ B &8 p A
20 NG g e N

®=BB",Q=(q,q) U=QB, and A = QBQ’.
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Exact Solution

@ Ansatz 2: 5 = ks

0 a=-2s 4 (n+1)s+c1s1 N4 cps "

o A= 5_ﬁ’§s+n Cos™"

o Uy = 2k(pwi+npgork" C1+02/\H"+102(f7+1))3+ k2o (W — ok C1)S n

(n+1)(g1 w1 +gaw2) 1wy +qaws

o U, = 2k (pwp—Npgy £"Ct — Gy Ak nt1) gy & 20 (Wo+q1£"¢cy)

n
(n+1)(g1 wi+gawz) 1wy +qews s

UP+@q2a Uy Us— Us+G2a
@ bqq Z%,bm:‘sz,bgg:%
@ Parameters: «, ¢1, Co, Wy, Wo.
@ Constraint: (qywy + gows)? = 2(n + 1)k2"3cy(pcy + CoAk) > 0.
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Solg, g, (G2 + g5 > 0) admits a two-parameter family of Einstein
metrics with negative scalar curvature.

@ Smooth collapse at t = t;: b11(tL) =0and %It:& bi1(t) =

@ Geodesic distance: t = [ F =0O(Ins)

@ Conformally compact:
e Defining function: p = sz,
i ini inn- _ _ds
o Geodesic defining function: dlno = Nl
e The conformal infinity ({o = 0}, [029|{,—0}]) has zero Q-curvature.
e [ _,Q=0:(Graham-Zworski) The asymptotic expansion
Volg({o > €}) = coe~®+2" 4 (even powers) + cone 2 4+ O(1).
@ Q = const: (Fefferman-Graham) The unique solution to
Agu =2n+2of the form u = Ino + A(o) + B(o)o® 2 Ina.
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Solg, g (q12 + q§ > 0) admits a one-parameter family of Ricci flat
metrics.

@ Smooth collapse at t = t;: b11(tL) =0and %It:tL bi1(t) =1

F = O(s?).
@ Asymptotic cone: g, = df? + tz(z,] L 006" 2 0/ + &)
@ Slower-than-Euclidean volume growth:
Volg = [ 8"ds = O(s"1) = O(t2"+2).
@ Sectional curvatures decay like t~2.

@ Geodesics distance: t = [
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Sph(ﬁ Q2 (
curvature.

@ Smooth collapse at t = t, and f = tg:
) b11(fL) =0 and %hzn b11(t) =1
o bxo(tg) =0and &|i_\/b11(t) = —1.
@ V = CP' (Hashimoto-Sakaguchi-Yasui, 2005)

Soh. =~ §% x 8%, g1+ qo = 0(mod2)
Plaia = 82388, g4 + go = 1(mod2)

o V=CP?%
] 771(Sphq1 qz) =0
o H2(Sphy, o 7) = Z- ¢, H3(Sphy, 4, 7Z) = 0, and
H4(Sth1 qg ) Z\q1Q2| '52
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b BalCthz = PQhCIz XS1x S (D4 CcC):
e OBalg, g, = Sphy, 4,
o H?(Balg, q:Z) = Z- ¢, H3(Sphy, 4,iZ) = Z-&,and { ~ ¢
e Spin: ws(Balg,,q,) =0 and W2(Sphqhq2) =0
e Non-spin: wz(Balg, 4,) = ¢ (Mmod 2) and wx(Sphy, ,,) =
° H (Balfh Q2>Sphq1 Q' Q) = H4(Ba|Q1»Q2;Q) = Q C

@ Diffeomorphism invariants y; (mod Z):

pi ¢ 204 _ ¢
[ Spln X1 = 896 224: X2 = 54 C48p1 » X3 = 7< —h

o Non-spin: y1 = o7 — & + 8’;‘6 550 Xo = (= S,
Xa = 8¢ - C%
where p; = py(Balg,,q,) and o = sign(Balg, g, ).
@ (Kreck-Stolz) Sphy, ., =~ Sphquqé < Xi(Sphg, ¢,) = X,-(Sphq47qé)
@ Examples:
@ Spin: Sphy 51179 =~ SPh145 146, SPN1 37442 =~ SPN1g3 194>
@ Non-spin: Sph; 19912 =~ SPhygys 196: SPN2 297200 = SPN770 772, + -

¢ (mod 2)
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