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The System

@ [ C T? - a bounded horizon billiard table with

" S convex scatterers.

‘ - specular particle reflections
i Vi =—-vi; Vv =v.
' o
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The System

convex scatterers.

@ [ c T? - a bounded horizon billiard table with
- specular particle reflections

Vi =-vi; v =v.

@ Dq,---,Dy convex scatterers acting as
thermostats:
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The System

@ I c T? - a bounded horizon billiard table with
convex scatterers.
- specular particle reflections
Vi =-vi; Vv =v.
@ Dq,--- ,Dy convex scatterers acting as
thermostats:
- B = T_117 ...
- VL=V
[Lin and Young 2010]
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- v{ is randomly drawn from
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The System

@ I c T? - a bounded horizon billiard table with
convex scatterers.
- specular particle reflections
Vi =-vi; Vv =v.
@ Dq,--- ,Dy convex scatterers acting as
thermostats:
- /81:T_117 "7/8N:Ti

- VL=V

[Lin and Young 2010]
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- v{ is randomly drawn from
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- particles do not interact with each other.
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Continuous Dynamics

@ No particle interactions = can work with one
particle
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Continuous Dynamics

@ No particle interactions = can work with one
particle

@ The Phase Space
Q={(x,v):xeTlveR?}/~
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Continuous Dynamics

@ No particle interactions = can work with one
particle

@ The Phase Space
Q={(x,v):xeTlveR?}/~

@ Markov Process ..

- deterministic billiard flow between collisions
with thermostats.
- v; replaced by randomly drawn v/ from

ﬁe_ﬁiv'zdvt.
™
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Discrete Dynamics

@ Choose variablesr € dr’, ¢ € [-7, 7], and
V] € [0, OO)

o = = 21N Ge
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Discrete Dynamics

@ Choose variables r € I, ¢ € [-7, 5], and
V] € [0, OO)
@ Perturbation occurs only in ¢ variable with

density py, (¢) = \/é e Ay,

Tatiana Yarmola (Fields Institute) Ergodic properties of some canonical systems April 4, 2011 6/19



Discrete Dynamics

@ Choose variablesr € drl’, ¢ € [-7, 5], and
V] € [0, OO)
@ Perturbation occurs only in ¢ variable with

density py, (¢) = \/7(;052( ION —pv? tan? @)d .

@ Define the Markov Chain ¢ on
X ={(r,vy):redl,v, €[0,00)} by first
drawing ¢ and then applying the billiard map.
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Discrete Dynamics

@ Choose variablesr € dr', ¢ € [-7, 7], and
V] € [0, OO)

@ Perturbation occurs only in ¢ variable with

density py, (¢) = [me Bt tan(e)q o,
@ Define the Markov Chain ¢ on

X ={(r,vy):redl,v, €[0,00)} by first

drawing ¢ and then applying the billiard map.
@ Denote the transition probability kernel of ¢

by P, i.e.

P((r,vy),A) =P(, € Aldy_1 = (r,vy))

2’2
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Invariant Measures

@ Existence, uniqueness, absolute continuity w.r.t. Lebesgue
measure m, ergodicity, and mixing properties.
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Invariant Measures

@ Existence, uniqueness, absolute continuity w.r.t. Lebesgue
measure m, ergodicity, and mixing properties.

@ Equilibrium measures: gy =--- =y =0
- for &: dp = 28v, e Aidv, dr
2
S for &, dv = /2 e/ o ()gy , drd o
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Results

Theorem

There exists unique absolutely continuous (w.r.t. Leb.) and
geometrically ergodic invariant measure for the Markov Chain ¢.
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Results

Theorem

There exists unique absolutely continuous (w.r.t. Leb.) and
geometrically ergodic invariant measure for the Markov Chain ¢.

Corollary

There exists unique absolutely continuous invariant measure for the
Markov process ¢,
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Geometric Ergodicity Theorem

Lemma 1
¢ is irreducible. J
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Geometric Ergodicity Theorem

Lemma 1
® is irreducible.

Lemma 2
¢ is aperiodic.
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Geometric Ergodicity Theorem

Lemma 1
® is irreducible.

Lemma 2
® is aperiodic.

Theorem (Meyn and Tweedie Thm 15.01)

If for C = {(r,v,) : v < v, < v} there existy < 1, b < oo, and a
function V > 1 such that C = {(r,v,) : V(r,v,) <R} and

/2

PV(r,v,) = /f(r’,vi)p\u(@)d@g'yV(r,vl)—i—blC(r,vl), V(r,vi)eX
—7/2

then 3! a.c. and geometrically ergodic invariant measure for @, s.t.

sup |[P"f — v(f)] <RV((r,vi))p", p<1
Ifl<v

4
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Irreducibility

Lemma 1

® is irreducible in a sense that for any A ¢ X with Leb(A) > 0,

Py )(7a <00) >0V(r,v,) € X, where 74 is the first return time to A
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Irreducibility

Lemma 1

® is irreducible in a sense that for any A ¢ X with Leb(A) > 0,

Py )(7a <00) >0V(r,v,) € X, where 74 is the first return time to A
@ "lllumination Property.” [Eckmann and
Jaquet 2006]
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Irreducibility

Lemma 1

® is irreducible in a sense that for any A ¢ X with Leb(A) > 0,
@ "lllumination Property.” [Eckmann and
Jaquet 2006]

r~sr'.

Py )(7a <00) >0V(r,v,) € X, where 74 is the first return time to A
@ ry,r, € same thermostat = 3 path
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Irreducibility

Lemma 1

® is irreducible in a sense that for any A ¢ X with Leb(A) > 0,
Py )(7a <00) >0V(r,v,) € X, where 7 is the first return time to A.

@ "lllumination Property.” [Eckmann and
Jaquet 2006]

@ ry,r, € same thermostat = 3 path
r~r'.

@ There exist M and a path from any r
to any r’ in < M steps.

°
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Irreducibility

Lemma 1

® is irreducible in a sense that for any A ¢ X with p(A) > 0,
Py )(7a <00) >0V(r,v,) € X, where 7 is the first return time to A.

@ "lllumination Property." [Eckmann and
Jaquet 2006]

@ ry,r, € same thermostat = 3 path
r~r’.

@ There exist M and a path from any r
to any r’ in < M steps.

@ Can boost v, to the desired value v/ .
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Irreducibility

Lemma 1

® is irreducible in a sense that for any A ¢ X with p(A) > 0,
P, )(7a < 00) >0V(r,vy) € X, where 7, is the first return time to A.

@ "lllumination Property." [Eckmann and
Jaquet 2006]

@ r1,r, € same thermostat = 4 path
r~r'.

@ There exist M and a path from any r
to any r’ in < M steps.

@ Can boost v, to the desired value v/ .
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Irreducibility

Lemma 1

® is irreducible in a sense that for any A ¢ X with p(A) > 0,
P, )(7a < 00) >0V(r,vy) € X, where 7, is the first return time to A.

@ "lllumination Property." [Eckmann and
Jaquet 2006]

@ r1,r, € same thermostat = 4 path
r~~r’.

@ There exist M and a path from any r
to any r’ in < M steps.

@ Can boost v, to the desired value v/ .

@ Acquire some density along the path
= P(,NL)(TA <o00)>0.0

Tatiana Yarmola (Fields Institute) Ergodic properties of some canonical systems April 4, 2011 12/19



Aperiodicity

@ FixC = {(r,v,): v < v, <vMa}y
let m denote the normalized Lebesgue measure on C.
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Aperiodicity
@ FixC = {(r,v,): v < v, <vMa}y
let m denote the normalized Lebesgue measure on C.

Lemma 2

® is aperiodic. That is
ged{n > 1|35 : P"((r,v.),-) >nm V(r,v ) e C}=1.
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Aperiodicity
@ FixC = {(r,v,): v < v, <vMa}y
let m denote the normalized Lebesgue measure on C.

Lemma 2

® is aperiodic. That is
ged{n > 1|35 : P"((r,v.),-) >nm V(r,v ) e C}=1.

@ There exist N and a path from any (r,v, ) to any (r’, v/ ) taking
precisely N steps
- such that all angles of incidence and reflection are bounded away
from £7
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Aperiodicity
@ FixC = {(r,v,): v < v, <vMa}y
let m denote the normalized Lebesgue measure on C.

Lemma 2

® is aperiodic. That is
ged{n > 1|35 : P"((r,v.),-) >nm V(r,v ) e C}=1.

@ There exist N and a path from any (r,v, ) to any (r’, v/ ) taking
precisely N steps
- such that all angles of incidence and reflection are bounded away
from £7
@ There exists N such that for any (r,v, ) € C,
PN ((r? VJ.)? C) > nm(c)
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Aperiodicity
@ FixC = {(r,v,): v < v, <vMa}y
let m denote the normalized Lebesgue measure on C.

Lemma 2
® is aperiodic. That is
ged{n > 1|35 : P"((r,v.),-) >nm V(r,v ) e C}=1.

@ There exist N and a path from any (r,v, ) to any (r’, v/ ) taking
precisely N steps

- such that all angles of incidence and reflection are bounded away
from £7
@ There exists N such that for any (r,v, ) € C,
PN((r,v.),C) > nm(C).
@ From (r,v,) € C can always jump to some (r’,v’ ) € C and then
apply the above:
PNHY((r,v1),C) = 7'm(C)
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Aperiodicity
@ FixC = {(r,v,): v < v, <vMa}y
let m denote the normalized Lebesgue measure on C.

Lemma 2
® is aperiodic. That is
ged{n > 1|35 : P"((r,v.),-) >nm V(r,v ) e C}=1.

@ There exist N and a path from any (r,v, ) to any (r’, v/ ) taking
precisely N steps

- such that all angles of incidence and reflection are bounded away
from £7

@ There exists N such that for any (r,v, ) € C,
PN((r,v.),C) > nm(C).

@ From (r,v,) € C can always jump to some (r’,v’ ) € C and then
apply the above:
PN*((r,v1),C) > 1'm(C)

@ gcd(N,N + 1) =1, so ¢ is aperiodic.
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Lemma

Potential V: heuristics

PV(r,vy) <AV(r,vy)+blc(r,v,),

V(r,vy) eX

=] = = = 21N Ge
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Lemma

Potential V: heuristics

o PV(r,VJ_) =
w/2

[ V(v

cos2 (¢

PV (r,vy) <AV(r,vy)+blc(r,vy)

(r,vy)eX

e BIVL tan? (@)dsp

o = = = = ©OHACe
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Potential V: heuristics

Lemma
PV(r,vi) <AV (r,vi) +blc(r,vy), v(r,vi)eX

@ PV(r,v.)=
_:f//zz V(r’,vi)\/g#@)e—ﬁivi an’(e)g
° Vi = TRV
°
°
°

Tatiana Yarmola (Fields Institute) Ergodic properties of some canonical systems April 4, 2011

14/19



Potential V: heuristics

Lemma
'PV(T,VJ_) < ")’V(r,VJ_) —+ blc(r,VJ_),

V(r,VJ_) eX

X _B.y2 2
© pu(9) = Faiye M)

;_ cos(')
@ V1 = Cos(e) VL

@ v, very large: v; is negligible.
p~0=V| ~cos(¢ v <v,.
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Potential V: heuristics

Lemma
,PV(r,VJ_) S")’V(r,VJ_)—i-blc(r,VJ_), v(raVJ_) eX J

y _3y2 tan2
® oy, (90) Y %cogi(go)e Aivi tanle) ‘.-"".‘:.""a

cos(p’
cos((ﬁ)) Vi

@ v, very large: v; is negligible.
p~0=V| ~cos(¢ v <v,.
@ v, very small: v is the main contribution. = 1\ Y
V| = cos(¢)vt. i /1

OVi:
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Potential V: heuristics

Lemma
PV(T,VJ_) Sfyv(raVJ_)—i_blC(raVJ_)? v(raVJ_) eX }

/4 _Aay2 tan2
[* ] pvl ((p) = %Cogzi(go)e ﬁlvl tan (80) r

cos(y’)

cos(¢p)

@ v, very large: v; is negligible.
pr~0=V| ~cos(¢)v <v,.

° Vi = Vi 1

@ v, very small: v is the main contribution. =
v/ ~ cos(¢)vi. A

@ Remark: small velocities change to normal Y
ranges by the actions of the thermostats, N
while large ones require the action of T
geometry.
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Potential V: try dependence on v, only
Lemma

PV(VJ_) < ’}/V(VJ_) -+ blC(VJ_),

YW, € [0, 00)

=] = = = 21N Ge
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Potential V: try dependence on v, only
Lemma

PV(VJ_) < ’}/V(VJ_) -+ blC(VJ_),

YW, € [0, 00)

va,
° v<m~{ i

vio, vy <vih

= =2 S z DA
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Potential V: try dependence on v, only

Lemma
PV(VJ_) < ’yV(VJ_) =+ blC(VJ_), VVJ_ S [0,00) J
v, v > v
o V(v) { vi® vy <vpin

@ With such a potential do not get ~ uniformly
lessthan 1l (asv, — o0)
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Potential V: try dependence on v, only

Lemma
PV(VJ_) S’YV(VJ_)—i-blc(VJ_), Vv, € [0,00) J
1
]
v, v > v
° V(vi) { vi® vy <vpin
@ With such a potential do not get ~ uniformly
less than 1 (as v, — o) Tk
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Potential V: correction
Lemma

'PV(r,VJ_) < ny(I',vJ_) + blc(f,VJ_),

V(I’,VJ_) eX

=] = = = 21N Ge
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Potential V: correction

Lemma
,PV(r,VJ_) S")’V(r,VJ_)—i-blc(r,VJ_), v(raVJ_) eX J

@ For small enough rq, large enough b f b
and v§ > vi™, let :

V(r,vy)=
ov, (r)v2, v >y
gVL(r)VI?’/‘l? vy < me) L. ol T e,
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Potential V: correction

Lemma
PV(T,VJ_) < ’)’V(r,VJ_) + blc(r,VJ_), \V/(r,VJ_) e X

s

@ For small enough rq, large enough b [

and v§ > vi™, let

V(r,vy)=
gVL(r)VJZ_? Vi > VTaX
gVL(r)VI?’/Af’ vy < Vmin) L. ol A

v b b y.
B re(e—vo et
IME

b
1. b b
wp P e(c—Tonc+ro)\ (e — gk + 7
1, otherwise.

gVJ_(r) =
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