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Introduction

Success in proving the Fourier law from mechanics would represent
a perfect realization of a reductionist program.

You can be less demanding and still obtain a reasonable
understanding of a problem: we understood a lot on equilibrium, in
particular on phase transitions and critical phenomena from the
Ising model which is not a realistic system.

Stationary states are the simplest generalization of equilibrium
states and we may ask whether we can develop a self-contained
macroscopic description.

The hope is that stochastic particle models may play a role in non
equilibrium similar to Ising in equilibrium.

N
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Large deviations deal with fluctuations from a law of large
numbers: in our case this is hydrodynamics.

Starting from the theory of large deviations in stochastic particle
models, during the last ten years some progress has been achieved
in understanding the macroscopic behavior in nonequilibrium. It
has been a collective effort and many people have contributed to it.
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1. The large deviation formula for diffusive systems with a
conserved quantity and some general consequences
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Freidlin-Wentzell theory
Consider a stochastic differential equation
dxy = b(xy)dt + eoduwy, (1)

where the vector field b is the drift and o the diffusion matrix. One
is interested in the limit € — 0. Then the following holds: the
probability that the solution stay close to a trajectory ¢; in a fixed
time interval [0, 7] is

Pz ~ ¢y) ~ exp(—éIT(gbt)), (2)
where
T
(o) = 3 [ dtté = b9 bon). ©

I is called the large deviation functional.
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The estimate of the stationary distribution in the neighborhood of
an equilibrium point follows

P(z) ~ op (~ 5V (@), (4)

where V(x) = Io(¢7) with ¢} a trajectory connecting the
equilibrium point to & and minimizing /. If there are several
equilibrium points or attractors the theory can be easily extended.
V(z) is called the quasi-potential.

Equation (4) reminds of the Einstein theory of equilibrium
thermodynamic fluctuations which states that the probability of a
fluctuation from equilibrium in a macroscopic region of volume |A|
is proportional to

exp{ |\ AS/k},

where AS is the variation of entropy density calculated along a
reversible transformation creating the fluctuation and k is the
Boltzmann constant.
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The lesson we learn is twofold:

1. in the limit of small noise an estimate of the stationary

distribution is reduced to the solution of a variational problem.

2. the quasi-potential is the analog of a thermodynamic function.
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Macroscopic systems out of equilibrium

1. The macroscopic state is completely described by the local
density p = p(t,z) and the associated current j = j(t,x).

2. The macroscopic evolution is given by the continuity equation
together with the constitutive equation

j=J(p)=-D(p)Vp+x(p)E (6)

where the diffusion coefficient D(p) and the mobility x(p) are
d x d positive matrices. The transport coefficients D and x
satisfy the local Einstein relation

D(p) = x(p) fo (p) (7

where fq is the equilibrium free energy of the homogeneous
system.



The equations (5)—(6) have to be supplemented by the appropriate
boundary conditions on OA due to the interaction with the external
reservoirs. Recalling that Ao(x), = € OA, is the chemical potential
of the external reservoirs, these boundary conditions are

fo(p(x)) = do(2) z € 0N (8)

We denote by p = p(x), x € A, the stationary solution, assumed to
be unique, of (5), (6), and (8).
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The basic dynamic large deviation formula for joint

fluctuations of the empirical density and current
BDGJL

Por (7~ p, TN = j t €[0,T]) ~ exp{-NGory(p.5)}  (9)

Here [Pﬁ’N is the stationary probability measure,

V(p(0)) + o1y (j) i Op+V-j=0

+ oo otherwise (10)

Go.r)(ps ) = {

V(p) is the large deviation functional of the invariant measure and
. 1 1

Tiom(j) = dt([] = J(P)x(p) i = J()))  (11)

in which we recall that

J(p) = =D(p)Vp+ x(p)E .
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Dynamic large deviation functional for the density

The large deviation functional for the density can be obtained by
projection. We fix a path p = p(t,u), (t,u) € [0,T] x A. There are
many possible trajectories j = j(t, u), differing by divergence free
vector fields, such that the continuity equation is satisfied. By
minimizing Zpo 77(p, j) over all such paths j

Iiom(p) = '?f Tio,m(5) (12)
V.j==0p
Let F' be the external field which generates the current j according

to
j=-D()Vp+x(p)(E+F).

and minimize with respect to F'. We show that the infimum above
is obtained when the external perturbation F'is a gradient vector
field whose potential H solves

dp=V- (D(p)Vp —x(p)[E + VH]) (13)

which is a Poisson equation for H.
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Write B
F=VH+F (14)

We get
T ~ ~
Tom(i) =g [ &t {(VHAVH) + (Fr(0)F))

Therefore the infimum is obtained when F' = 0. Then Tio,71(p) can
be written

1 T
Ton() = 7 [ a(THOXE)VHED)  (15)

i)
:i/Tl dt<[3tP+V'J(p)] K(p)_l[atp+v-J(p)]>

where the positive operator K () is defined on functions u : A — R
vanishing at the boundary 9A by K(p)u = =V - (x(p)Vu).
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Time reversal

To the time reversed process corresponds the adjoint generator

with respect to the invariant measure. Let us define the operator
inverting the time of a trajectory [0 f](t) = f(—t) for f scalar and
[07](t) = —j(—t) for the current. The stationary adjoint process,
that we denote by IPﬁfjva, is the time reversal of [PZYN, i.e. we have

Pfj;va = PNy o9~ Then

PNy (7rN ~p, IV~ te[-T, T])
=P (Y mop, TV R 0j te[FTT]) (16)
At the level of large deviations this implies
G-r,11(p:3) = G117 (9p, V) (17)

where Q[“_T 7] is the large deviation functional for the adjoint
process.
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The previous relationship has far reaching consequences. By
dividing both sides by 27" and taking the limit 7' — 0 we find

(50 V) = =)+ T ) )
+§<J(p) +J%(), x(p) [ (p) — T4 (P)]) (18)

which has to be satisfied for any p and j. Integrating by parts the
left hand side

J(p) + J“(p) - —2x(p)V?p/ (19)

(J(p). x(p) "1 (p)) = (J(p). x(p) " T(p))  (20)

Inserting finally the first of these two equations into the second
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we obtain the equation for V'
oV % oV
— —)—(—,V- = 21
<V5p,x(p)V5p> <5p,v J(p)) =0 (21)

This is the Hamilton-Jacobi equation associated to the variational
characterization of V'

V(p)= inf I 0(p) (22)
p:p(—00)=p
p(0)=p

This interpretation follows by considering the functional I as an
action functional in the variables p and 9;p and performing a
Legendre transform. The associated Hamiltonian is

H(p,m) = (V7 x(p)V7) + (V- J(p)) (23)

where 7 is the conjugate momentum.

16
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The quasi-potential and the identification of the
minimizing trajectory

The variational characterization of V' follows again by a time
reversal argument which allows also to identify the minimizing
trajectory. Consider a trajectory connecting the density profiles p;,
and py,. From time reversal we have

V(py) + Iit, 1] (p) = V(pr,) + I[a—tz,—tl](ap) (24)

By taking pt, = p, which implies V(py,) = 0, pi, = p, the inf over
all possible trajectories and time intervals we obtain the variational
expression of V' with the minimizer defined by

I ei(09) = 0 (25)

that is 8p must be a solution of the adjoint hydrodynamics.
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The adjoint hydrodynamics

The adjoint hydrodynamics follows immediately recalling the
relationship between J and J¢

J(p) = —2x(p)V?p/ —J(p)

We have
" oV
Op+VJ*=0p+ V{D(p)Vp — x(p)(E + 2v%)} =0 (20)

The minimizer is therefore the time reversal of the relaxation
solution of this equation connecting p to p. The optimal field to
create the fluctuation is F' = 2V%, that is minus twice the
dissipative thermodynamic force.
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Interpretation of the quasi-potential

It is easy to see that V(p) is equal to the energy dissipated by the
thermodynamic force —V% along the optimal trajectory denoted

*

Vip) = /0 dt<?;,8tp*>

—00

_ /O dt<(?;,V'Ja(P*)> :/0 dt<(_‘]a(p*))'vg>

—00
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The hydrodynamic equations in terms of V/

o = V~(X(p)V?;>+A(p)

o = V-(x(p)vg)—fl(p)

The second equation is the hydrodynamics corresponding to the
time reversed system. The Hamilton—Jacobi equation implies the
orthogonality condition

<f¥ L A(p)) =0

The above decompositions remind of the electrical conduction in
presence of a magnetic field.
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Consider the motion of electrons in a conductor: a simple model is
given by the effective equation,

p:—e(E%—ip/\H)—lp (27)
me T

where p is the momentum, e the electron charge, E the electric
field, H the magnetic field, m the mass, ¢ the velocity of the light,
and 7 the relaxation time. The dissipative term p/7 is orthogonal
to the Lorenz force p A H. We define time reversal as the

transformation p — —p, H— —H. The time reversed evolution is
given by
) 1 1
p:e(E+—p/\H)—7p (28)
me T
Let us consider in particular the Hall effect where we have
conduction along a rectangular plate immersed in a perpendicular
magnetic field H with a potential difference across the long side.
The magnetic field determines a potential difference across the
short side of the plate. In our setting on the contrary it is the
difference in chemical potentials at the boundaries that introduces
in the equations a magnetic—like term.
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A control theory point of view

We consider the system in presence of an extra field F' so that the
hydrodynamic equation is

Orp = =VJ(p) = V(x(p)F) (29)

We want to choose F' to drive the system from its stationary state

p to an arbitrary state p with minimal cost. We define the cost
function as before

I

3] B EOAETOFE) (30)
1

where p!'(s) is the solution of (29). More precisely, given p(t1) = p

we want to drive the system to p(t2) = p by an external field F

which minimizes (30). This is a standard problem in control theory.



Let
Vo) =inf  [ds (FEAGTOFE) 61

t1
where the infimum is taken with respect to all fields F' which drive
the system to p in an arbitrary time interval [t1,t2]. The optimal
field ' can be obtained by solving the Bellman equation which
reads

min {G(EXOIF) + (VUG +x0)P). )} =0 (2

It is easy to express the optimal F' in terms of V; we get

oV
F=2V— 33
5 (33)
By substituting in (32) this reduces to the Hamilton-Jacobi
equation.
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Characterization of equilibrium states

We define the system to be in equilibrium if and only if the current
in the stationary profile p vanishes, i.e. J(p) = 0. In this case, even
in presence of external fields (e.g. gravitational or centrifugal
fields), the Hamilton-Jacobi equation can be solved. Let

,T) = pdr Tdr' I(r') = — fo(p(z
f(or) Am A@ FLG) = folp) — o))
—fo(p(x)) [p — p()] (34)

the maximal solution of H-J is

WMzAMfM@w) (35)
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Define macroscopic reversibility

() = ~2(0) V2L — J() = J(p) (36)

op
We have the following theorem
J(p) = 0 is equivalent to macroscopic reversibility.
In the case of macroscopic reversibility the Hamilton-Jacobi
equation reduces to

oV
J(p) = —x(p)V5(p) (37)
p
We remark that, even if the free energy V' is a non local functional,
the equality J(p) = J*(p) implies that the thermodynamic force

VéV/dp is local.
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2. Applications
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Correlation functions

We are concerned only with macroscopic correlations which are a
generic feature of nonequilibrium models. Microscopic correlations
which decay as a summable power law disappear at the
macroscopic level.

We introduce the pressure functional as the Legendre transform of
the quasi-potential V'

G(h) = sup {(hp) =V (p)}

By Legendre duality we have the change of variable formulae
h = ap’ p= ‘fg, so that the Hamilton-Jacobi equation can then

be rewritten in terms of G as

oG OGN\ _6G oG
(vrox(5) v = (V- D (5 ) V37 (5 ) E) = 0 (9
where h vanishes at the boundary of A. As for equilibrium systems,
G is the generating functional of the correlation functions.
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We define

"G
dh(z1)---6h(xy) In=0
By expanding (38) around the stationary state we obtain after non

trivial manipulations and combinatorics the following recursive
equations for the correlation functions

1
(n+1)!

Yo Ve (EO(E@)Can a0 Vb -
N@=n—1 5O

anrl))
RO OK(nvxl Var (DEOD(3(a1))Clan, ., wn11))
+Z v o K(F) vxl

N(D)=n,in

Cn(z1,...,2p) =

(39)

EIL_J,_lCn-‘rl(mla Zo,. .. ,.’En+1)

(X(z(m(ﬁ(xl))C;(acl, - ,$n+1)E($1)) }
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For the pair correlations write

C(z,y) = Ceq(2)d(x — y) + B(x,y)
where
Ceq() = D™H(p(x))x(p(x))
We then obtain the following equation for B
LTB(z,y) = a(z)d(z — y) (40)

where LT is the formal adjoint of the elliptic operator £ = L, + L,
given by, using the usual convention that repeated indices are
summed,

Ly = Dij(p(2))0x,0z; + Xi;(p(2)) Ej() 0, (41)
and
alz) = 05, [xi; (A(2)) D! (A(2)) Ji(x)]

where .J = J(p) = —D(p(2))V(z) + x(p(x))E(x) is the
macroscopic current in the stationary profile.
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Diffusive systems with periodic boundary conditions

We consider a system on a ring satisfying the Einstein relation
D(p) = x(p)fy(p). In the case of constant field E the stationary
solution is simply the constant function p(u) = m. We define

fulo) = [ar [ ar i)

We claim that the quasi-potential is

mwzﬂmnmw> (42)

for any value of the external field F.

If £ =0, by using the Einstein relation it is easy to check that V,
solves the Hamilton-Jacobi equation. If E is a constant, since the
boundary conditions are periodic, we have that

hence V,,, solves the Hamilton-Jacobi equation for any (constant)
external field E.
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Thermodynamics of currents: the ®(.J) functional
BDGIL

Currents involve time in their definition so it is natural to consider
space-time thermodynamics. The cost functional to produce a
current trajectory j(t,z) is

Ton() = § [ a0l - TG-S0 @
in which we recall that

J(p) = =D(p)Vp+ x(p)E .

where p = p(t,u) is obtained by solving the continuity equation
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Let J(x) be the time average of j(t,z) that we assume divergence
free, i.e.

1 T
I@) = [ it (44)
T Jo
and define 1
®(J) = T'[“oo ifj‘.f T Tio,11(7) 5 (45)

where the infimum is carried over all paths j = j(t,u) having time
average J.

This functional is convex and satisfies a Gallavotti-Cohen type
relationship

O(J)—d(—J) =d(J)—d%(J) = —2(J, E>+/ dxX \o J -1 (46)
ON
Note that the right hand side of (46) is the power produced by the

external field and the boundary reservoirs. Entropy production can
be simply derived from ®(.J)).
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Universality in current fluctuations
Appert-Rolland, Derrida, Lecomte, van Wijland

Let Q(t) fo (t')dt’ the total integrated current during the time
interval (0,1). Defme the generating function of the cumulants of

Q
by(s) = lim In{exp —sQ)

t—o00 t

= o"(s) (47)

where the brackets denote an average over the time evolution
during (0,t). ®*(s) is the Legendre transform of ®(.J). The
authors estimate ®(.J) from the large deviation formula

L T
P({p(z,1),5(x,1)}) ~ exp —4/0 dt ([j = J(p)l,x(p) "3 = T (p)])

from which they obtain

(@) 2n! XX \n 7 202
= Bon_ D np2n
oo { 22 n(n — 1)! (5pz)
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Current fluctuations with a step initial density profile
Derrida, Gerschenfeld
By direct calculation they proved that the generating function of
the moments of the integrated current Q; = fo (t")dt' for
exclusion processes takes the asymptotic form for large ¢

<€>\Qt> — eVi(Apaspe) ’ (48)
with (X, pa, pb) given by
1 [ _
pOpup) =+ [ drog[trwe ] )

and where w is a function of p,, pp and A

W= pale* = 1)+ pyle™ = 1) + pupp(e* —1)(e > = 1).  (50)
Furthermore p(\, pa, pp) satisfies a symmetry very reminiscent of
the fluctuation theorem

M(A,pa,pb):u<—k+log P jog L ,pa,pb> (51)
L—pp 1—pa
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They then showed that these results can be understood and
extended using the macroscopic fluctuation theory. They
considered two cases

> the annealed case where one averages e*?* both on the
history and on the initial condition

. 1
/Lannnealed()\) = tll@o W log |:<€>\Qt>

history, initial condition] '
(52)
> the quenched case, where one averages e*?* only on the
history for a typical initial condition

1
A) = Jim = ( log | () .
uquenChed( ) tLrQO \/£< og[ ‘ history initial condition
(5

In the annealed case the result for SSEP can be used to obtain the
distribution of ), for several other models. This has generically the
non-gaussian decay exp[—q3/t].
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A model with two conservation laws

PHYSICAL REVIEW E 78, 021134 (2008)

Stationary nonequilibrium properties for a heat conduction model

Cédric Bernardin™
Université de Lyon, CNRS (UMPA), and Ecole Normale Supérieure de Lyon, 46, allée d’Italie, 69364 Lyon Cedex 07 France
(Received 2 May 2008; published 26 August 2008)

We consider a stochastic heat conduction model for solids composed of N interacting atoms. The system is
in contact with two heat baths at different temperatures 7 and T,. The bulk dynamics conserves two quantities:
the energy and the deformation between atoms. If Ty # T, a heat flux occurs in the system. For large N, the
system adopts a linear temperature profile between 7, and T,. We establish the hydrodynamic limit for the two
conserved quantities. We introduce the fluctuation field of the energy and of the deformation in the nonequi-
librium steady state. As N goes to infinity, we show that this field converges to a Gaussian field and we
compute the limiting covariance matrix. The main contribution of the paper is the study of large deviations for
the temperature profile in the nonequilibrium stationary state. A variational formula for the rate function is
derived following the recent macroscopic fluctuation theory of Bertini et al. [J. Stat. Phys. 107, 635 (2002);
Math. Phys., Anal. Geom. 6, 231 (2003); J. Stat. Phys. 121, 843 (2005)].
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The ABC model

We here consider - both from a microscopic and macroscopic point
of view - a model with two conservation laws. Given an integer

N >1let Zy ={1,...,N} be the discrete ring with IV sites so
that NV 4+ 1 = 1. The microscopic space state is given by

Qn = {A, B,C}?V so that at each site 7 € Zy the occupation
variable, denoted by 7, take values in the set {A, B, C'}; one may
think that A, B stand for two different species of particles and C
for an empty site. Note that this state space takes into account an
exclusion condition: at each site there is at most one species of
particles.
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We first consider a weakly asymmetric dynamics that fits in the
framework discussed so far that is defined by choosing the
following transition rates. If the occupation variables across the
bond {z,x + 1} are (&, (), they are exchanged to ((, &) with rate
Cf,x—i—l = exp{(Le — E¢)/(2N)} for fixed constant external fields
EA, Ep, Ec.
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The hydrodynamic equations for the densities of A and B particles
are given by

8t<PA>_A<pA>_V_(PA(1_PA) —pAPB )
PB PB —paps  pe(l—pB)
o FEy— Ec
Ep — Eo

of course the density of C' particles is then pc =1 — pas — pB.
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The functional I|yy ) with D =1 and mobility

_( pa(l—pa)  —paps
xparp) = < —PAPB pB(1—pp) > (54)

is the dynamical large deviation functional associated to this
model. The free energy is the maximal solution of the
Hamilton-Jacobi equation which can be easily computed. Namely,

PA PB
VT(T)LA,mB(pAa PB) == /d-’E [pA |Og miA + PB |og miB

1—pa—pB

1—pa—pp)log — A2 —F
+(1—pa pB)ogl_mA_mB

where [dxzps =ma and [dxpp =mp. If E4, Ep and E¢ are
not all equal, this model is a nonequilibrium model nevertheless, in
view of the periodic boundary conditions, its free energy is
independent of the external field.

40/70



We next discuss a different choice of the weakly asymmetric
perturbation which, as we shall see, does not fit in the scheme
discussed so far. This choice is the one referred to in the literature
as the ABC model. The transition rates are the following. If the
occupation variables across the bond {z,z + 1} are (&, (), they are
exchanged to (¢, &) with rate exp{V'(§,n)/N} where
V(A,B)=V(B,C)=V(C,A) =—3/2 and
V(B,A)=V(C,B)=V(A,C) = 3/2 for some 3 > 0. Therefore
the A-particles prefer to jump to the left of the B-particles but to
the right of the C-particles while the B-particles prefer to jump to
the the left of the C-particles, i.e. the preferred sequence is ABC
and its cyclic permutations. These rates do not satisfy the local
detailed balance.
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The hydrodynamic equations are
at< PA >+v ( JA(pAva) > -0
PB JB(pa,pB)
where

_( Jalpa,pB) \ _ [ —Vpa+ Bpa(l —2pp —pa)
Tpaspp) = ( JB(pa; pB) ) B ( ~Vpp + Bps(2pa + pp — 1) >

The asymmetric term in the present hydrodynamic equations is not
of the form V - (x(p)E) as in (5)—~(7). Hence the the theorem
requiring the free energy to be local does not apply.
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The appropriate cost functional is however still given by the
solution of Hamilton-Jacobi. In the case of equal densities
[dxpa = [dxpp =1/3, a straightforward computation shows
that for any positive (3 the solution is given by

g _ /0
Vi'1(pa, pp) = Vi 1(pa, p)

1
3’3

+ﬁ/0 dx/o dyy{pA(fL‘)pB(w+y)+pB(:v)[1—pA(x+y)
— pp(@+ Y]+ [1 = pa(@) - pp(@)loalz +y) | + >

where V| is the functional in (55) with m4 =mp = 1/3 and »
is the ap?ﬁopriate normalization constant. This result has been
already obtained by direct computations from the invariant
measure. Indeed, in this case, the ABC model is microscopically
reversible and the invariant measure can be computed explicitly.
The macroscopic reversibility of the model is expressed as the
identity, which holds in the case of equal densities, J(p) = J*(p).
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The hydrodynamic equations can be written in terms V'

oV

O = V()Y

where p = (pa, pB).
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3. Phase transitions
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Lagrangian phase transitions: singularities of V'(p)
BDGJL

We want to show that the quasi-potential V(p) of the weakly
asymmetric simple exclusion process is non-differentiable for large
values of the external field if pg < p1. For this we switch to a
Hamiltonian picture. The canonical equations associated to the
Hamiltonian

H(p,) = (V7 x(p)V7 ) + (V7 J(p)) (56)

are

pt+V-x(p)E = V-D(p)Vp — 2V -x(p)Vr  (57)
m+E-X'(p)Vr = =V - X'(p)Vr — D(p)VV7T  (58)

in this formula, D(p)VVr =3, . D; j(p)o2 .«

T, X5 """
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Since p is a stationary solution of the hydrodynamic equation the
Hamiltonian dynamics admits the equilibrium position (p, 0).
Consider the solution of the canonical equations with initial
condition (p,0). Due to p being globally attractive for the
hydrodynamics, such a solution of the canonical equations
converges to the equilibrium position (p,0) as t — +00. The set of
points {(p,m) : ™ = 0} is therefore the stable manifold .
associated to the equilibrium position (p,0). The unstable
manifold ., is defined as the set of points (p, 7) such that the
solution of the canonical equations starting from (p, 7) converges
to (p,0) as t — —oo. By the conservation of the energy, .#, is a
subset of the manifold {(p,7) : H(p, ) = H(p,0) = 0}.
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A basic result in Hamiltonian dynamics is the following . Given a
closed curve v = {(p(a), (), @ € [0, 1]}, the integral

$ mdp = f01<7r(oz) pa(@)) da is invariant under the Hamiltonian
evolution. This means that, by denoting with ~(t) the evolution of
~ under the Hamiltonian flow, fv(t) mdp = fvwdp. In view of this
result, if 7y is a closed curve contained in the unstable manifold M,
then fwwdp = limi— oo ﬁy(t) mdp = 0. We can therefore define
the pre-potential W : .#, — R by

W(p,7) = / #dp | (59)
Y

where the integral is carried over a path v = (p, #) in .4, which
connects (p,0) to (p,m). The possibility of defining such potential
is usually referred to by saying that .#,, is a Lagrangian manifold.
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The relationship between the quasi-potential and the pre-potential
is given by

V(p) = inf{W(p,7), 7 : (p,7) € Ay} . (60)

Indeed, fix p and consider 7w such that (p, 7) belongs to M,,. Let
(p(t), 7 (t)) be the solution of the Hamilton equation starting from
(p,m) at t = 0. Since (p,7) € Ay, (p(t),7(t)) converges to (p,0)
as t — —oo. Therefore, the path j(t) is a solution of the
Euler-Lagrange equations for the action I(_,, g, which means that
it is a critical path for (22). Since L(p, pt) = (7t pr) — H(p, ) and
H(p(t),7(t)) = 0, the action of such path j(t) is given by
I(—0,01(P) = W(p, ). The right hand side selects among all such
paths the one with minimal action.
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Figure: (a) Picture of the unstable manifold. (b) Graph of the
quasi-potential. p. is a caustic point.
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In a neighborhood of the fixed point (,0), the unstable manifold
M, can be written as a graph, namely it has the form

My = {(p,7) : m =my(p)} for some map m,. In this case, the
infimum is trivial and V(p) = W (p, mu(p)). In general this is not
true globally and it may happen, for special p, that the variational
problem admits more than a single minimizer (Figure 1.a). The set
of profiles p for which the minimizer is not unique is called the
caustic. In general, it is a codimension one submanifold of the
configuration space. We call the occurrence of this situation a
Lagrangian phase transition. In this case, profiles arbitrarily close
to each other but lying on opposite sides of the caustic are reached
by optimal paths which are not close to each other. This implies
that on the caustics the first derivative of the quasi-potential is
discontinuous (Figure 1.b).
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Consider the case of the weakly asymmetric exclusion with D =1,
p(1 — p) and E constant. Introducing the functional Gg

1
Gep) = [ [3(6)+ st/ B) + (1= p)g —tog (14 ¢%) o
with s(p) = plogp + (1 — p)log(1 — p) it can be shown that
Jmde) = Go(p(1).0(1) ~ Ge(6(0).6(0))

Hence Wi (p, ) = Gu(p, @) — Gr(0r, $'(PE)), where (¢, p) € .
Therefore,

Vie(p) =inf{Ge(p.¢), ¢ : (¢.p) € M} —GE(pp, s (PE)) . (61)
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It is not difficult to show that in the limit £ = oo , if the density
profile p is suitably chosen, the variational principle admits two
minimizers. Then by a continuity argument one shows that this
persists when the external field E is large.

T

0 Y- Yo yy 1
Figure: Graph of a caustic density profile for ' = co. The shaded regions
have equal area.
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Dynamical phase transitions: singularities of ®(.J)

Let us denote by U the functional obtained by restricting the
infimum in (45) to divergence free current paths j, i.e.

U() = inf {17 = T X)W - I (62)

where the infimum is carried out over all the density profiles

p = p(u) satisfying the appropriate boundary conditions. This
functional was introduced by Bodineau and Derrida to describe the
fluctuations of the time averaged current e.g. in SSEP. From the
definition it follows that ® < U. There are two possibilities,

® = U or the strict inequality ® < U. They correspond to
different dynamical states. The transition from one regime to the
other is a dynamical phase transition.
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Consider as an example a ring in which an average current J is
flowing in presence of an external field £. Depending on J, F,
D(p), x(p) and their derivatives, a constant density profile or a
traveling wave is the optimal choice. It has been shown that in the
weakly asymmetric exclusion model (by Bodineau and Derrida) and
in the Kipnis-Marchioro-Presutti model (by BDGJL) these
transitions exist.
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A sufficient condition for ® = U

We consider the case when the matrices D(p) and x(p) are
multiple of the identity, i.e., there are strictly positive scalar
functions still denoted by D(p), x(p), so that D(p); ; = D(p)di ;.
x(p)ij = x(p)dij, 4,7 =1,...,d. We denote derivatives with a
superscript. Let us first consider the case with no external field,
ie. E=0.If

D(p)x"(p) < D'(p)x'(p)  for any p (63)

then & = U. In this case U is necessarily convex.
Moreover if

D(p)x"(p) = D'(p)x'(p) ~ for any p (64)

then we have ® = U for any external field F.
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Condition (63) is satisfied e.g. for the symmetric simple exclusion
process, where D =1 and x(p) = p(1 — p), p € [0,1]. Condition
(64) is satisfied either if D is proportional to x’ or x is constant
and D arbitrary. Examples are the zero range model, where

D(p) = V'(p) and x(p) = V(p) for some strictly increasing
function W : Ry — R, and the non interacting Ginzburg—Landau
model, where D(p), p € R, is an arbitrary strictly positive function
and x(p) is constant.
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4. Large deviations for reaction-diffusion systems
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Glauber+Kawasaki dynamics: the dynamical functional
J-L, Landim, Vares

Unlike the models discussed so far, the so-called Glauber +
Kawasaki process is not a lattice gas in the sense that the number
of particles is not locally conserved. A reaction term allowing
creation/annihilation of particles is added in the bulk. The
hydrodynamics is

Op = Dp+b(p) —d(p) =Dp+v (65)

where the reaction terms b and d are polynomials in p. The
associated large deviation functional for the density is

T
Tom(p) = /0 at {3(VH, o1~ p)VH)

+<b(p), (1= e+ He)) + (dp), (1 -7 = He*H)>} (66)
where the external potential H is connected to the fluctuation p by
Oip = Dp =V - (p(L = p)VH) +b(p)e” —d(p)e”™  (67)
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G+K dynamics: density-current-source fluctuations

Bodineau, Lagouche

The hydrodynamic equation has a local source term v and we are
interested in the joint fluctuations of p, J(p) = —Vp,
v =b(p) — d(p). The large deviation functional is given by

wtni = [l {100 o)l e

with
(])(,0, U) = b(ﬂ)+d(p)— 02+ 4d(p)b( +olog (W +
(69)

where p, 7 and v are connected by the equation

Op=—-Vj+wv (70)
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Quadratic approximation of the quasi-potential
Basile, J-L

The Hamiltonian associated to the large deviation functional for
this model is not quadratic

H(p,w):/du{ TAp+ > (w) (1 p)

UL - epr) -~ dpL-ep-n)| (71
where 7 is the conjugate momentum. The Hamilton-Jacobi
equation

%
—) = 72
Hip.55) =0 (72)

is therefore very complicated but can be solved by successive
approximations using as an expansion parameter p — p where p is a
solution of B(p) = D(p) that is a stationary solution of
hydrodynamics.
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We are looking for an approximate solution of (72) of the form

=5 [ du [ dulptw) ~ () o0) - D)+ olp— 7 (73)

The kernel k(u,v) is the inverse of the density correlation function
c(u,v).

[ ctw )ty v)ay = sa - v) (74)

By inserting (73) in (72) one can show that k(u,v) satisfies the
following equation

1

2p( )AL k(u,v) — bok(u,v) — fAu(S(u —0)
+(d1 — 51)5(U -v)=0 (75)
where
b1 =0V (p)l =5, d1=d(p)l,—;
and

bo = b(p) = d(p) = do (76)



If V' is a local functional of the density, k(u,v) must be of the
form k(u,v) = f(p)d(u — v) which inserted in (75) gives

() =1pa-p) " (77)

and
bo[p(1 = p)| ™ = (di — b1) = 0. (78)

Therefore if by, b1, d; do not satisfy the last equation the entropy
cannot be a local functional of the density. It can be shown that in
this case time reversal invariance is violated and the adjoint
hydrodynamics is different from (65). This calculation supports the
conjecture that macroscopic correlations are a generic feature of
equilibrium states of non reversible lattice gases.
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5. Large deviations in the hyperbolic case
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Hydrodynamics of ASEP

The hydrodynamic equation has the form of a hyperbolic
conservation law

pi+ (f(p))e =0 (79)

where f(p) = p(1 — p). This equation has to be understood in a
weak sense. Existence and uniqueness hold if an additional entropy
condition is imposed on the solution. Introduce a pair of functions
h, g such that ¢’ = f'h’ define

Kp (@) = — /OT /01 O Ph(p) + 0, Pg(p)dadt (80)
® is a test function. A solution p satisfies the entropy condition if
K () <0 (81)

for all bounded convex functions h.
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The quasi-potential for the asymmetric exclusion process
Derrida, Lebowitz, Speer

1. The case pq > pyp

V({{r}:pas pb) = —(b — a)K(pa, pp)
b
+sup [ do pla) log [p(w)(1 ~ F(a)]
F(z)Ja
(1= pla))log (1 p(@)) F(@)] (52

where the supremum is over all monotone nonincreasing functions
F(x) which for a < z < y < b satisfy

pa = F(a) = F(z) = F(y) = F(b) = pp. (83)
where

K(pa,pp) = sup log[p(1 — p)], (84)
Po<p<pa
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2. The case p, < pp

‘f({p} Pa, p)) = —(b—a)K(pa, pv) + (85)
inf { i p() log [p(x)(1 — pa)] + (1 — p(a)) log [(1 — p())pa]

a<y<b
da p(x) log [p(x)(1 — 1- log [(1 — p(z :
+A P o)1 = ] + (1~ () g (1. ]
where

K(pa; pp) = min[log pa(1 — pa),log pp(1 — pp)],  (86)
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6. Conclusions
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Large deviation theory has produced a phenomenological
description of stationary nonequilibrium states of diffusive systems
requiring as input the transport coefficients which are measurable
quantities. In particular

1. we have a variational principle leading to a natural definition
of the free energy for nonequilibrium states whose singularities
are interpreted as phase transitions.

2. this principle implies that macroscopic long range correlations
are a generic property of stationary nonequilibrium as
experimentally observed.

3. we have a variational principle associated with the observation
of time averaged currents: this implies the existence of
dynamical phase transitions which spontaneously break time
translational invariance.
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4. In the theory developed so far the boundary conditions are
kept fixed: the study under boundary conditions (chemical
potentials, volume...) which slowly change on the macroscopic
time scale is a next natural step.
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