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Outline

@ Stochastic dynamics & Invariant measure
@ Correlations and non-equilibrium phase transitions

@ Equivalence of ensembles for non-equilibrium systems
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Non-equilibrium stochastic dynamics

Open systems with reservoirs

m 7]
Heat

Current flowing through the system : < Electrons

Heat reservoirs T; # Tg

Particles

Questions.
@ Structure of the steady state

@ Long range correlations
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Non-equilibrium stochastic dynamics

Stochastic particle systems

Particles: n(t) = {ni(t)}i<n € {0, 1}N

«a bulk dynamics 7
VR /7 X VRN
\ g A g NS
B 5
Reservoir Domain with N sites Reservoir

Left reservoir acting at site 0:
[ particle creation at rate «
O particle annihilation at rate g3

Right reservoir acting at site NV
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Non-equilibrium stochastic dynamics

Stochastic particle systems

Particles: n(t) = {ni(t)}i<n € {0, 1}N

a 1 Y
X X X
.—o—o—‘—‘—o—o—‘—o
\ g A g NS
g 1 5

o Symmetric Simple Exclusion Process (SSEP)
(v, B) = (,0) Reversible markov chain.
Steady state = product Bernoulli measure

(v, B) # (7,0) Non reversible markov chain.
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Non-equilibrium stochastic dynamics

Stochastic particle systems

Particles: n(t) = {ni(t)}i<n € {0,1}V

o c(n,i,i+1) 7
SN X X
®e - 0 0 - 0 —
N~ A ~
ﬂ C(U;’»’—l) 5

o Symmetric Simple Exclusion Process (SSEP)
(v, B) = (,0) Reversible markov chain.
Steady state = product Bernoulli measure

(v, B) # (7,0) Non reversible markov chain.

o More general dynamics (Kawasaki dynamics)
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Non-equilibrium stochastic dynamics

SSEP invariant measure

p(x) Linear density profile p(x)

_ _«a _ 9
pa— OH‘,B’ pb—5+,y

macro scale Pb
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Non-equilibrium stochastic dynamics

SSEP invariant measure

p(x) Linear density profile p(x)

_ _«a _ 9
pa— a+/@7 pb—5+,y

macro scale Pb

Truncated two-point correlation function
. 1 i
P<j, ) = Cmg) = i) {np) = 5 CPN g )
with

0<x<y<1l,  CP"(x,y) =—(pa—pp)° x(1—y).
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Non-equilibrium stochastic dynamics

SSEP invariant measure

p(x) Linear density profile p(x)

_ _«a _ 9
pa— a+/@7 pb—5+,y

macro scale Pb

Truncated two-point correlation function
. 1 i
P<j, ) = Cmg) = i) {np) = 5 CPN g )

—.

with

0<x<y<1l,  CP"(x,y) =—(pa—pp)° x(1—y).

[ Current = p, — pp
[J Local equilibrium : Correlations are of order 1/N
[J Global contribution : >, :(niin;) = —
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Non-equilibrium stochastic dynamics

Derivation of the correlations

[J Exact microscopic computations [Spohn]
[1 Density large deviations [Derrida, Lebowitz, Speer]

. 1 :
Fp) = NITOO N log (observing p)

Pa
Px) Macroscopic density profile:
0<x<1, p(x)

Pb
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Non-equilibrium stochastic dynamics

Large deviations : (observing p) ~ exp ( — NF(p))

Let A be a smooth function in [0, 1]

% |og<e><p (EN:A <ﬁ) 77i)> —G(\)

i=1

with G(A) = sup{ Jy dx p(x)A(x) — F(p)}.
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Non-equilibrium stochastic dynamics

Large deviations : (observing p) ~ exp ( — NF(p))
Let A be a smooth function in [0, 1]

1 LN

N log < exp (;)\ <N> 77,-)> — G(\)

with G(A) = sup{ fy dx p(x)A(x) — F(p)}.

For A small
G(\) = [y dx G)Ax) + 3 fy dx A(x)(1 — 5(x))A(x)?
—i—% fol fol dxdy C°P" (x, y)A(x)A(y)
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Non-equilibrium stochastic dynamics

Hydrodynamic limit

{0, N} — [0, 1]

Diffusive hydrodynamic scaling
(x=i/N,t =7/N?) =
ni(T) — P(x,t)

Typical density: AePix,t) = Ox (D(P(x,1))OxPix,1))
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Non-equilibrium stochastic dynamics

Hydrodynamic limit

{0, N} — [0, 1]

Diffusive hydrodynamic scaling
(x=i/N,t =7/N?) =
ni(T) — P(x,t)

Typical density: AePix,t) = Ox (D(P(x,1))OxPix,1))

An arbitrary macrosocopic evolution (p(y.¢)) with t € [0, T]

(observing (p(x,1))) = exp ( — NZpo 71(p))

then

) [ / (T 1) = 0P )er0c) )

I
oyl 20(p(x,1))

[Kipnis, Olla, Varadhan] ........
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Non-equilibrium stochastic dynamics

A dynamical approach to compute the steady state

(observing the density y(x)) = (observing y(x) at time T)
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Non-equilibrium stochastic dynamics

A dynamical approach to compute the steady state

(observing the density y(x)) = (observing y(x) at time T)

v(x) = p(x, T)
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Non-equilibrium stochastic dynamics

A dynamical approach to compute the steady state

(observing the density y(x)) = (observing y(x) at time T)
~ exp ( — Ninf, 4 I[OJ-](p, q))

100 = p(x, T)

0 :
F(v) =limrinf{Zp r1(p;q);  p(x,0) = p(x), p(x, T) =~v(x)}

[Bertini, De Sole, Gabrielli, Jona-lasinio, Landim]
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Non-equilibrium stochastic dynamics

Two-point correlation function

F) = tim inf {Tpr(p.a)  p(x.0) = 5(x), plx, T) =(x)}
Perturbation around the steady state: v(x) = p(x) + e¢(x)

Optimal trajectory at the second order in ¢

0 Expansion of F wrt ¢
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ABC
WASEP

Phase transition

| ¢ [ 1 |
AB—BA | BASAB Densities: ra, rg, rc
BC—CB | CB—BC System on the ring {1,..., N}
CA—AC | AC—AC

Segregation occurs for g < 1: AAAAABBBBBB CCCCC

[Evans, Kafri, Koduvely, Mukamel]

[Kafri, Biron, Evans, Mukamel]

[Clincy, Derrida, Evans]

[Ayyer, Carlen, Lebowitz, Mohanty, Mukamel, Speer]
[Bertini, De Sole, Gabrielli, Jona-lasinio, Landim]
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ABC

Phase transition WASEP

ABC: Hydrodynamic equations

Weak drift : g = exp(—%

87'pA(X77—) = 8)2<PA(X77') + ﬁax(pA(Xﬂ')QpB(Xﬂ') + PA(X77') - 1))
Orpe(x,7) = 02pa(x,7) + B0x (pa(x, 7)(1 = p8(X, T) = 2pA(X,T)))
pA(XvT) + pB(XvT) + pC(X)T) =1

with fixed mean densities ra, rg, rc.

The constant profiles pa(x) = ra, pg(x) = rg, pc(x) = rc are
stationary solutions.
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ABC

Phase transition WASEP

ABC: Hydrodynamic equations

Weak drift : g = exp(—%

Orpa(x,T) = 03pa(x,T) + B0x (pa(x, 7)(2p8(x, ) + pa(x,T) — 1))
drpg(x,7) = 0zpp(x,T) + B (ps(x, T)(1 — pa(X,T) — 2pA(X,T)))
pa(x,7) + pe(x,7) + pc(x,7) =1

with fixed mean densities ra, rg, rc.

The constant profiles pa(x) = ra, pg(x) = rg, pc(x) = rc are

stationary solutions.

Phase transition.
0B < B¢ : Steady state density profiles are constant = ra, rg, rc

B > B¢ : Space dependent steady state densities : segregation
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ABC

Phase transition WASEP

ABC: Two-point correlation function

ra=rg=rc=1/3. [Evans, Kafri, Koduvely, Mukamel]

O Explicit expression for the steady state (reversibility)
[0 Large deviation function
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ABC

Phase transition WASEP

ABC: Two-point correlation function

ra=rg=rc=1/3. [Evans, Kafri, Koduvely, Mukamel]

O Explicit expression for the steady state (reversibility)
[0 Large deviation function

General case :  Non equilibrium system

When the phase transition is 2nd order: G, = 2

1—2(r/§+r,23+r§)

B<Be  (AnA) = (AA) = (A)A) = § Canl — %)
= —ra(l—rp)——2 cos UL X — —&sinﬂ

Iimﬁ_,gc CAA(X) = 0
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Phase transition

Phase transition WASEP

WASEP on a ring {1, N}

stationary measure:
1+ Hn M

® M O
jump rates = {1

Bernoulli with density p

=[x =[x

oY e

Integrated current through the edge (7,7 + 1):

Q[o,1 = Number of jumps from i to i + 1 during [0, 7]
— Number of jumps from i+ 1 to i during [0, 7]

+1
7N
—Q—O—O—O—O—O—O—O—O—O—O—O—O—
N
-1
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Phase transition

Phase transition WASEP

WASEP on a ring {1, N}

W stationary measure:

. 1+ 5 e o o o
jump rates = Bernoulli with density p
1-% o e
T Mean current:
p Qpo,7] N
[0,7] (T) = 32P(L = p) = 5o (p)
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ABC
WASEP

Phase transition

-T time =0 T
—— 1 J —

Definition

For a current 7, the constrained mesure is given by
. 1
pgn(F@) = mE(F(n(t =0))| 5=Q r.n=7)
T 2T
The two-point correlation function is

pr.n(ming) = pg n(ming) — pg v g, n(n;)

For large currents 0 [Popkov, Schiitz,Simon]
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- ABC
Phase transition WASEP

For J > qf = vo(p) 1—2112“—02@

The correlations scale for large N as

1o(p i—j
pg (i) = LoD [ sy > " 2C cos(2mk—=)
N2 k>1 N
with o(p) = p(1 — p)
1

C=-1+

N e
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- ABC
Phase transition WASEP

For 7 > qf = vo(p) 1—2112“—02@

The correlations scale for large N as

1o(p i—j
pg (i) = LoD [ sy > " 2C cos(2mk—=)
N2 k>1 N
with o(p) = p(1 — p)
1

C=-1+

N e

Consequence. When J — g} the correlations blow (C; — o0).
Precursor of the macroscopic clustering which occurs after the
transition.
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Phase transition

Phase transition on a ring

Large deviations on the ring {1, N} for the WASEP

. . 1 v QTN2 j . v
I T 98 Flo. v (W ~ N) =)
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L ABC
Phase transition WASEP

Phase transition on a ring

Large deviations on the ring {1, N} for the WASEP

1 Qmve T\ _
im i e 108 Plo. 7w (W ~ N) =)

with G¥(J) = lim7_ inf { [0, T](p)}

30ty — VI (Pxr))?
Iio,n(p) = /dt/ T 20

2U(p(x,t))

with 0¢p = —0xq and J = + fOT dt fol dx q(xr)
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L ABC
Phase transition WASEP

Phase transition on a ring

—\o(p) qc qe Ao (p)
I I
T For 7 €] — qc, gc[ with g < vo(p)
vy _ (T —va(p))
7 =6

Optimal density profile = p

Stability of the flat profile p
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L ABC
Phase transition WASEP

Phase transition on a ring

—\o(p) q: q: Ao (p)
- 75 |
T~ For 7 €] — qc, gc[ with g < vo(p)
vi oy _ (T —vo(p))?
; =50

Optimal density profile = p

—vo(p))?
g€l - an il 67(T) < Lot

traveling wave

1- -

with qz = VO'(ﬁ) — m
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Equivalence of Ensembles

SSEP driven by a Battery

Periodic system: n(t) = {ni(t)}i<n € {0, 1}"
Total number of particles conserved
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Equivalence of Ensembles

SSEP driven by a Battery

Periodic system: n(t) = {ni(t)}i<n € {0, 1}"
Total number of particles conserved

At the Battery: p <nN(1 — 771)> =q <771(1 - 77N)>

Local Equilibrium :
= Product measure with different densities across the battery

p(n) (1 — (n1)) = q(n)(1 — (nn))



Equivalence of Ensembles

SSEP driven by a Battery

Steady State: Mean density p
o
prH+pT =2p

pp (1—p")=qgpt(l-p7)

periodic system (4

@ Same density profile as in the open system

@ At the leading order the stationary measure is locally a
product measure.
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Equivalence of Ensembles

SSEP driven by a Battery

Steady State: Mean density p

pF

pr+pT =2p
pp(1—pT)=qp (1-p7)

periodic system P

Questions.

© Equivalence of ensembles

© Long range correlations 7
U Non-equilibrium + Micro-canonical constraint
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Equivalence of Ensembles

Hydrodynamic limit

Heat equation: 0:p(x, t) = Ap(x,t)
Non linear boundary conditions:
po(L (L= p(0.£)) = qp(0, )L = p(L.t)),  Dep(0,8) = Dup(L,t)

Thierry Bodineau Correlations in non-equilibrium systems



Equivalence of Ensembles

Hydrodynamic limit

Heat equation: 0:p(x, t) = Ap(x,t)
Non linear boundary conditions:
po(L (L= p(0.£)) = qp(0, )L = p(L.t)),  Dep(0,8) = Dup(L,t)

Fluctuation around the steady state : p(x, t) = p(x) + ef(x, t)

Oep(x, t) = Ap(x, t), f(1,t) = af(0,t), 0xp(0,t) = Oxp(1,1t)
pr(1—=p")
p~(1=p~)"

Green's function

Ge(x,y) = exp(—tA)

with a =
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Equivalence of Ensembles

Two-point correlation function

Current : J =pt —p~
0<x<y<l1

o(pt)+o(p~™
Chat(x,y) = _(a+21)2 ( @ )J; ) 4 %2) (ax+1—x)(ay +1—y)
—272 fooo dt fol dz Gi(x,2)Ge(y,z) — Ge(x,0)Ge(y, 0)

CoPN(x,y) = —J? ABilrichlet(X’y)

O Similar structure, Singularity at the battery.
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Equivalence of Ensembles

Two-point correlation function

Current : J =pt —p~
0<x<y<1
o(pt)+o(p~
Chat(x,y) = _(a+21)2 ( @ )J; ) 4 %2) (ax+1—x)(ay +1—y)
—2.72 fooo dt fol dz Gi(x,2)Ge(y,z) — Ge(x,0)Ge(y, 0)

CoPN(x,y) = —J? ABilrichlet(X’y)

O Similar structure, Singularity at the battery.
00 Small current J :

S YOO,
C*"™(x,y) = > <1+ja(ﬁ)( 1+ +Y)>
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Equivalence of Ensembles

Half-filling: p=1/2

0<x<y<l1
Cbat‘(x,y) — —%U(ﬁ—i—) + %j2 — j2 (%(X"‘_}/)(l - (X+y)) +X)

1872 i cos(2mnx) cos(2mky)

2(k2 + 2
Py (2m)?(k? + n?)

€ (x,y) = ~T*X(1 - )

Current : J =pt —p~
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Equivalence of Ensembles

Half-filling: p =1/2
0<x<y<1
Cbat(x,y) — —%U(ﬁ+) 4 %jZ _ j2 (%(X —|—}/)(1 - (X +Y)) +X)

» = cos(27mnx) cos(2mky)
72 e )

k,n>1

-0.16 - “

i |
~018% ] .

i— N{ni;nit1)
-0.20
—022\\ System sizes:

N = 64,128, 256
-0.24
Toh s
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Equivalence of Ensembles

SSEP on a ring with a varying field. E(x) for x € [0, 1]

. ] 1: (1 —n: 1 E i
Jump rates between I T . ni(1 = nir1) exp (5 1(N
i+1—i: nip1(1—n;)ex (_NE

(%))
Expression for the two-point correlation function.
The battery model can be recovered when E converges to a Dirac.

Thierry Bodineau Correlations in non-equilibrium systems



Equivalence of Ensembles

SSEP on a ring with a varying field. E(x) for x € [0, 1]

i—i+1: ni(l—mn LE(%
Jump rates between __> ] i Mi+1) ex ( 1(N)):
i+1—i: mipa(l—n)exp (- yE(x))
Expression for the two-point correlation function.
The battery model can be recovered when E converges to a Dirac.

Zero range with battery

Driven by reservoirs. [De Masi, Ferrari]
Product measure with local density p(1)

Driven by a battery.
Product measure with local density p(i) conditioned to a fixed
density
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Equivalence of Ensembles

Conlusion

@ Long range correlations in non-equilibrium models
@ Long range correlations and non-equilibrium phase transitions

@ Equivalence of ensembles
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