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Introduction

stock prices of multiple firms, as well as their default events,

@ We develop a new class of multi-name unified credit-equity models that jointly model the
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stock prices of multiple firms, as well as their default events,

@ We develop a new class of multi-name unified credit-equity models that jointly model the
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Introduction

@ We develop a new class of multi-name unified credit-equity models that jointly model the
stock prices of multiple firms, as well as their default events,

> We construct a multi-dimensional Markov semimartingale by applying a multivariate
subordination of jump-to-default extended constant elasticity of variance (JDCEV)
diffusions.

@ Each of the stock prices experiences state-dependent jumps with the leverage effect (arrival
rates of large jumps increase as the stock price falls), including the possibility of a jump to
zero (jump to default).
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Introduction

@ We develop a new class of multi-name unified credit-equity models that jointly model the
stock prices of multiple firms, as well as their default events,

> We construct a multi-dimensional Markov semimartingale by applying a multivariate
subordination of jump-to-default extended constant elasticity of variance (JDCEV)
diffusions.

@ Each of the stock prices experiences state-dependent jumps with the leverage effect (arrival
rates of large jumps increase as the stock price falls), including the possibility of a jump to
zero (jump to default).

@ Some of the jumps are idiosyncratic to each firm, while some are either common to all
firms (systematic), or common to a subgroup of firms.

@ For the two-firm case, we obtain analytical solutions for credit derivatives and equity
derivatives, such as basket options, in terms of eigenfunction expansions associated with
the relevant subordinated semigroups.
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Unifying Credit-Equity Models

The Jump to Default Extended Diffusions (JDED)

Before moving on to use time changes to construct models with jumps, we review
the Jump-to-Default Extended Diffusion framework (JDED)
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Jump to Default Extended Diffusions (JDED)

Defaultable Stock Price

— §t7 C>t
St_{ 0, ¢<t

(¢ default time)

We assume absolute priority: the
stock holders do not receive any
recovery in the event of default
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Model the pre-default stock dynamics under an EMM Q as:
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Defaultable Stock Price
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Model the pre-default stock dynamics under an EMM Q as:
d;t = [ 12 + k(;t) ]gtdt + O'(;t) gtdBt
~—

= p = r — q. Drift: short rate r minus the dividend yield g
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Model the pre-default stock dynamics under an EMM Q as:
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Jump to Default Extended Diffusions (JDED)

Stock Price
Defaultable Stock Price 1001
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(¢ default time) 1
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Model the pre-default stock dynamics under an EMM Q as:
d;t = [/.L + k(gt) ]gtdt + O'(gt) StdBt
~——

= k(S). State dependent default intensity
o Compensates for the jump-to-default and ensures the discounted martingale
property
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Jump to Default Extended Diffusions (JDED)
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Rafael Mendoza (McCombs) Default Correlation

Fields Institute 2010

5 /57



Jump to Default Extended Diffusions (JDED)

Stock Price
Defaultable Stock Price 1001
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If the diffusion S, can hit zero:

= Bankruptcy at the first hitting time of zero,
TOIinf{t:St:O}
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Jump to Default Extended Diffusions (JDED)

Stock Price
Defaultable Stock Price
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Prior to 1o default could also arrive by a jump-to-default C with default
intensity k(S),

¢ =inf {t € 10,70] : fot k(S,) > e}, e ~ Exp(1)
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Jump to Default Extended Diffusions (JDED)

Stock Price
Defaultable Stock Price

— gty C>t
&_{Q (<t

(¢ default time)

20

Prior to 1o default could also arrive by a jump-to-default C with default
intensity k(S),

¢ =inf {t € 10,70] : fot k(S,) > e}, e ~ Exp(1)

= At time 5 the stock price S; jumps to zero and the firm defaults on its debt
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Jump to Default Extended Diffusions (JDED)

Stock Price
Defaultable Stock Price
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The default time C is the earliest of:
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Jump to Default Extended Diffusions (JDED)

Stock Price
Defaultable Stock Price
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(¢ default time)
20

Time or9)
The default time C is the earliest of:
© The stock hits level zero by diffusion: 7o
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Jump to Default Extended Diffusions (JDED)

Defaultable Stock Price
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The default time C is the earliest of:

© The stock hits level zero by diffusion: 7o B
@ The stock jumps to zero from a positive value: ¢
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Jump to Default Extended Diffusions (JDED)

Defaultable Stock Price
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The default time C is the earliest of:

© The stock hits level zero by diffusion: 7o B
@ The stock jumps to zero from a positive value: ¢
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Time-Changed Process S; = X7,

Time Changed Process Construction

St = X’]’t
X: is a background process (e.g. JDED)

T: is a random clock process independent of X;
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Time-Changed Process S; = X7,

Time Changed Process Construction
St = X’Tt
X: is a background process (e.g. JDED)

T: is a random clock process independent of X;

Random Clock {7;,t > 0}

Non-decreasing RCLL process starting at 7o = 0 and E [T;] < cc.
We are interested in T.C. with analytically tractable Laplace Transform (LT):
L£(t,\) =E [e ] < oo

Lévy Subordinators with L.T. £(t,\) = e~ (Mt = induce jumps
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Examples of Lévy Subordinators

Three Parameter Lévy measure:

v(ds) = Cs~ Y le "5ds

where C>0, 7n>0 Y<1

@ C changes the time scale of the process (simultaneously modifies the
intensity of jumps of all sizes)

@ Y controls the small size jumps

@ 1) defines the decay rate of big jumps
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Examples of Lévy Subordinators

Three Parameter Lévy measure:

v(ds) = Cs~ Y le "5ds

where C>0, 7n>0 Y<1

@ C changes the time scale of the process (simultaneously modifies the
intensity of jumps of all sizes)

@ Y controls the small size jumps

@ 1) defines the decay rate of big jumps

Lévy-Khintchine formula
L(t,\) = e~ ¢Mt
A= CTH(=Y)[(A+n) =n"], Y #0

where d(A\) =
YA+ Cln(1 4 A/n), Y =0
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Time-Changed Process

Max(7,)= 202181 yrs

“w

0 2 4 6 8 10
t(yrs)

)
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T, CPP with exp. arrival rate = 1/3 ( per
year) and exp. Jump size =2 (yrs)

The Time Changed Process is constructed by
subordinating a JDCEV process with T, as:

Sp=X(T)

e, =1.7958
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Time-Changed Process

Max(7,)= 202181 yrs

20

Rafael Mendoza (McCombs)

T, CPP with exp. arrival rate = 1/3 ( per
year) and exp. Jump size =2 (yrs)

The Time Changed Process is constructed by
subordinating a JDCEV process with T, as:

SpEX(T)
e =17958
ufo : B | :
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Time-Changed Process
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Max(T;];

1/3 ( per
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T, CPP with exp. arrival rate
year) and exp. Jump size

The Time Changed Process is constructed by
subordinating a JDCEV process with

T, as:

Sp=X(T)
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Time-Changed Process

Max(7,)= 202181 yrs

We kill the background process at:
20

¢=min(T, 1,)

S0 *  How about default for the Time-Changed
process?
5
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Time-Changed Process

Max(7,)= 202181 yrs

We kill the background process at:
{=min(7, t5)

*  How about default for the Time-Changed
process?

T, =inf{t:T,27}

] e =0.819181
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Time-Changed Process
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In this case right after the jump time!
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Time-Changed Process

Max[7,)= 169359 yrs

Multiple Firms --- The trivial case!

1 Take two firms subordinated with the
same subordinator T,:
_10
e SL=XYT,)  firm 1.
A o S2=XYT,)  firm 2.
0 2 4 6 8 10
t(yrs)
€ =0.668761. ¢, =3.10752
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Time-Changed Process

Max[7,)= 169359 yrs
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Multiple Firms --- The trivial case!

Take two firms subordinated with the
same subordinator T,:

e SL=XYT,)  firm 1.

o S2=XYT,)  firm 2.

e =0.668761. e =3.10752
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Time-Changed Process

Max[7,)= 169359 yrs
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Multiple Firms --- The trivial case!

Take two firms subordinated with the
same subordinator T,:

. SLEXYT,) ﬁrml.
o S2=XYT,)  firm 2.

e =0.668761. e =3.10752

e =0.668761, _e» =3.10752
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Time-Changed Process

Max[7,)= 169359 yrs

Multiple Firms --- The trivial case!
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Time-Changed Process

Max[7,)= 169359 yrs

Multiple Firms --- The trivial case!

How about default?
o rl=inf{t:T, 20}

o Tl=inf{t:T,23}

t(yrs)

e =0.56978, er =0.697146
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Time-Changed Process

Max[7,)= 169359 yrs

Multiple Firms --- The trivial case!

How about default?
o rl=inf{t:T, 20}
o tl=inf{t:T,23}

In this case they default simultaneously!

t(yrs)

e =0.56978, er =0.697146

tom)
e, =0.697146

2 * o B [ 2 4 6 ¥ [
L) Lom)
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Multiple Firms — The Not-So-Trivial case

@ Consider two firms, now running in two different random clocks

St =XYT}) firm1
St =X*(77)

firm 2
where 7, i = 1,2; are dependent (correlated) subordinators.
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Multiple Firms — The Not-So-Trivial case

@ Consider two firms, now running in two different random clocks

St =XYT}) firm1
S? = X2(T7?) firm 2

where 7, i = 1,2; are dependent (correlated) subordinators.

@ Note: although it is feasible to visualize it, it requires much more creativity! (and many

slides!)

Rafael Mendoza (McCombs) Default Correlation

Fields Institute 2010

22 /57



Multiple Firms — The Not-So-Trivial case

@ Consider two firms, now running in two different random clocks
St =XYT}) firm1
S? = X2(T7?) firm 2

where 7, i = 1,2; are dependent (correlated) subordinators.

@ Note: although it is feasible to visualize it, it requires much more creativity! (and many
slides!)

@ Why is this not so trivial?
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Multiple Firms — The Not-So-Trivial case

@ Consider two firms, now running in two different random clocks

St =XYT}) firm1
S2=X2(772) firm 2

where 7, i = 1,2; are dependent (correlated) subordinators.

@ Note: although it is feasible to visualize it, it requires much more creativity! (and many
slides!)

@ Why is this not so trivial?

> When we use a single subordinator 7; all we require to model n firms is an n
dimensional Markov process,

(S£,S2,...,S0) = (XH(T2), X*(Ti), ... X"(Te)) = X7,

In this case, the all coordinates of the “vector” jump together at the same time and
for the same time length!
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Multiple Firms — The Not-So-Trivial case

@ Consider two firms, now running in two different random clocks

St=XYT}) firm1
S2=X2(772) firm 2

where 7, i = 1,2; are dependent (correlated) subordinators.
@ Note: although it is feasible to visualize it, it requires much more creativity! (and many
slides!)
@ Why is this not so trivial?
> When we use a single subordinator 7; all we require to model n firms is an n
dimensional Markov process,

(S£,S2,...,S0) = (XH(T2), X*(Ti), ... X"(Te)) = X7,

In this case, the all coordinates of the “vector” jump together at the same time and
for the same time length!

> When we use an n-dimensional subordinator 7; = (7.}, 7.2, ..., 7,") we require an
n-parameter Markov process,

(52751:27 sy 5:) = (Xl(ﬂl)ﬂxz('TL?L “'7Xn(7—t3)) = X(Ttl.TtZ....,’l’t”)

In this case, only some coordinates of the vector may jump together and, if they do,
they may jump for different time lengths!
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Multiple Firms — The Not-So-Trivial case

@ Consider two firms, now running in two different random clocks

St=XYT}) firm1
S2=X2(772) firm 2

where 7, i = 1,2; are dependent (correlated) subordinators.
@ Note: although it is feasible to visualize it, it requires much more creativity! (and many
slides!)
@ Why is this not so trivial?
> When we use a single subordinator 7; all we require to model n firms is an n
dimensional Markov process,

(S£,S2,...,S0) = (XH(T2), X*(Ti), ... X"(Te)) = X7,

In this case, the all coordinates of the “vector” jump together at the same time and
for the same time length!

> When we use an n-dimensional subordinator 7; = (7.}, 7.2, ..., 7,") we require an
n-parameter Markov process,

(52751:27 sy 5:) = (X1(7;1)7X2(7-t2)’ “'7Xn(7—t3)) = X(Ttl.TtZ....,’l’t”)

In this case, only some coordinates of the vector may jump together and, if they do,
they may jump for different time lengths!

@ We proceed to describe our modeling framework in more detail.
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{ of n firms under an EMM Q:

Si= 1{t<7.i}ep"tX'7-ti =

ePitX . t< T .
{ T " i=1,..,n.

0, t> 7
@ Independent Diffusions X'.

> We take n independent, time-homogeneous, non-negative diffusion processes starting
from positive values X} = S} > 0 (initial stock prices at time zero) and solving
stochastic differential equations:

4Xi = (s + ki (XD)XE dt + 03(XD)X! B
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{ of n firms under an EMM Q:

Si= 1{t<7.i}ep"tX'7-ti =

ePitX . t< T .
{ T " i=1,..,n.

0, t> 7
@ Independent Diffusions X'.

> We take n independent, time-homogeneous, non-negative diffusion processes starting
from positive values X} = S} > 0 (initial stock prices at time zero) and solving
stochastic differential equations:

dX] = (i + ki(XD)X] dt + o,(X))X] dB]

> 0j(x) is the state-dependent instantaneous volatility
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{ of n firms under an EMM Q:

epitxiﬂf, t< T

i=1,...,n.
0, t>7 .

Sé = 1{t<7i}epi‘Xi7-t; = {

@ Independent Diffusions X'.

> We take n independent, time-homogeneous, non-negative diffusion processes starting
from positive values X} = S} > 0 (initial stock prices at time zero) and solving
stochastic differential equations:

dXi = (p; + k(X)) X! dt + (X)X d B

> 0j(x) is the state-dependent instantaneous volatility

> (i + ki(x) is the state-dependent instantaneous drift, u; € R are constant parameters
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{ of n firms under an EMM Q:

. L ePit X1 __. t< T .
Si= 1{t<7i}ep‘tX’7-ti = { 0 T e T" , i=1..n.
b - 1
@ Independent Diffusions X'.

> We take n independent, time-homogeneous, non-negative diffusion processes starting
from positive values X} = S} > 0 (initial stock prices at time zero) and solving
stochastic differential equations:

dX{ = (ui + ki(XD)X{ dt + ;(X})X] dB]

> 0j(x) is the state-dependent instantaneous volatility
> (i + ki(x) is the state-dependent instantaneous drift, u; € R are constant parameters

> B} are n independent standard Brownian motions.
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{: of n firms under an EMM Q:

epftX"TI,', t< T

0 £ i=1,..,n.
k) - !

S{L = 1{t<Tl.}e”"tX"Tt; = {

@ Multivariate Time Change 7.

» T is an n-dimensional subordinator: A n-dimensional subordinator is a Lévy process
in R} = [0,00)" that is increasing in each of its coordinates.
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{: of n firms under an EMM Q:

. : ePitXl . t< T
si—1 . ePitX’ ;= T ! i=1,..., n.
t {t<7i} T 0, t> 7 ’ >y
@ Multivariate Time Change 7.

» T is an n-dimensional subordinator: A n-dimensional subordinator is a Lévy process
in R} = [0,00)" that is increasing in each of its coordinates.

> The (n-dimensional) Laplace transform of a n-dimensional subordinator is given by
(here u; > 0 and (u,v) = >°7 ; ujv;):

E[e~(WTe)] = ¢t
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{: of n firms under an EMM Q:

. : ePitXl . t< T
si—1 . ePitX’ ;= T ! i=1,..., n.
t {t<7i} T 0, t> 7 ’ >y
@ Multivariate Time Change 7.

» T is an n-dimensional subordinator: A n-dimensional subordinator is a Lévy process
in R} = [0,00)" that is increasing in each of its coordinates.

> The (n-dimensional) Laplace transform of a n-dimensional subordinator is given by
(here u; > 0 and (u,v) = >°7 ; ujv;):

E[e~(WTe)] = ¢t

> The Laplace exponent given by the Lévy-Khintchine formula:

o) = () + [ (1= e (),
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{: of n firms under an EMM Q:

Il
—

i i ePitXi t< T
Si=1 ~efitX! = T !
t {t<7i} T 0, > s

@ Multivariate Time Change 7.

» T is an n-dimensional subordinator: A n-dimensional subordinator is a Lévy process
in R} = [0,00)" that is increasing in each of its coordinates.

> The (n-dimensional) Laplace transform of a n-dimensional subordinator is given by
(here u; > 0 and (u,v) = >°7 ; ujv;):

B[~ (78] = ¢—to(0)

> The Laplace exponent given by the Lévy-Khintchine formula:
B = G+ [ (1= e @u(as)
RY
where v € R’ is the drift and the Lévy measure v is a o-finite measure such that

ngr(HS” A1)v(ds) < co.
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{: of n firms under an EMM Q:

Il
—

i i ePitXi t< T
Si=1 ~efitX! = T !
t {t<7i} T 0, > s

@ Multivariate Time Change 7.

» T is an n-dimensional subordinator: A n-dimensional subordinator is a Lévy process
in R} = [0,00)" that is increasing in each of its coordinates.

> The (n-dimensional) Laplace transform of a n-dimensional subordinator is given by
(here u; > 0 and (u,v) = >°7 ; ujv;):

B[~ (78] = ¢—to(0)

> The Laplace exponent given by the Lévy-Khintchine formula:
B = o+ [ (1 e @)u(as)
RY
where v € R’ is the drift and the Lévy measure v is a o-finite measure such that

ngr(HS” A1)v(ds) < oo.
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices Si of n firms under an
EMM Q:

t , i=1..n

i ; ePitX, t <7
SI — 1 ) ep;tXl .= T
t {t<7;} K 07 tZ’Ti

@ Default Times 7;.

> We define the positive random variable 7; as the time of default of the ith firm on its

debt.
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@ We model the joint risk-neutral dynamics of stock prices Si of n firms under an
EMM Q:

t , i=1..n

i ; ePitX, t <7
SI — 1 ) ep,'tXl .= T
t {t<7;} K 07 tZ’Ti

@ Default Times 7;.
> We define the positive random variable 7; as the time of default of the ith firm on its
debt.

> The default times, 7;, are constructed as follows:
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SI — 1 ) ep,'tXl .= T
t {t<7;} K 07 tZ’Ti

@ Default Times 7;.
> We define the positive random variable 7; as the time of default of the ith firm on its
debt.

> The default times, 7;, are constructed as follows:

@ Let H be the first time that the diffusion X' hits zero.
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices Si of n firms under an
EMM Q:

t , i=1..n

i ; ePitX, t <7
SI — 1 ) ep,'tXl .= T
t {t<7;} K 07 tZ’Ti

@ Default Times 7;.
> We define the positive random variable 7; as the time of default of the ith firm on its
debt.
> The default times, 7;, are constructed as follows:

@ Let H be the first time that the diffusion X' hits zero.

Q Let & ben independent exponential random variables with unit mean and
independent of all X' and 7'
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S! of n firms under an
EMM Q:

t , i=1..n

i ; ePitX, t <7
Sl =1 e’ X = T
t {t<m} K 07 tZ’Ti

@ Default Times 7;.
> We define the positive random variable 7; as the time of default of the ith firm on its
debt.
> The default times, 7;, are constructed as follows:

@ Let H be the first time that the diffusion X' hits zero.

Q Let & ben independent exponential random variables with unit mean and
independent of all X' and 7'

@ Define the X/'s lifetime (we assume that inf{()} = Ho by convention):

¢ = inf{t € [0, H}] : /t ki(XD)du > &}.
0
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S! of n firms under an
EMM Q:

t , i=1..n

i ; ePitX, t <7
Sl =1 e’ X = T
t {t<m} K 07 tZ’Ti

@ Default Times 7;.
> We define the positive random variable 7; as the time of default of the ith firm on its
debt.
> The default times, 7;, are constructed as follows:

@ Let H be the first time that the diffusion X' hits zero.

Q Let & ben independent exponential random variables with unit mean and
independent of all X' and 7'

@ Define the X/'s lifetime (we assume that inf{()} = Ho by convention):
¢ = inf{t S [07 H(')] : / k,-(Xl’,)du > 5,}
0
@ Then, time of default of the ith firm is defined by applying the time change 7'

m=inf{t >0:7 > ¢}
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{ of n firms under an EMM Q:

epftX%_t,-, t<T;

i=1,..,n.
07 tZT; ) PR}

5{; = 1{t<7‘,-}epftX:;—ti = {

@ Martingale Conditions.

> Each single-name stock price process S’ is a non-negative martingale under the EMM
Q if and only if,
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{ of n firms under an EMM Q:

. . elitXi o t< T
S =1 NelitX! . = T’
t {t<7i} T 07 t t>7

@ Martingale Conditions.

, =1, ..n.
> Each single-name stock price process S’ is a non-negative martingale under the EMM
Q if and only if,
@ the constant 1; in the drift of X' satisfies the following condition:

/ el®yi(ds) < oo,
[1,00)

where v; is the Lévy measure of the one-dimensional subordinator 77
(vi(A) = V(R4 X ... X A X ...R;) with A in the ith place, for any Borel set
A C Ry bounded away from zero),
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Multi-name Credit-Equity Model Architecture

@ We model the joint risk-neutral dynamics of stock prices S{ of n firms under an EMM Q:

. . elitXi o t< T
S =1 NelitX! . = T’
t {t<7i} T 07 t t>7

@ Martingale Conditions.

, =1, ..n.

> Each single-name stock price process S’ is a non-negative martingale under the EMM

Q if and only if,

@ the constant 1; in the drift of X' satisfies the following condition:

/ el®yi(ds) < oo,
[1,00)

where v; is the Lévy measure of the one-dimensional subordinator 77
(vi(A) = V(R4 X ... X A X ...R;) with A in the ith place, for any Borel set
A C Ry bounded away from zero),

@ the constant p; is:
pi=r—gqj+ ¢i(—w)s

where ¢;(u) is the Laplace exponent of T/, ¢;(u) = ¢(0, ...,0, 1,0, ...,0) (u is in

the ith place)
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Credit-Equity Derivatives Pricing

@ We are interested in pricing contingent claims written on multiple defaultable stocks.

=} 5 = = A
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Credit-Equity Derivatives Pricing

@ We are interested in pricing contingent claims written on multiple defaultable stocks.
@ In particular, the price of a European-style derivative expiring at time t > 0 with the payoff
function (S}, ..., SI) is given by
e "E[f(S}, ... S}
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Credit-Equity Derivatives Pricing

@ We are interested in pricing contingent claims written on multiple defaultable stocks.

@ In particular, the price of a European-style derivative expiring at time t > 0 with the payoff
function 7(S}, ..., S) is given by

e "E[F(S}, ..., S7)]

@ Recall: Each of the n firms may default by time t (and its stock becomes worthless).
Therefore, at time t, the firm’'s stock price is either:
» S > 0 (survival to time t, i.e., 7} > t) or,

> S; =0 (default by time t, i.e., 7; < t).
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Multivariate Subordination of Multiparameter Semigroups

@ Thus we are interested on calculating expectations of the form

E[I{T{Lz,m,n} >f}f(X’}‘t1’ XT2’ ) X;’t”)]

» Multiparameter Semigroups
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Multivariate Subordination of Multiparameter Semigroups
@ Thus we are interested on calculating expectations of the form

E[I{T{Lz,m,n} >f}f(X’}‘t1’ X’?‘?’ ) X;’t”)]

X2

_]E[l{n>t}...1{T">t}f(x%l, TE""’X%")]

» Multiparameter Semigroups
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Multivariate Subordination of Multiparameter Semigroups
@ Thus we are interested on calculating expectations of the form

Eliry s my>0f (X5 XTos s X7n)

—]E[l{7-1>t} 1{7. >t} ( Tl,X%z,...,X%n)] ‘r{l

i)
Xf) 7] ()

~~

=E[E[Li 7y Ligomo f (X X2,

are indep.

» Multiparameter Semigroups

= = = A
Rafael Mendoza (McCombs) Default Correlation



Multivariate Subordination of Multiparameter Semigroups
@ Thus we are interested on calculating expectations of the form
1 2
B[l o0 f (X X2, X2)]

=E[l{r5e .1{Tn>t}f(x}rtl,x%2, ...,X%,,)]

~~

T{1,...,
:{/\,"':1 :'}: )

:]E[E[l{cl>7_t1}1{€n>7;n}f(x,;;t1,x%277X,g—t,,)|7;]] ( Tt & Xt )

are indep.

are indep.

:]E[E[l{cl>7—t1}‘~~E[1{<n>7—tn}f(x71,tl,x72?,...,X%,,)"Tt]~-‘|7‘tH ( x{'s )

» Multiparameter Semigroups

[m] = =
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Multivariate Subordination of Multiparameter Semigroups
@ Thus we are interested on calculating expectations of the form
1 2
B[l o0 f (X X2, X2)]

=E[l{r5e .1{Tn>t}f(x}rtl,x%2, ...,X%,,)]

~~

T{1,...,
:{/\,"':1 :'}: )

= ]E[E[l{41>7~tl} e I{Cn>7;n}f(xf%*t1’x$~27

S Xg) [T ()
i’
=E[E[L ¢y Ellggmm F O Xy X T - [T] (L2, )
(Psf)
N——
Multi —
parameter
Semigroup

» Multiparameter Semigroups
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Multivariate Subordination of Multiparameter Semigroups
@ Thus we are interested on calculating expectations of the form

Bl o f (X X X))

:]E[l{7'1>f}"'l{rn>t}f(X';—t17X72—r2’""X%")] ( l{}\f’zli}, )
:]E[E[l{cpﬂl}"'1{cn>Tt"}f(X%17X%27~~7X%")|Tf]] ( iwind )

= IE[IE[]'{C1>7?} o 'E[l{(n>7't"}f(x%lvx%27 7X”77;")|7—f] T |7?]] ( areXiévde. )

/ (Psf)  me(ds)
B N Nem—

Multi — Multi —
parameter Subord .
Semigroup transition

kernel

» Multiparameter Semigroups
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Multivariate Subordination of Multiparameter Semigroups

@ Thus we are interested on calculating expectations of the form
1 2
B[lra o0 f (X X X3,)]
_ 1 2
=E[1{r>e ...1{7,">t}f(X7_t1,X7_3, ...,X%,,)]

=E[E[1qsqny - 1{Cn>ﬂn}f(x%1,x%2, o X)) | Te]]

= E[E[I{C1>7?} .. E[1{<n>7*tn}f(x%l, X%Z! veey X,’;;n) !7;] N |7}]]

=/ (Psf)  me(ds)
N

RY
Multi — Multi —
parameter Subord .
Semigroup transition
kernel

Multivariate Subordination
of
Multiparameter Semigroups

» Multiparameter Semigroups

Rafael Mendoza (McCombs) Default Correlation

T{1,..., n}
=Ny mi
Tt & Xt
are indep.

X l{ ’s
are indep.

Fields Institute 2010

)

28 / 57



Multivariate Subordination of Multiparameter Semigroups

@ Thus we are interested on calculating expectations of the form
1 2
E[I{T{Lz,,.,,n}>f}f(X7‘tl’XTt2’ ""X;’t’”)]
_ 1 2
=E[1{r>e "'l{fn>t}f(x7't1’x7'r2’ ...,X%,,)]

=E[E[1qsqny - 1{Cn>ﬂn}f(x%1,x%2, o X)) | Te]]

= E[E[I{C1>7?} .. E[1{<n>7*tn}f(x%1, X%Z! veey X,’;;,,) !7;] N |7}]]

=/ (Psf)  me(ds) =  P{f
G N~
Multi— Multi— Subordinated
parameter Subord . Semigroup
Semigroup  transition (one — parameter)
kernel

Multivariate Subordination
of
Multiparameter Semigroups

» Multiparameter Semigroups
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Tt & Xt
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Spectral Decomposition (1)

@ We assume that all X are 1D diffusions (symmetric Markov processes) on (0, cc) such
that:

> the semigroups 7' defined in the Hilbert spaces H; = L2((0, 00), m;) endowed with
the inner products (f,g)m; = f(o ) f(x)g(x)m;(x)dx are symmetric with respect to
the speed density m(x), i.e.,

(PLE.g)m = (F.PLg)m, Vt>0,&i=1,..,n
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Spectral Decomposition (1)

@ We assume that all X are 1D diffusions (symmetric Markov processes) on (0, cc) such
that:

> the semigroups 7’ defined in the Hilbert spaces H; = L?((0, c0), m;) endowed with
the inner products (f,g)m; = f(o ) f(x)g(x)m;(x)dx are symmetric with respect to
the speed density m(x), i.e.,

(PLE.g)m = (F.PLg)m, Vt>0,&i=1,..,n

» Then H = [?((0,00)", m) is defined on the product space
(0,00)" = (0,00) X ... X (0,00) with the product speed density
m(x) = m1(x1)...ma(xn) and the inner product

()= [ FIm(dx
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Spectral Decomposition (I1)

Qi@L(X,’) =

@ In the special case when each infinitesimal generator G; has a purely discrete spectrum with
eigenvalues {—\} }2°, and the corresponding eigenfunctions ¢} (x;),

_ALwi(Xi)v
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Spectral Decomposition (I1)

@ In the special case when each infinitesimal generator G; has a purely discrete spectrum with
eigenvalues {—\} }72; and the corresponding eigenfunctions ¢} (x;),
Giei(xi) = =N (i),
@ the spectral representation of the multi-parameter semigroup takes the form of the
eigenfunction expansion:

Pif =5 e MUelp, FEH, t=(t, .. ty) >0,
keN?

where ZkeN" = Eflozl ...Z:’f’:l, N=1{1,2,..},
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Spectral Decomposition (I1)

@ In the special case when each infinitesimal generator G; has a purely discrete spectrum with

eigenvalues {—X}}2°,; and the corresponding eigenfunctions ¢/ (x;),
Gipi(xi) = =Npi (%),
@ the spectral representation of the multi-parameter semigroup takes the form of the
eigenfunction expansion:

Pif =5 e MUelp, FEH, t=(t, .. ty) >0,
keN?

where > o = 3000 1 - 2o N={1,2,..}
the eigenvalues and eigenfunctions are

A=y ML)
n .
ou(x) = [l (), xi €(0,00), x=(x1,...,xn) € (0,00)", k€N,
i=1

and the expansion coefficients are

c,f =(f,ok)m, keN".
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as follows,

Spectral Decomposition of the Subordinated Semigroup P?

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup
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as follows,

Spectral Decomposition of the Subordinated Semigroup P?
Pef

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup
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Spectral Decomposition of the Subordinated Semigroup 73?

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup
as follows,

PUF =By, o0 f (X X2ar o X50)]
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Spectral Decomposition of the Subordinated Semigroup 73?

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup
as follows,

PUF =By, o0 f (X X2ar o X50)]

Multivariate subordination
= fR” Psfre(ds) of the
n

n— parameter semigroup
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Spectral Decomposition of the Subordinated Semigroup 73?

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup
as follows,

PUF =By, o0 f (X X2ar o X50)]

f P (d ) Multivariate subordination
= n /sTe(ds of the
R+

n— parameter semigroup

Si / i
oy e Oy mg ()
+

n— parameter semigroup
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Spectral Decomposition of the Subordinated Semigroup 73?

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup

as follows,
PPF =E[1 af(XL, X2,, .., X"
t [ {T{I,Q,A.A,n}> } ( 7;17 7;27 ) 7'{!)]
Multivariate subordination
= fR” Psfme(ds) of the
+ n— parameter semigroup
Spectral representation
= [z Ckenn e— (A8 cf k) me(ds) ( of the >
+ n— parameter semigroup

. —(A,s) f Laplace transform
= 2ken (Jr«g e\ ﬂt(ds)) G Pk of the

n— dimensional subordinator
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Spectral Decomposition of the Subordinated Semigroup 73?

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup
as follows,

PEF =By, sof (X X2, XE,)]

f P (d ) Multivariate subordination
= n FsTme(ds of the
R+

n— parameter semigroup

Si ! i
Sy Bhewe O ()
+

n— parameter semigroup

Laplace transform

= ZkEN" (JP7 e*<>ns>ﬁt(d5)) C{ka ( of the )

n—dimensional subordinator

o — (A ALt £ Levy — Khintchine
= 2 kenn € ! "GPk exponent
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Spectral Decomposition of the Subordinated Semigroup Pf’

@ Consequently, we can obtain the Spectral Decomposition of the Subordinated Semigroup

as follows,
PPF =E[1 af(XL, X2,, .., X"
t [ {T{I,Q,A.A,n}> } ( 7;17 7;27 ) 7?!)]

Multivariate subordination

= fR” Psfme(ds) of the
+ n— parameter semigroup

Spectral representation

= [z Ckenn e={(™s) cl k) me(ds) of the

+ n— parameter semigroup

—(A\,s) f Laplace transform
= 2 kenn (f]Ri e\ 7Tt(ds)) Cp Pk of the

n—dimensional subordinator

o — (A} AT £ Levy — Khintchine
= ZkeN"e 1777 kn Sk Pk exponent

@ Remark: When n = 1 the modeling framework is reduced to the Credit-Equity Model of
Mendoza-Arriaga et al. (2009).
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Two Firms lllustration: the JDCEV process
EMM Q:

Sé = 1{t<Tl.}e""tX’7-t,

o ep"tX’-Tti, t< T
= 0,

t>T;

@ Recall: we model the joint risk-neutral dynamics of stock prices S/ of 2 firms under an

i=1,2

=} 5 = = A
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Two Firms lllustration: the JDCEV process

@ Recall: we model the joint risk-neutral dynamics of stock prices S/ of 2 firms under an

EMM Q-
. . ePitX . t< T
— it . = T ! P —
St = lparye X = { o, U ysg o0 =12
@ Let X/ i=1,2 be Jump-to-Default Extended Constant Elasticity of Variance (JDCEV)

processes of Carr & Linetsky (2006):
dXt = [;j/ + k(Xt)]Xt dt + O'(Xt)xt dBt, X() =X > 0

o(X) = aX? k(X) = b+ co?(X)
CEV Volatility Killing Rate
(Power function of X) (Affine function of Variance)
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Two Firms lllustration: the JDCEV process

@ Recall: we model the joint risk-neutral dynamics of stock prices Si of 2 firms under an

EMM Q: '
P i epitX’Ti t< T .
S{—I{Kﬂ.}e" X’Tti = { 0, ¢’ t> 7 I—1,2
@ Let X/ i=1,2 be Jump-to-Default Extended Constant Elasticity of Variance (JDCEV)

processes of Carr & Linetsky (2006):
dXe = [i+ k(X)X dt + o(X:)Xe dBe, Xo=x >0

a(X) = aX? k(X) = b+ ca?(X)
CEV Volatility Killing Rate
(Power function of X) (Affine function of Variance)

a>0 = volatility scale parameter (fixing ATM volatility)
<0 = volatility elasticity parameter

b >0 = constant default intensity

c >0 = sensitivity of the default intensity to variance
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Two Firms lllustration: the JDCEV process

@ Recall: we model the joint risk-neutral dynamics of stock prices Si of 2 firms under an

EMM Q: '
P i epitX’Ti, t< T .
S{—I{Kﬂ.}e" X’Tti = { 0, t t> 7 5 I—1,2
@ Let X/ i=1,2 be Jump-to-Default Extended Constant Elasticity of Variance (JDCEV)

processes of Carr & Linetsky (2006):
dXe = [i+ k(X)X dt + o(X:)Xe dBe, Xo=x >0

a(X) = aX? k(X) = b+ ca?(X)
CEV Volatility Killing Rate
(Power function of X) (Affine function of Variance)

a>0 = volatility scale parameter (fixing ATM volatility)
<0 = volatility elasticity parameter

b >0 = constant default intensity

c >0 = sensitivity of the default intensity to variance

For ¢ = 0 and b = 0 the JDCEV reduces to the standard CEV process
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Two Firms lllustration: the JDCEV process

@ Recall: we model the joint risk-neutral dynamics of stock prices S! of 2 firms under an
EMM Q: '

epffX'Tt,-, t < T

0, t> T

@ Let X/ i=1,2 be Jump-to-Default Extended Constant Elasticity of Variance (JDCEV)
processes of Carr & Linetsky (2006):

dXt = [;j/ + k(Xt)]Xt dt + O’(Xt)xt ch X() =X > 0

Sé = 1{t<7i}epitxi7—ti = { 3 i = 172

a(X) = aX? k(X) = b+ ca?(X)
CEV Volatility Killing Rate
(Power function of X) (Affine function of Variance)

a>0 = volatility scale parameter (fixing ATM volatility)
S <0 = volatility elasticity parameter

b >0 = constant default intensity

c >0 = sensitivity of the default intensity to variance

The model is consistent with:
leverage effect = S || o(S) 1
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Two Firms lllustration: the JDCEV process

@ Recall: we model the joint risk-neutral dynamics of stock prices Si of 2 firms under an

EMM Q: '
P it _ epitX'Ti, t< T .
S{—I{Kﬂ.}e" X’Tti = { 0, t t> 7 5 I—1,2
@ Let X/ i=1,2 be Jump-to-Default Extended Constant Elasticity of Variance (JDCEV)

processes of Carr & Linetsky (2006):
dXe = [i+ k(X)X dt + o(X:)Xe dBe, Xo=x >0

a(X) = aX? k(X) = b+ ca?(X)
CEV Volatility Killing Rate
(Power function of X) (Affine function of Variance)

a >0 = volatility scale parameter (fixing ATM volatility)
<0 = volatility elasticity parameter

b >0 = constant default intensity

c >0 = sensitivity of the default intensity to variance

The model is consistent with:

leverage effect = S || o(S) 1
stock volatility—credit spreads linkage = o(S) <+ k(S) 1
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JDCEV Eigenvalues and Eigenfunctions

@ When p + b # 0, the spectrum is purely discrete. When o+ b < 0, the eigenvalues and
eigenfunctions are:
(n—1)!p+ b

LY (Ax~28 =1,2,..
F(V+n) X n—1( X )7 n y &y )

M =w(n—1)+ A1, pn(x) =A%

where LY (x) are the generalized Laguerre polynomials.
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JDCEV Eigenvalues and Eigenfunctions

@ When p + b # 0, the spectrum is purely discrete. When o+ b < 0, the eigenvalues and
eigenfunctions are:

(n—1)!|p+ b]
(v +n)

M =w(n—1)+ A1, pn(x) =A% xLY_[(Ax™28), n=1,2,..,

where LY (x) are the generalized Laguerre polynomials.

@ The principal eigenvalue A1, A, v and w are,

bl 1t2c
21 2l

A= |l w = 2|B(n+ b)),
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JDCEV Eigenvalues and Eigenfunctions

@ When p + b # 0, the spectrum is purely discrete. When o+ b < 0, the eigenvalues and

eigenfunctions are:

(n—1)!p+ b
(v +n)

M =w(n—1)+ A1, pn(x) =A%

where LY (x) are the generalized Laguerre polynomials.

@ The principal eigenvalue A1, A, v and w are,

bl 1t2c
21 2l

A= |l w = 2|B(n+ b)),

@ The speed density is defined as,

2 —28
£, 2c—2-28 = Ax

m(x) = g
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Ex. Joint Survival Probability

@ Then the joint survival probability for two firms by time t > 0 is given by the eigenfunction
expansion (x = (x1,x) = (S}, S2)):

Qr(12y > t)=E [1{7{1,2}»}]

=} 5 = = A
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Ex. Joint Survival Probability

expansion (x = (x1,%) = (53, 52)):

@ Then the joint survival probability for two firms by time t > 0 is given by the eigenfunction

Qr(12y > t)=E [1{7{1,2}»}]

—p(AL A2t
=30, e (Pmn)iel 2 ol (x)gd, (x2)

=} 5 = £ DA
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Ex. Joint Survival Probability

@ Then the joint survival probability for two firms by time t > 0 is given by the eigenfunction
expansion (x = (x1,x) = (S}, S2)):

Q(r10y >t)=E [1{7{1’2}>t}j|

_ oo —(A AL 2 1 2
- Enl,n2:le e Cnlcnz‘pnl(xl)(an(XQ)
@ Similarly, the single-name survival probabilities are given by the eigenfunction expansions:

Q(7x > t) Zefo" O )tk ﬁ(xk), k=1,2.
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Ex. Joint Survival Probability

@ Then the joint survival probability for two firms by time ¢t > 0 is given by the eigenfunction
expansion (x = (x1,x2) = (S}, S2)):

@(T{IQ} > t) =E [I{T{172}>t}i|

_ v —(Ah, N3t

=1 € Chy Co oy (x1) 3, (32)

@ Similarly, the single-name survival probabilities are given by the eigenfunction expansions:

Q(me > t) = Ze’d’k()‘ﬁ)tcﬁapﬁ(xk), k=1,2.
n=1

The expansion coefficients are given by:

1—2¢y

M
ek = (oo 1) = QBN TCBI Y g p

V(0 =1k + | (v + n)

where (z), = z(z — 1)...(z — n — 1) is the Pochhammer symbol.
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Ex. Joint Survival Probability

@ Then the joint survival probability for two firms by time ¢t > 0 is given by the eigenfunction
expansion (x = (x1,x2) = (53, 52)):

Q(rj10) >t)=E [1{7{1,2}>t}]

—¢ )\
=, e 2ok ()2, (x2)

@ Similarly, the single-name survival probabilities are given by the eigenfunction expansions:

ny s ,,Q)t 1

Q> 1) Ze Otk (x), k=1,2.

¢(u, v) is the Laplace exponent of the two-dimensional subordinator (71, 72)"
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Ex. Joint Survival Probability

@ Then the joint survival probability for two firms by time ¢t > 0 is given by the eigenfunction
expansion (x = (x1,x2) = (53, 52)):

Q(rj10) >t)=E [1{7{1’2}>t}i|

—¢ )\
=, e 2ok ()2, (x2)

@ Similarly, the single-name survival probabilities are given by the eigenfunction expansions:

ny s ,;2)t 1

Q> 1) Ze Gtk (xe), k=1,2.

¢(u, v) is the Laplace exponent of the two-dimensional subordinator (71, 72)"

¢1(u) == ¢(u,0), and ¢o(u) := ¢(0, u) are the Laplace exponents of the marginal
one-dimensional subordinators TX, k € {1, 2}, respectively.
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Default Correlation

@ The default correlation has the form:

Corr (Liry>t1, Lm>13)

_ @("'{1,2} >t)—Q(71>1)Q(m2>1)
13-, Vo>t (1-0Q(r > 1)

=} 5 = = A
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Default Correlation

@ The default correlation has the form:

Corr (1{T1>f}’ 1{"'2>f})

_ @("'{1,2} >t)*Q(‘rl>t)Q(7—2>t)
13-, VO(r>6)(1-Q(ri > 1))

‘ b (AL
Ynerz (67@0”1 M)t o= (4100 10200,) )CMPII(X)

[T, VA >)(1-Q(7i>1))

=} 5 = = A
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Default Correlation

@ The default correlation has the form:

_ Q(T{1,2) >t)—Q(71>1)Q(m2>1)
T IR V> )a-Q(re>1)

— @ 1 y 2 —(® 1 (o] 2
. (e s(3h AR = (1(0h )+ 2<An2>)r>W“(x)

13—, V(> 6)(1-Q(r>1)

Corr (1{7'1>f}* 1{T2>t})

@ From this expression we observe that:

> it is zero if and only if ¢(u1, u2) = ¢(u1,0) + (0, u2),,
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Default Correlation

@ The default correlation has the form:

_ Q(T{1,2) >t)—Q(71>1)Q(m2>1)
T IR V> )a-Q(re>1)

_ il a2 C(anD Ve (x2
S (e SO AR (ol(/\nl)+g)2(A”2))t)cnw“(x)
1

13—, V(> 6)(1-Q(r>1)

Corr (1{7'1>f}* 1{T2>t})

@ From this expression we observe that:

> it is zero if and only if ¢(u1, u2) = ¢(u1,0) + (0, u2),,

= That is, the coordinates 7' and 72 of the two-dimensional subordinator are
independent.
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Numerical [llustration

@ We consider the two-name defaultable stock model.

=} 5 = = A
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Numerical [llustration

@ We consider the two-name defaultable stock model.
@ For this example the two diffusion processes X are taken to be JDCEV with the same set
of parameters are,
Xo=x| al| b | c g
50 \10\0.01\0.5\0\-1\-.3\0.05

Table: JDCEV parameter values.
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Numerical [llustration

@ We consider the two-name defaultable stock model.
@ For this example the two diffusion processes X are taken to be JDCEV with the same set
of parameters are,
Xo=x| al| b | c g
50 \10\0.01\0.5\0\-1\-.3\0.05

Table: JDCEV parameter values.

@ The volatility scale parameter a in the local volatility function o(x) = ax” is selected so
that o(50) = 0.2.
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Numerical [llustration

@ The two-dimensional subordinator 7 is constructed from three independent Inverse
Gaussian processes subordinators S}, i = 1,2, 3, as follows:

Tk=8kysk k=12

Il v n 9
STo o 5 1 0.7
S2 | 0|05 1 0.7
S3 | o] 05| 0001 | 0.025

Table: IG parameter values.
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Numerical [llustration

@ The two-dimensional subordinator 7 is constructed from three independent Inverse
Gaussian processes subordinators S}, i = 1,2, 3, as follows:

Tk=8kysk k=12

v Y| n | C
STolo5 1 0.7
S2 | 0|05 1 0.7
S3 | o] 05| 0001 | 0.025

Table: IG parameter values.

@ In this specification S* and S? are two idiosyncratic components that influence only the
first stock and the second stock, respectively, and

@ S} is the systematic component common to both stocks.
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Numerical [llustration

@ The two-dimensional subordinator 7 is constructed from three independent Inverse
Gaussian processes subordinators S}, i = 1,2, 3, as follows:

Tk=8kysk k=12

v Y| n | C
STolo5 1 0.7
S2 | 0|05 1 0.7
S3 | o] 05| 0001 | 0.025

Table: IG parameter values.

@ In this specification S* and S? are two idiosyncratic components that influence only the
first stock and the second stock, respectively, and

@ S} is the systematic component common to both stocks.

@ The parameter 1) is the decay parameter (damping parameter), which controls large size
jumps = S? exhibits larger jumps.
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Numerical [llustration

@ The two-dimensional subordinator 7 is constructed from three independent Inverse
Gaussian processes subordinators S}, i = 1,2, 3, as follows:

TF=8k+82, k=1,2

v Y| n | C
STolo5 1 0.7
S2 | 0|05 1 0.7
S3 | o] 05| 0001 | 0.025

Table: IG parameter values.

@ In this specification S* and S? are two idiosyncratic components that influence only the

first stock and the second stock, respectively, and
@ S} is the systematic component common to both stocks.
@ The parameter 1) is the decay parameter (damping parameter), which controls large size
jumps = S? exhibits larger jumps.
@ Since the drift is zero (v = 0) then the time changed processes Xi:i are pure jump
processes
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Numerical Illustration: Survival Probability

@ As the sock price falls, the firm's survival probability decreases

Qmet)
100

06

Figure: Single-name survival probability Q(T > t) for t = 1 year as a function of the stock price Sy = x.

[m] = =
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the default correlation to decrease

Numerical lllustration: Joint Survival Probability & Default Correlation

@ As the stock prices fall, the joint survival probability also decreases which, in turn, causes

Qs

os}
7

Contlyoa i >umz\
/ o1
B
(a) Joint survival probability.
stock prices s} and 52
0 0-

(b) Correlation of default indicators.
Flgu F€. Joint survival probability Q(‘r{l 2y > t) and default correlation Corr(l{_rl >t} 1{7_2 >t}) for t = 1 year as functions of
,

=} 5 = = A
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the default correlation to decrease

Numerical lllustration: Joint Survival Probability & Default Correlation

Qs

@ As the stock prices fall, the joint survival probability also decreases which, in turn, causes

of

S >nmz\

nl“
oo
o

(a) Joint survival probability.

stock prices Sé and Sg.

(b) Correlation of default indicators.
Flgu F€. Joint survival probability Q(‘r{l 2} > t) and default correlation Corr(l{_rl >t} 1{7_2 >t}) for t = 1 year as functions of
s

@ When the stock price is relatively high, the default can only be triggered by a large
catastrophic jump to zero = the systematic component S3 governs large jumps.

o & = Qe
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Numerical lllustration: Joint Survival Probability & Default Correlation

@ As the stock prices fall, the joint survival probability also decreases which, in turn, causes
the default correlation to decrease

100

(b) Correlation of default indicators.

(a) Joint survival probability.

Flgu F€. Joint survival probability @(7{1,2} > t) and default correlation Corr(l{_rl >t} 1{7_2 >t}) for t = 1 year as functions of
stock prices Sé and Sg.

@ When the stock price is relatively high, the default can only be triggered by a large
catastrophic jump to zero = the systematic component S3 governs large jumps.

@ When the stock price is low, a smaller jump is enough to trigger default = the
idiosyncratic components S! and S? primarily govern small jumps.

=} 5 £ DA
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Two Firms Basket Put Option
@ Consider a basket put option on the portfolio of two stocks with the payoff at time t
f(S¢,58) = (K



@ We observe six contingent claims:

£(St,57) = (K —wiS{ — woSP)*
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@ Consider a basket put option on the portfolio of two stocks with the payoff at time t



f(S4,57) = (K = wiSt — waSP) T
@ We observe six contingent claims:

Two Firms Basket Put Option
@ Consider a basket put option on the portfolio of two stocks with the payoff at time t

1{7{1,2}>f}(K - Wlstl + “’251?)+

=} 5 = = A
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Two Firms Basket Put Option

@ Consider a basket put option on the portfolio of two stocks with the payoff at time t
F(S£,57) = (K —wiSt — waS7)*

@ We observe six contingent claims:
> One basket put that delivers the payoff if and only if both firms survive to maturity

1{"'{1,2}>f}(K - Wlstl + W25t2)jL

» Two single-name puts that deliver the payoffs if and only if both firms survive to
maturity
k
Lo oy >0 (K — wieSt )y, k=12
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Two Firms Basket Put Option

@ Consider a basket put option on the portfolio of two stocks with the payoff at time t
F(S£,57) = (K —wiSt — waS7)*

@ We observe six contingent claims:
> One basket put that delivers the payoff if and only if both firms survive to maturity

Liray > (K= wiS} + w,S7) T
> Two single-name puts that deliver the payoffs if and only if both firms survive to

maturity ot
I{T{M}M}(K —weS{)T, k=1,2

» Two single-name puts that deliver the payoffs if and only if the firm whose stock the
put is written on survives to maturity.
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Two Firms Basket Put Option
@ Consider a basket put option on the portfolio of two stocks with the payoff at time t
f(S8,58) = (K = wiSt — waS7) T

@ We observe six contingent claims:
> One basket put that delivers the payoff if and only if both firms survive to maturity

2
1{7{1’2}>t}(K —wiSi + w2 S7)*
» Two single-name puts that deliver the payoffs if and only if both firms survive to

maturity
Liray > (K= w ST, k=1,2

» Two single-name puts that deliver the payoffs if and only if the firm whose stock the
put is written on survives to maturity.

1{7k>t}(K_WkSL{()+7 k=1,2

» An embedded multi-name credit derivative

KQrpo>a + 1= Yrsg — Ynsg) = Klnun<y
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Two Firms Basket Put Option

@ Consider a basket put option on the portfolio of two stocks with the payoff at time t
£(St,S7) = (K —wiS! —w2S)*

@ We observe six contingent claims:
> One basket put that delivers the payoff if and only if both firms survive to maturity

1{7—(1,2}>t}(K — w15t1 + W25?)+

> Two single-name puts that deliver the payoffs if and only if both firms survive to
maturity
k
Lir g0y >3 (K — WS yr, k=12

» Two single-name puts that deliver the payoffs if and only if the firm whose stock the
put is written on survives to maturity.

s (K- wSH)T, k=1,2

> An embedded multi-name credit derivative
Krp> + 1= Yosn — Ynsg) = Klnvn<y
> We obtained explicit analytical solutions for all these claims.
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Numerical lllustration: Joint Survival Probability & Default Correlation

@ The price of a European-style basket put option on the equally-weighted portfolio of two
stocks (w1 = wo = 1) with one year to maturity (t = 1) and with the strike price K = 100
as a function of the initial stock prices S& and Sg.

Flgu F€: Two-name basket put prices for the range of initial stock prices S} and SZ from zero to $60 for one year time to maturity and K = 100.
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stocks (w1 = wo = 1) with one year to maturity (t = 1) and with the strike price K = 100
as a function of the initial stock prices S& and Sg.

Flgu F€: Two-name basket put prices for the range of initial stock prices S} and SZ from zero to $60 for one year time to maturity and K = 100.

@ When both firms are in default, (S}, S2) = (0,0), the price of the basket put is equal to
the discounted strike K.
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Numerical lllustration: Joint Survival Probability & Default Correlation

@ The price of a European-style basket put option on the equally-weighted portfolio of two
stocks (w1 = wo = 1) with one year to maturity (t = 1) and with the strike price K = 100
as a function of the initial stock prices S& and Sg.

Flgu F€: Two-name basket put prices for the range of initial stock prices S} and SZ from zero to $60 for one year time to maturity and K = 100.

@ When both firms are in default, (S}, S2) = (0,0), the price of the basket put is equal to
the discounted strike K.

@ When one of the two firms is in default, the basket put reduces to the single-name
European-style put on the surviving stock with the strike K.
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Conclusion

processes.

@ We propose a modeling framework based on multi-variate subordination of diffusion

o & = Qe
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Conclusion

@ We propose a modeling framework based on multi-variate subordination of diffusion
processes.

@ We start with n independent jump-to-default extended diffusions for n stocks.
@ Then we time change each one with a coordinate of a n-dimensional Subordinator
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Conclusion

@ We propose a modeling framework based on multi-variate subordination of diffusion
processes.

@ We start with n independent jump-to-default extended diffusions for n stocks.
@ Then we time change each one with a coordinate of a n-dimensional Subordinator

= the result is multi-name credit-equity model with dependent jumps and
jumps-to-default for all stocks.
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@ Then we time change each one with a coordinate of a n-dimensional Subordinator

= the result is multi-name credit-equity model with dependent jumps and
jumps-to-default for all stocks.

@ The dependence among jumps is governed by the Lévy measure of the n-dimensional
subordinator.
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Conclusion

@ We propose a modeling framework based on multi-variate subordination of diffusion
processes.

@ We start with n independent jump-to-default extended diffusions for n stocks.
@ Then we time change each one with a coordinate of a n-dimensional Subordinator

= the result is multi-name credit-equity model with dependent jumps and

jumps-to-default for all stocks.

@ The dependence among jumps is governed by the Lévy measure of the n-dimensional
subordinator.

@ The semigroup theory provides powerful analytical and computational tools for securities

pricing.
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Conclusion

@ We propose a modeling framework based on multi-variate subordination of diffusion
processes.

@ We start with n independent jump-to-default extended diffusions for n stocks.
@ Then we time change each one with a coordinate of a n-dimensional Subordinator

= the result is multi-name credit-equity model with dependent jumps and

jumps-to-default for all stocks.

@ The dependence among jumps is governed by the Lévy measure of the n-dimensional
subordinator.

@ The semigroup theory provides powerful analytical and computational tools for securities

pricing.

e Thank you!
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Multiparameter Semigroup

@ If {P,t € R} is a n-parameter strongly continuous semigroup on a Banach space B, then:
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Multiparameter Semigroup

@ If {P,t € R} is a n-parameter strongly continuous semigroup on a Banach space B, then:
infinitesimal generators G; with domains Dom(G;) C B.

= it is the product of n one-parameter strongly continuous semigroups {'P{;, t > 0} on B with
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Multiparameter Semigroup

@ If {P,t € R} is a n-parameter strongly continuous semigroup on a Banach space B, then:
infinitesimal generators G; with domains Dom(G;) C B.
> That is, for t = (t1, ..., ty) we have:

= it is the product of n one-parameter strongly continuous semigroups {'P{;, t > 0} on B with

Pe=]]7L
i=1

and the semigroup operators P{’, commute with each other, t; >0, i=1,...,n

o = = y —\
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Multiparameter Semigroup

@ If {P,t € R} is a n-parameter strongly continuous semigroup on a Banach space B, then:

= it is the product of n one-parameter strongly continuous semigroups {'Pt", t > 0} on B with
infinitesimal generators G; with domains Dom(G;) C B.

> That is, for t = (t1, ..., ty) we have:
Pe=]]7i
i=1

and the semigroup operators P{’, commute with each other, t; >0, i=1,...,n.

@ In our case, the expectation operators associated with the Markov processes X' define the
corresponding semigroups {P;, t; > 0},

P;,-f(xi) = Exi[1{<f>f,‘}f(xtfi)]f xi € E;, t >0,

in Banach spaces of bounded Borel measurable functions on E;.
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Two Firms Basket Put Option

@ The embedded multi-name credit derivative with the notional amount equal to the strike
price K and paid at maturity if both firms default

e "E[K1l{rvn<nl = e "KL+ Q7110 > 1) = Q11 > 1) = Q72 > 1))
where the joint survival probability Q(‘r{l,z} > t) and marginal survival probabilities
Q(7x > t), k = 1,2; were given earlier.

o = = Aa A
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Two Firms Basket Put Option

@ The basket put that delivers the payoff if and only if both firms survive to maturity

e "E [1{7{112}>t}(K - wmS!+ W25t2)+]

=} 5 = = A
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Two Firms Basket Put Option

2D Lévy Exp.
— e—rtyoo

e~ E[1{7{1,2}>t}(K —wi St + w25t2)+]

@ The basket put that delivers the payoff if and only if both firms survive to maturity
rt
ny,np=1 e

L Al , 2 t
PR e (K)@h, ()92, (x2)

=} 5 = = A
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Two Firms Basket Put Option

@ The basket put that delivers the payoff if and only if both firms survive to maturity

e*”]E[l{T{LZ}N}(K —wS!+ WQ53)+]

—rt Sl

B A2t
ny,mp=1

=e e Cnym (K) o3, ()05, (32)
——

@ Where the expansion coefficient ¢, »,(K) is given by,

Cny,my (K) = ((K — wixg — W2X2)+,gon(x))m

= /2 (K — wixg — W2X2)+¢},1(X1)<p%2(X2)m1(X1)m2(X2)dX1dX2
Ry
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Two Firms Basket Put Option

@ The basket put that delivers the payoff if and only if both firms survive to maturity

B ]E[l{q—{l,z}x}(K —wm St + W25t2)+]

_ —p(\L A2yt
=e iy e POt (K)o (xa)@d, (x2)
N——

@ Where the expansion coefficient ¢, »,(K) is given by,

e (K) = (K = wixi = wox2)*, oa(x))

m

= /2 (K — wixg — W2X2)+go},1(x1)<p%2(x2)m1(x1)m2(X2)dx1dx2
Ry

KH M(ve +nk)  21BklA, X +1R2ck 20
B M)k + byl M(vk +1)

8 Z (=1)P4P2 vy + 1), (v2 + m),
oo M+ pl(2+1), p2
I (2c —261(p1 + 1)) T (2c2 — 262(p2 + 1))
M(2c; — 2B1(p1 + 1) + 202 — 2B2(p2 + 1) + 2)
where K = e= Pkt K /w.

2 (A1R1—2/31)Pl d <A2R2—252)p2
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to maturity:

Two Firms Basket Put Option

1D Lévy Exp.
> k
€T E (1 ey (K — i SE)T| = et 3 e Dk (K) k().
n=1

=} 5 = = A
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Two Firms Basket Put Option

@ The single-name put on the stock S¥ that delivers the payoff if and only if the firm survives

to maturity:
> K
e "E [l{wt}(K - Wksf)+] =e Y e M)t ph(K) ok (x),
n—1 ~——

@ Where the expansion coefficient pf(K) is given as,

ph(K) = (K = wio) " k(%))

k

- /R (K — wioxe) ek () mi ()
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Two Firms Basket Put Option

@ The single-name put on the stock S¥ that delivers the payoff if and only if the firm survives
to maturity:

E[l{fpr}(K - Wk5:k)+] = —”Ze—¢k (K) @n(x%),

@ Where the expansion coefficient pf(K) is given as,

p(K) = (K~ wix) ' oh(x0))

mg

=/ (K = wiexie) " om () mie (i) dbxe
.

_ Kk v +n) A k2 HKk(C“_Bk) “
F(n)lpx + bkl T(vk+ 1)

1 vet+n, ve+1l-— o
{ 1 (., +1, p+2- ZW AR )
(1 + e /1Bkl) k s k 2|5k\
1 Vg +n =28
-~ _IF AR L
(e +1) " ! w2 T )

where 11 and >f> are the Kummer confluent hypergeometric function and the generalized
hypergeometric function, respectively; and Ky = e~ Pkt K /w.
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Two Firms Basket Put Option

survive:

e "E [1{7{1y2}>t}(K - W151:1)+]

@ The single-name put on the stock S* that delivers the payoff if and only if both firms
2D Lévy Exp.

ny,mp=1

_ —p(AL A2t 1 2 1 P
et 3 e R pl (K)o ()¢, (),

=} 5 = = A
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Two Firms Basket Put Option

@ The single-name put on the stock S! that delivers the payoff if and only if both firms

survive:
e "E|1 (K=wmSHt| = Z e P At (K)c2 (x1)¥5, (x2),
{T{1,2) >t} 19+ = pnl ny L»Dnl 1 ‘Pnz 2
ny,mp=1
@ where c? are the coefficients of the expansion for the survival probability of the second
stock and,

@ pl(K) are the expansion coefficients for the single-name put on the first stock.
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