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One idea 
October 1997, Michael Niederman’s editorial...

“The ‘crop rotation’ theory of antibiotic use has 
suggested that if we routinely vary our ‘go to’ 
antibiotic in the ICU, we can minimize the emergence 
of resistance ...

selection pressure for bacteria to develop resistance 
to a specific antibiotic would be reduced as organisms 
become exposed to continually varying antimicrobials.”



And rotation is...? 
2005, JAC, Brown & Nathwani

“We identified 11 articles in which the authors 
claimed to have evaluated the efficacy of this 
intervention.” 

“Only four were suitable for review, but, owing to 
multiple methodological flaws and a lack of 
standardization, these studies do not permit reliable 
conclusions ...”



A theoretical study
October 1997, PNAS, Bonhoeffer, Lipschitz & Levin

“When more than one antibiotic is employed, 
sequential use of different antibiotics in the 
population (‘cycling’) is always inferior to treatment 
strategies where, at any given time, equal fractions of 
the population receive different antibiotics.”



Models
We want to understand the ‘best’ way of scheduling 
the deployment of antibiotics into some unit of 
treatment (hospital, ICU, [patient])

We need a state-space for this model, what to put in 
it? Apologies, Pentti, for the abstraction, but let’s not 
worry for now.



2-drug models
One of many model structures, formulate the question as a 
control affine, optimal control problem:

Let A(t) be the % of A-treated patients, same for B(t), 
everyone is treated: A(t)+B(t) = 100%.

x=(x1,x2,...) will contain everything we think might be 
important, keep this abstract for now.



# susceptible & infected hosts in hospital & community

# infected or colonised by WT bacterium or SDR/MDR mutants

# treated for infection i with drug j (some appropriate, some not)

# treated with multi-drug combinations with drug pair (j,k)?

drug-specific resistance mechanisms: de novo mutation or plasmid-
borne?

parameters: causes of pathogen transmission, clearance rates due to 
treatment, disease-induced death rates, duration of empirical 
treatment, pathogen mutation rates .......

explicit spatial description         or use a mass action law?

x contains everything we think important:
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2-drug models

Under the must-treat constraint, there’s only one 
control variable: A(t).

We now minimise ‘something’ wrt A(t):

observable: continuous linear functional



2-drug models

symmetries lead to A-independence

rotation: A(t) = 0 or 1: everyone is treated with the 
same drug at the same time

mixing: A(t) = constant between 0 and 1: at least two 
patients receive different treatment for same 
infection

optimal 
control 
problem



Can mixing be optimal?
mixing strategies are used in practise & trials have 
implemented ‘maximal drug heterogeneity’ policies

random mixing (A = 1/2) has been stated as optimal 
when compared with strictly periodic rotation

let’s relax the assumption of strict periodicity:



As bang-bang (on-off) functions are weak* dense in 
the interval [0,1] within L∞(0,T) and            is 
continuous wrt weak* topology, there are infimising 
sequences that rotate antibiotics.

Can mixing be optimal?

defines an operator

The functional we want to minimise, then, is

where

The (smooth) equation
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a surprising consequence ? ...

note the inf, it’s not a min

Can mixing be optimal?

homogensiation limit

As bang-bang (on-off) functions are weak* dense in 
the interval [0,1] within L∞(0,T) and            is 
continuous wrt weak* topology, there are infimising 
sequences that rotate antibiotics.



Can mixing be optimal?

the EL equations could have a totally singular mixing 
control, ϖ, but under what conditions?

there are trivial symmetries, any others?



Can mixing be optimal?
define the Hamiltonian

Pontryagin’s Maximum Principle states that

and so A*(t) = 1 or A*(t) = 0 unless

& so



Can mixing be optimal?
define the Hamiltonian

Pontryagin’s Maximum Principle states that

and so A*(t) = 1 or A*(t) = 0 unless

& so

P-IC symmetriesDAEs



Can mixing be optimal?
Let’s apply these symmetries to a model taken from 
Bergstrom, Lo, Lipschitz; PNAS 2004:

X uncolonised, R1 and R2 are infected by drug 1 and drug 2 
resistant bacteria, S by drug-susceptible bacteria.



The must-treat constraint means

and we want to minimise



Mixing is at least codimension-3



a ‘universal’ result

antibiotic rotations are as good as any set of strategies
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controls

for asymmetric 
models, there is a 
weak* nbd of ∞-
many rotations all 
better than mixing:



a rule-based controler
for asymmetric models, suboptimal rotations can 
outperform optimal mixing:
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optimal mixing
50 50 mixing
feedback

rule: if R1>R2, use 
only drug 2

10 20 30 40 50

12

14

16

18

20

22

24

26

Sampling points

0T  R
1(t)

 +
 R

2(t)
dt

 

 
optimal mixing
50 50 mixing
feedback

0 10 20 30 40 50
1250

1300

1350

1400

1450

1500

1550

sampling points

0T  y
w
(t)

 +
 y

a(t)
 +

 y
b(t)

dt

Total infected hosts versus number of sampling points

 

 

50 50 mixing
optimal mixing
feedback

the controller 
beats mixing if 

information quality 
is high enough



So what?
In a sense Niederman was right, but how to determine 
the best rotations in practise?

Is this kind of result even relevant to current medical 
thinking?

What model structures undo the veracity of this 
conclusion?

We developed a spatially-explicit, stochastic model to test 
experimental/computational proxies of protocols from recent 
clinical trials: based on a gradostat protocol.



protocols
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Susceptible pathogen
A−resistant paghogen
B−resistant pathogen
AB−resistant pathogen
Commensal bacteria

Drug B Drug A

: each of 100 ‘states’ (the 
queue) is infected by SDR 
and MDR pathogens

therapy given until 
pathogens below 
threshold :

: a new state enters 
the simulation

spatially-explicit model, synergistic drugs



10 20 30 40 50 60
0

0.02

0.04

0.06

0.08

0.1

Patient−based Mean Length of Stay (days)

F
re

q
u
e
n
cy

Empirical treatment

 

 

8 10 12 14 16 18
0

0.05

0.1

0.15

0.2

F
re

q
u
e
n
cy

Hospital−based Mean Length of Stay (days)

 

 

Empirical
No treatment

6 8 10 12 14 16 18
0

0.05

0.1

0.15

0.2

Mean Length of Stay (days)

F
re

q
u
e
n
cy

Empirical treatment

 

 

Appropriate
Inappropriate

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0

20

40

60

80

100
Delayed Diagnosis−based Treatment

Time for susceptibility determination (days)

P
e

rc
e

n
ta

g
e

 (
%

)

 

 

Appropriate
Inappropriate

6 7 8 9 10 11 12
0

0.05

0.1

0.15

0.2

Mean Length of Stay (days)

F
re

q
u

e
n

cy

 

 
Dynamic Diagnosis−based Treatment
Surveillance−based Rotation
Random Sequential Treatment
Periodic Antibiotic Monitoring and Supervision
Empirical Treatment
Single−host combination

random empirical therapy is better than none:

the best treatment (for this queue) gives the most 
appropriate therapy ASAP:

spatially-explicit model, synergistic drugs

range of cycling
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some rotations 
are good, 
many are not:
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weak* convergence


