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Standard definition.

Radial function: py(¢) =sup{a: af € K}, for ¢ € S" 1.
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Radial function: py(¢) =sup{a: af € K}, for ¢ € S" 1.

Also pk (&) = ||§H;1 where ||£H;1 is a Minkowski functional, or, in convex
symmetric case, just a norm for which K is a unit ball.
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Standard definition.

Radial function: py(¢) =sup{a: af € K}, for ¢ € S" 1.

Also pk (&) = ||§H;1 where ||£H;1 is a Minkowski functional, or, in convex
symmetric case, just a norm for which K is a unit ball.

o K is a star body if pk(£) is positive and continuous function on §" 1.
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Standard definition.

Radial function: py(¢) =sup{a: af € K}, for ¢ € S" 1.

Also pk (&) = ||§H;1 where ||£H;1 is a Minkowski functional, or, in convex
symmetric case, just a norm for which K is a unit ball.

o K is a star body if pk(£) is positive and continuous function on §" 1.
° §L:{XGR":X-£:0}.
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Intersection Body

E. Lutwak: Intersection body, of a body K

IK
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E. Lutwak: Intersection body, of a body K
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R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.
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Intersection Body

E. Lutwak: Intersection body, of a body K

IK

K

R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.

Why do we need them?

Solution of Busemann-Petty problem. Definition of L_j. Very nice questions in
Harmonic Analysis & just for fun.
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Intersection Body

E. Lutwak: Intersection body, of a body K
K IK
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R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.
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Intersection Body

E. Lutwak: Intersection body, of a body K
K IK
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R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.

o KCR? symmetric, then IK is just a rotation of 2K by 7 /2.
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Intersection Body

E. Lutwak: Intersection body, of a body K
K IK
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R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.

o KCR? symmetric, then IK is just a rotation of 2K by 7 /2.
o BY ={xe€R":|x| <1}, then
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Intersection Body

E. Lutwak: Intersection body, of a body K
K IK
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R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.

o KCR? symmetric, then IK is just a rotation of 2K by 7 /2.
o By = {x €R":|x| <1}, then 1BS =Vol,_1(By 1)BS = cnBS.
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Intersection Body

E. Lutwak: Intersection body, of a body K
IK
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R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.

o KCR? symmetric, then IK is just a rotation of 2K by 7 /2.

o By = {x €R":|x| <1}, then 1BS =Vol,_1(By 1)BS = cnBS.

@ R. Gardner, A. Koldobsky, T. Schlumprecht: All convex symmetric bodies
are intersection bodies in R”, n < 4. NOT true for n > 5.
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Intersection Body

E. Lutwak: Intersection body, of a body K

IK

K
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R. Gardner, G. Zhang: More general definition: L is intersection body if it is
limit in radial metric of IK.

o KCR? symmetric, then IK is just a rotation of 2K by 7 /2.

o By = {x €R":|x| <1}, then 1BS =Vol,_1(By 1)BS = cnBS.

@ R. Gardner, A. Koldobsky, T. Schlumprecht: All convex symmetric bodies
are intersection bodies in R”, n < 4. NOT true for n > 5.

o A. Koldobsky: By - intersection body for p € (0,2]; NOT intersection
body for p>2, n>5.
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Connection to Spherical Radon Transform

P

Spherical coordinates in &

pik(€) =Volo_1(KNeh) =25 [ pl 1 (0)do = 21 Ro 1 (8).
Sn—lméL
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Connection to Spherical Radon Transform

Spherical coordinates in fL

pik(€) =Volo_1(KNeh) =25 [ pl 1 (0)do = 21 Ro 1 (8).
Sn—lmgL

y

Spherical Radon Transform:

RF(€) = / £(0)do

Sn—lméL

Many geometric questions about intersection bodies can be rewritten as
questions about R.
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Connection to Spherical Radon Transform

Spherical coordinates in §L

pik(€) =Volo_1(KNeh) =25 [ pl 1 (0)do = 21 Ro 1 (8).
sn—lﬂgL

y

Spherical Radon Transform:

RF(€) = / £(0)do

Sn—lméL

Many geometric questions about intersection bodies can be rewritten as
questions about R.

More general definition of Intersection Body (C*°-case).

A symmetric star body L is an intersection body if R_lpl_ > 0.
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Example: Local/Equatorial characterization.

Intersection Bodies: Fix ¢ € (0,1/10)

Consider body K such that for every u € S,_1 there exits an intersection body
Ku, which coincide with K on a e-neighborhood of u. Is it true that K must be

an intersection body itself?
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Example: Local/Equatorial characterization.

Intersection Bodies: Fix ¢ € (0,1/10)

Consider body K such that for every u € S,_1 there exits an intersection body
Ku, which coincide with K on a e-neighborhood of w. Is it true that K must be

an intersection body itself?

v

Radon Transform: Fix ¢ € (0,1/10)

Consider a symmetric function f on 5" such that for every u € S,_1 there
exits a function f,, which is equal to f on a e-neighborhood of u and
R™f, > 0. Is it true that R™f > 07 |
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Example: Local/Equatorial characterization.
Intersection Bodies: Fix ¢ € (0,1/10)

Consider body K such that for every u € S,_1 there exits an intersection body
Ku, which coincide with K on a e-neighborhood of u. Is it true that K must be
an intersection body itself?

v

Radon Transform: Fix ¢ € (0,1/10)

Consider a symmetric function f on S$"L such that for every u € S,,_1 there
exits a function f,, which is equal to f on a e-neighborhood of u and
R™f, > 0. Is it true that R~ > 0?

F. Nazarov, D. Ryabogin, A. Z., 2008:

e NO!
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Example: Local/Equatorial characterization.
Intersection Bodies: Fix ¢ € (0,1/10)

Consider body K such that for every u € S,_1 there exits an intersection body
Ku, which coincide with K on a e-neighborhood of u. Is it true that K must be
an intersection body itself?

v

Radon Transform: Fix ¢ € (0,1/10)

Consider a symmetric function f on S$"L such that for every u € S,,_1 there
exits a function f,, which is equal to f on a e-neighborhood of u and
R™f, > 0. Is it true that R~ > 0?

F. Nazarov, D. Ryabogin, A. Z., 2008:

e NO!

@ If we instead of regular neighborhoods around points would take
neighborhood around equators then YES for even n and NO for odd n!!!

y
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Example: Local/Equatorial characterization.
Intersection Bodies: Fix ¢ € (0,1/10)

Consider body K such that for every u € S,_1 there exits an intersection body
Ku, which coincide with K on a e-neighborhood of u. Is it true that K must be
an intersection body itself?

Radon Transform: Fix ¢ € (0,1/10)

Consider a symmetric function f on S$"L such that for every u € S,,_1 there
exits a function f,, which is equal to f on a e-neighborhood of u and
R™f, > 0. Is it true that R~ > 0?

F. Nazarov, D. Ryabogin, A. Z., 2008:

e NO!

@ If we instead of regular neighborhoods around points would take
neighborhood around equators then YES for even n and NO for odd n!!!

y

Original Dual problem for Zonoids: The same answer: Local - W. Weil; Local
equatorial: G. Panina; W. Weil and P. Goodey — even dimensions; F. Nazarov,
D. Ryabogin, A.Z. — odd dimensions.

v
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Intersection Body

E. Lutwak: Intersection body, of a body K

IK

Py(® :V"‘mp'M
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Intersection Body

E. Lutwak: Intersection body, of a body K
K

IK

Py(® :V"‘mp'M

Interesting facts:

o Take T € GL(n), then I(TK) = |det T|(T*)"1IK.
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Intersection Body

E. Lutwak: Intersection body, of a body K
K

IK
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Interesting facts:

o Take T € GL(n), then I(TK) = |det T|(T*)"1IK.
e E = TBj - Ellipsoid. Then IE is an Ellipsoid!
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Intersection Body

E. Lutwak: Intersection body, of a body K
K
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Interesting facts:

o Take T € GL(n), then I(TK) = |det T|(T*)"1IK.
e E = TBj - Ellipsoid. Then IE is an Ellipsoid!

Banach-Mazur distance: dgp(K,L) =inf{b/a:3T € GL(n): aK C TL C bK}.
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Intersection Body

E. Lutwak: Intersection body, of a body K
K

IK
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Interesting facts:

o Take T € GL(n), then I(TK) = |det T|(T*)"1IK.
e E = TBj - Ellipsoid. Then IE is an Ellipsoid!

Banach-Mazur distance: dgp(K,L) =inf{b/a:3T € GL(n): aK C TL C bK}.

L dBM(ITK,ITL) S dBM(IK,IL).
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Intersection Body

E. Lutwak: Intersection body, of a body K
K

IK
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Interesting facts:

o Take T € GL(n), then I(TK) = |det T|(T*)"1IK.
e E = TBj - Ellipsoid. Then IE is an Ellipsoid!

Banach-Mazur distance: dgp(K,L) =inf{b/a:3T € GL(n): aK C TL C bK}.

L dBM(ITK,ITL) S dBM(IK,IL).
° dpu(B3,1B3) =1.

Artem Zvavitch Some geometric properties of Intersection Body Operator.



Intersection Body

E. Lutwak: Intersection body, of a body K
K

IK
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Interesting facts:

o Take T € GL(n), then I(TK) = |det T|(T*)"1IK.
e E = TBj - Ellipsoid. Then IE is an Ellipsoid!

Banach-Mazur distance: dgp(K,L) =inf{b/a:3T € GL(n): aK C TL C bK}.

L dBM(ITK,ITL) S dBM(IK,IL).
° dpu(B3,1B3) =1.
4 dBM(E,IE): 1.
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Intersection Body

E. Lutwak: Intersection body, of a body K
K

IK

Py(® :vo\mﬂM

Interesting facts:

o Take T € GL(n), then I(TK) = |det T|(T*)"1IK.
e E = TBj - Ellipsoid. Then IE is an Ellipsoid!

Banach-Mazur distance: dgp(K,L) =inf{b/a:3T € GL(n): aK C TL C bK}.

dm(ITK,ITL) = dgp(IK, IL).
dem(B5,1B3) = 1.

dem(E,IE) =1.

dem(K,IK) =1, KC R?, K-symmetric.
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] dBM(E,IE) =1,
o dgm(K,IK) =1, K C R?, K-symmetric.
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] dBM(E,IE) =1,
o dgm(K,IK) =1, K C R?, K-symmetric.

Do there exists other fixed points (with respect to dgy) of I in R", n> 3?
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] dBM(E,IE) =1,
o dgm(K,IK) =1, K C R?, K-symmetric.

Do there exists other fixed points (with respect to dgy) of I in R", n> 3?

A. Fish, F. Nazarov, D. Ryabogin, A.Z.:

Consider a star body K C R", n > 3, is it true that

dBM(ImK,Bé’) — 1, as m — oo,

i.e. iterations of intersection body operator of a star body K will converge to
Bg in dBM?
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Dual story — Projection body (convex, sets only!)

Support function: h;(0) =sup{x-0, x € L}. J
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Dual story — Projection body (convex, sets only!)

Support function: h;(0) =sup{x-0, x € L}. J

ML — projection body of L:

hnL(8) = Vol,_1(L|6").
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Dual story — Projection body (convex, sets only!)

Support function: h;(0) =sup{x-0, x € L}. J

ML — projection body of L:

hnL(8) = Vol,_1(L|6").

o NBY = c,Bj.
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Dual story — Projection body (convex, sets only!)

Support function: h;(0) =sup{x-0, x € L}. J

ML — projection body of L:

hnL(8) = Vol,_1(L|6").

o NBY = c,Bj.

e MBS, =cpBL,, where B, =[-1,1]".

Fixed point is NOT unique! W. Weil (71) described polytopes that satisfy this
property. General case is still open. J
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Is it true that dgy(I™K,BS) — 1, as m — oo ?
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgp(K,B3) <1+en, we
get

dem(I™K,B5) — 1, as m — oo.
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get

dem(I™K,B5) — 1, as m — oo.

Remarks:
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get

dem(I™K,B5) — 1, as m — oo.

Remarks:

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get

dem(I™K,B5) — 1, as m — oo.

Remarks:

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.

@ Busemann theorem: If K-convex symmetric, then IK is convex symmetric.
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we

get
dem(I™K,B5) — 1, as m — oo.

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.

@ Busemann theorem: If K-convex symmetric, then IK is convex symmetric.

@ Even if K is convex symmetric, then dgy (K, B3) < +/n, which is very far
from ep.
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get
dem(I™K,B5) — 1, as m — oo.

Remarks:

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.

@ Busemann theorem: If K-convex symmetric, then IK is convex symmetric.

@ Even if K is convex symmetric, then dgy (K, B3) < +/n, which is very far
from ep.

o Convex, symmetric case: (D. Hensley theorem), using isotropic position
(+ ideas from K. Ball / J. Bourgain/V. Milman & A. Pajor):
dem(IK,B3) < C (i.e. independent of dimension).
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get

dem(I™K,B5) — 1, as m — oo.

Remarks:

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.

@ Busemann theorem: If K-convex symmetric, then IK is convex symmetric.

@ Even if K is convex symmetric, then dgy (K, B3) < +/n, which is very far
from ep.

o Convex, symmetric case: (D. Hensley theorem), using isotropic position
(+ ideas from K. Ball / J. Bourgain/V. Milman & A. Pajor):
dem(IK,B3) < C (i.e. independent of dimension). No idea how to use
the above VERY useful fact for this particular problem!!
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get

dem(I™K,B5) — 1, as m — oo.

Remarks:

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.

@ Busemann theorem: If K-convex symmetric, then IK is convex symmetric.

@ Even if K is convex symmetric, then dgy (K, B3) < +/n, which is very far
from ep.

o Convex, symmetric case: (D. Hensley theorem), using isotropic position
(+ ideas from K. Ball / J. Bourgain/V. Milman & A. Pajor):
dem(IK,B3) < C (i.e. independent of dimension). No idea how to use
the above VERY useful fact for this particular problem!!

e Big hope: dgy(IK,B5) < dgm(K,B3), for all K: dgy(K,B3) # 17
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get
dem(I™K,B5) — 1, as m — oo.

Remarks:

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.

@ Busemann theorem: If K-convex symmetric, then IK is convex symmetric.

@ Even if K is convex symmetric, then dgy (K, B3) < +/n, which is very far
from ep.

o Convex, symmetric case: (D. Hensley theorem), using isotropic position
(+ ideas from K. Ball / J. Bourgain/V. Milman & A. Pajor):
dem(IK,B3) < C (i.e. independent of dimension). No idea how to use
the above VERY useful fact for this particular problem!!

e Big hope: dgy(IK,B5) < dpm(K,B3), for all K: dgp(K,B3) #1?

@ Not known for convex symmetric case!
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Is it true that dgy(I™K,BS) — 1, as m — oo ?

A. Fish, F, Nazarov, D. Ryabogin, A.Z., (2009)

Jen > 0 such that VK C R” such that K-start body, dgy(K,B5) <1+¢en, we
get
dem(I™K,B5) — 1, as m — oo.

Remarks:

@ We do not assume convexity of K. Such an assumption will much simplify
the proofs.

@ Busemann theorem: If K-convex symmetric, then IK is convex symmetric.

@ Even if K is convex symmetric, then dgy (K, B3) < +/n, which is very far
from ep.

o Convex, symmetric case: (D. Hensley theorem), using isotropic position
(+ ideas from K. Ball / J. Bourgain/V. Milman & A. Pajor):
dem(IK,B3) < C (i.e. independent of dimension). No idea how to use
the above VERY useful fact for this particular problem!!

e Big hope: dgy(IK,B5) < dpm(K,B3), for all K: dgp(K,B3) #1?

@ Not known for convex symmetric case!

e (J. Kim, V. Yaskin, A.Z.) Wrong without assumption of convexity! there
is a star body (p-convex) K such that dgpy(IK, B3) >> dpm(K, BS).
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Main Idea: Spherical Radon Transform

Spherical Radon Transform:

RF(€) = / £(0)do

Sn—1ngt
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Main Idea: Spherical Radon Transform

Spherical Radon Transform:

RF(£) = £(0)do
Sn—llgL

1 .
Denote by R = WR, ie. R1=1.

Question: (n > 3)

Consider symmetric function f: S"~! — RY, such that f = Rf" 1, is it true
that then f =17
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Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
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Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
H,f the projection of f to Hy, so
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Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
H,'(r the projection of f to Hy, so
Fo S H

k>0

(Note: f-symmetric, we need only even k.)
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Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
H,'(r the projection of f to Hy, so

f > Hf
k>0

(Note: f-symmetric, we need only even k.)

Assume that n > 3. If H, € Hy, k-even, then
RHK(€) = v kHi(&), for all € € "7,

where v, o =1 and

Vink = (n—=1)(n+1)...(n+k—-3)°
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Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
H,'(r the projection of f to Hy, so

f > Hf
k>0

(Note: f-symmetric, we need only even k.)

Assume that n > 3. If H, € Hy, k-even, then
RHK(€) = v kHi(&), for all € € "7,

where v, o =1 and

Vink = (n—=1)(n+1)...(n+k—-3)°

Vho = ﬁ and Vn,k ~ k_n_2.

)
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Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
H,'(r the projection of f to Hy, so

f > Hf
k>0

(Note: f-symmetric, we need only even k.)

Assume that n > 3. If H, € Hy, k-even, then
RHK(€) = v kHi(&), for all € € "7,

where v, o =1 and

Vink = (n—=1)(n+1)...(n+k—-3)°

Vho = ﬁ and Vn,k ~ k_n_2.

)

o Rf =Rg, then f =g.
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Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
H,'(r the projection of f to Hy, so
Fo S H

k>0

(Note: f-symmetric, we need only even k.)

Assume that n > 3. If H, € Hy, k-even, then

RH(E) = vk Hi (€), for all € "1,

where v, o =1 and

Vink = (n—=1)(n+1)...(n+k—-3)°

Vho = ﬁ and Vn,k ~ k_n_2.

)

o Rf =Rg, then f =g.
@ Rf =f, then f=1

Artem Zvavitch Some geometric properties of Intersection Body Operator.




Main Idea: Spherical Radon Transform and Spherical Harmonics

H,— space of Spherical Harmonics of degree k.
H,'(r the projection of f to Hy, so

f > Hf
k>0

(Note: f-symmetric, we need only even k.)

Assume that n > 3. If H, € Hy, k-even, then
RHK(€) = v kHi(&), for all € € "7,

where v, o =1 and

Vink = (n—=1)(n+1)...(n+k—-3)°

Vho = ﬁ and Vn,k ~ k_n_2.

)

o Rf =Rg, then f =g.
o Rf =f, then f =1 (o.k. f = const).




THE MAIN PROBLEM:

fNZH}::>

k>0
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THE MAIN PROBLEM:

fNZH}::>

k>0

=l o 7777
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THE MAIN PROBLEM:

fNZH}::>

k>0
=l o 7777

Formulas Exists: Clebsch—Gordan coefficients — but they are hard, not clear
(to me!) how to use for this problem.
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Los norm, fs"—l ¢=0.

Artem Zvavitch Some geometric properties of Intersection Body Operator.



Back to our result: f~1

f =1+ ¢, where ¢ is even with small Los norm, fs"—l ¢=0.
RFP™L =14 (n—1)Ré+RO(4?)
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

Problems:

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Loo game.
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

Problems:

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Loo game.

2) The crucial step is to show that

[(n—1)Rel[L, < Al|¢l|L,, for some A < 1.
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

Problems:

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Loo game.

2) The crucial step is to show that

[(n—1)Rel[L, < Al|¢l|L,, for some A < 1.

Indeed, then [ Ré2||1, < [[9]L.. [9llL, ( do not forget Rz, z, < 1).

Artem Zvavitch Some geometric properties of Intersection Body Operator.



Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

Problems:

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Loo game.

2) The crucial step is to show that

[(n—1)Rel[L, < Al|¢l|L,, for some A < 1.

Indeed, then H’Rq52||L2 <|ollel1@llL, ( do not forget ||R|1,—r, <1). Write

¢~ZH§<
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

Problems:

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Loo game.

2) The crucial step is to show that

[(n—1)Rel[L, < Al|¢l|L,, for some A < 1.

Indeed, then H’Rq52||L2 <|ollel1@llL, ( do not forget ||R|1,—r, <1). Write

¢~ Hj  then  (n—1)Rg~ > (n—1)vp2xHy,.
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

Problems:

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Loo game.

2) The crucial step is to show that

[(n—1)Rel[L, < Al|¢l|L,, for some A < 1.
Indeed, then H’Rq52||L2 <|ollel1@llL, ( do not forget ||R|1,—r, <1). Write
¢~ Hj  then  (n—1)Rg~ > (n—1)vp2xHy,.

If (n—1)vp ok are small then we are DONE! Unfortunately this is NOT the
case (n—1)vy2 =1 (but (n—1)v, 2k < 3/4 for all k> 1).
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

Problems:

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Loo game.

2) The crucial step is to show that

[(n—1)Rel[L, < Al|¢l|L,, for some A < 1.
Indeed, then H’Rq52||L2 <|ollel1@llL, ( do not forget ||R|1,—r, <1). Write
¢~ Hj  then  (n—1)Rg~ > (n—1)vp2xHy,.

If (n—1)vp ok are small then we are DONE! Unfortunately this is NOT the
case (n—1)vy2 =1 (but (n—1)v, 2k < 3/4 for all k> 1).
Thus we need to KILL HY.
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Back to our result: f~1

f =1+ ¢, where ¢ is even with small Lo, norm, fs"—l ¢ =0.
R =14 (n—1)Ro+RO(¢?)
So our main goal is to show that (n—1)R¢+RO(¢?) is "very small".

1) Working with Spherical Harmonics we need to talk about Ly norm! If we
assume convexity, then those are "almost" equivalent. Much more work
required to "prepare" the function to be ready for the Ly, Lo game.

2) The crucial step is to show that

[(n=1)RellL, < AlSlL,, for some A < 1.

Indeed, then R |1, < 6. [ 6llL, ( do not forget [ R, 1, < 1). Write
b~ Zij then (n—1)R¢ ~ Z(n—l)v,hnggk.

If (n—1)vp 2k are small then we are DONE! Unfortunately this is NOT the

case (n—1)vp2 =1 (but (n—1)v, 24 < 3/4 for all k> 1).

Thus we need to KILL Hg). HOW ? Main idea — in the end of the day, Hg’ is

just quadratic polynomial make it constant on Sl using linear
transformation. YES, "like" isotropic position, BUT in Fourier coordinates.
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Linear Transform T € GL(n) applied to function f on S"~1

pr@ = I TelR = || 5| 177 = on (15 ) 1761
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Linear Transform T € GL(n) applied to function f on S"~1

pr-l® = 1Tl = || | 176 = o (7R ) 171

It is logical to define Tf(&) = f( ) | T¢I~ L

IT¢l
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Linear Transform T € GL(n) applied to function f on S"~!

pr-(© =1 Telli = || Ty H T¢I~ = px (lm) ITe| !
It is logical to define Tf(§) = f(\TE\) |T§|

Classes Us of bounded functions on "~ 1:

Ifllze, is a least constant M:
° Ifll, <M

o For all k € N, there exists polynomial p, of degree k so that
I = piclle, < Mk™“.

F €U if |[Flly, < oo.
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Linear Transform T € GL(n) applied to function f on S"~1

pr@ = ITel = || || 1e= = o (175 17

It is logical to define Tf (&) =f (%) |T§|71-

Classes Us of bounded functions on "~ 1:

Ifllze, is a least constant M:
° Ifll, <M

o For all k € N, there exists polynomial p, of degree k so that
”f_pkHLz < Mk=<.

F €U if |[Flly, < oo.

Theorem (U is very good for us!)

o If f,g €Ua, then fg € Un and [|fglly, < ClIfllur, lI8lles., -

o’
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Linear Transform T € GL(n) applied to function f on S"~1

pr@ = ITel = || || 1e= = o (175 17

It is logical to define Tf (&) =f (%) |T§|71-

Classes Us of bounded functions on "~ 1:

Ifllze, is a least constant M:
° Ifll, <M

o For all k € N, there exists polynomial p, of degree k so that
”f_pkHLz < Mk=<.

F €U if |[Flly, < oo.

Theorem (U is very good for us!)

o If f,g €Ua, then fg € Un and [|fglly, < ClIfllur, lI8lles., -

o Let T € GL(n) with || T||,|| T~ Y| <2. Then if, f € Uq, we have
Tf €Uy 1/ and || Tflly,_, , < Cipallfllu, -

o’
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Linear Transform T € GL(n) applied to function f on S"~1

pr@ = ITel = || || 1e= = o (175 17

It is logical to define Tf (&) =f (%) |T§|71-

Classes Us of bounded functions on "~ 1:

Ifllze, is a least constant M:
° Ifll, <M

o For all k € N, there exists polynomial p, of degree k so that
”f_pkHLz < Mk=<.

F €U if |[Flly, < oo.

Theorem (U is very good for us!)

o If f,g €Ua, then fg € Un and [|fglly, < ClIfllur, lI8lles., -

o Let T € GL(n) with || T||,|| T~ Y| <2. Then if, f € Uq, we have
Tf €Uy 1/ and || Tflly,_, , < Cipallfllu, -

o If f € U, then Rf €Unrn_2 and |RF|ui,,,_» < ClIFlles,.

a4

o’

Artem Zvavitch Some geometric properties of Intersection Body Operator.



Make prx i smooth!

O If f,g € Ua, then fg € Ua and |fgllu, < ClIfllus, I8l -
@ If f €Ua, then Rf €Uy in o and |RF|luq,., < CllF -
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Make prx i smooth!

O If f,g € Ua, then fg € Ua and |fgllu, < ClIfllus, I8l -
@ If f €Ua, then Rf €Uy in o and |RF|luq,., < CllF -

© Let 8> . Then for every § > 0, there exists C = C, g 5, such that
fllet, < ClIfllee + 0l Fllzs, -

Fix 8>a>0. Let f =1+, [[¢|1e <e<1/2.
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Make prx i smooth!

Q If f,g € Ua, then fg € Ua and ||fgllu, < Cl|fllus, I8l -
Q If f €Ua, then Rf € Upi+n—2 and ||RF|y, < C|lfllu..-

at+n—2 —
© Let 8> . Then for every § > 0, there exists C = C, g 5, such that
fllet, < ClIfllee + 0l Fllzs, -

Fix 8>a>0. Let f =1+, ||<p\|Loc<E<1/2
Define fk fb—f fk+1 Rf -
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Make prx i smooth!

Q If f,g € Ua, then fg € Ua and ||fgllu, < Cl|fllus, I8l -
Q If f €Ua, then Rf € Upi+n—2 and ||RF|y, < C|lfllu..-

at+n—2 —
© Let 8> . Then for every § > 0, there exists C = C, g 5, such that
fllet, < ClIfllee + 0l Fllzs, -

Fix 8>a>0. Let f =1+, ||<p\|Loc <e<1/2.
Define fk fb =f, fk+1 fn_
Using (1) and (2): fx €Ug for sufficiently large k and [|fi|lzs, < C(k). Note

1—e) V' < < @ 4e)n V",
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Make prx i smooth!

Q If f,g € Ua, then fg € Ua and ||fgllu, < Cl|fllus, I8l -
Q If f €Ua, then Rf € Upi+n—2 and ||RF|y, < C|lfllu..-

at+n—2 —
© Let 8> . Then for every § > 0, there exists C = C, g 5, such that
fllet, < ClIfllee + 0l Fllzs, -

Fix 8>a>0. Let f =1+, ||<p\|Loc <e<1/2.
Define fk fb =f, fk+1 fn_
Using (1) and (2): fx €Ug for sufficiently large k and [|fi|lzs, < C(k). Note

1—e) V' < < @ 4e)n V",

Let y= [fi. If e >0 is sufficiently small, then |x— 1| is small and
p e =1+ where [¢ =0 and [|¢)||; is small. Note that

1llegs <141 HIfillgy < C'(K),

by (3), |¥]|zs,, is also small (W’HL{g < C(k) and ||?¥]|sc — 0 as e — 0).
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Make prx i smooth!

Q If f,g € Ua, then fg € Ua and ||fgllu, < Cl|fllus, I8l -
Q If f €Ua, then Rf € Upi+n—2 and ||RF|y, < C|lfllu..-

at+n—2 —
© Let 8> . Then for every § > 0, there exists C = C, g 5, such that
fllet, < ClIfllee + 0l Fllzs, -

Fix 8>a>0. Let f =1+, ||<p\|Loo <e<1/2.
Define fk fb =f, fk+1 fn_
Using (1) and (2): fx €Ug for sufficiently large k and [|fi|lzs, < C(k). Note

1—e) V' < < @ 4e)n V",

Let y= [fi. If e >0 is sufficiently small, then |x— 1| is small and
p e =1+ where [¢ =0 and [|¢)||; is small. Note that

1llegs <141 HIfillgy < C'(K),

by (3), 1%l is also small (|[s]|yy, < C(k) and [|¥]| i~ — 0 as € — 0).
Applying this to the function pyk, we conclude that if K is sufficiently close to
Bn, then, after proper normalization, ppkc can be written as 1+ ¢ with |[¢]|z,
as small as we want,
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