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x

z

IE1I(x ∈ vX (K )) =

IE
∑

z∈X∩K

1I(x ∈ vX (z))



Poisson-Voronoi approximation: mean values
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IE1I(x ∈ vX (K )) =

λ
∫
K

IP(x ∈ vX (z))dz



Poisson-Voronoi approximation: mean values
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IE1I(x ∈ vX (K )) =

λ
∫
K

e−λκd‖z−x‖d dz



Poisson-Voronoi approximation: mean values
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IEV (x ∈ vX (K )) =

λ
∫

IRd\K

∫
K

e−λκd‖z−x‖d dz dx



Poisson-Voronoi approximation: mean values
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IEV (PVλ4K ) =

2λ
∫

IRd\K

∫
K

e−λκd‖z−x‖d dz dx



Poisson-Voronoi approximation: covariogram

IEV (PVλ4K ) = 2λ

∫
IRd\K

∫
K

e−λκd‖z−x‖d dz dx

K ∈ Kd :

IEV (PVλ4K ) = cdλ
− 1

d S(K ) (1 + O(λ−
1
d ))



Poisson-Voronoi approximation: covariogram

IEV (PVλ4K ) = 2λ

∫
IRd

e−λκd‖t‖d
∫

IRd

1I(x ∈ (K + t) ∩ K c) dx dt

K ∈ Kd :

IEV (PVλ4K ) = cdλ
− 1

d S(K ) (1 + O(λ−
1
d ))



Poisson-Voronoi approximation: covariogram

IEV (PVλ4K ) = 2λ

∫
IRd

e−λκd‖t‖d Vd((K + t) ∩ K c) dt

K ∈ Kd :

IEV (PVλ4K ) = cdλ
− 1

d S(K ) (1 + O(λ−
1
d ))



Poisson-Voronoi approximation: covariogram

IEV (PVλ4K ) = 2λ

∫
IRd

e−λκd‖t‖d Vd((K + t) ∩ K c)︸ ︷︷ ︸
Vd (K)−Vd ((K+t)∩K))

dt

K ∈ Kd :

IEV (PVλ4K ) = cdλ
− 1

d S(K ) (1 + O(λ−
1
d ))



Poisson-Voronoi approximation: covariogram

IEV (PVλ4K ) = 2λ

∫
IRd

e−λκd‖t‖d (gK (0)− gK (t)) dt

K ∈ Kd :

IEV (PVλ4K ) = cdλ
− 1

d S(K ) (1 + O(λ−
1
d ))



Poisson-Voronoi approximation: covariogram

IEV (PVλ4K ) = 2λ

∫
IRd

e−λκd‖t‖d (gK (0)− gK (t)) dt

K ∈ Kd :

IEV (PVλ4K ) = cdλ
− 1

d S(K ) (1 + O(λ−
1
d ))



Poisson-Voronoi approximation: mean values

K ∈ Kd :

IEV (PVλ) = V (K )

IEV (PVλ4K ) = cdλ
− 1

d S(K ) (1 + O(λ−
1
d ))

. . . . . . higher moments, ... ?



Wiener-Ito chaos expansion

f = f (X ), X Poisson point process in IRd with intensity λ

f (X )− IEf (X ) =
∑∞

n=1 In(fn) . . . Wiener-Ito chaos expansion

IE(In(fn)) = 0

IE(In(fn)Ij(fj)) = 0 for n 6= j

IEf (X )2 = (IEf (X ))2 +
∑∞

1 n!IEIn(fn)2

=⇒ variance estimates, CLT, deviation inequalities, ... ?
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Wiener-Ito chaos expansion

The kernel fn:

Dy f (X ) = f (X ∪ {y})− f (X ) . . . difference operator Dy

f1 = f1(y1) = IEDy1f (X )

Dn
y1,...,yn

f (X ) = DynD
n−1
y1,...,yn−1

f (X )

fn = fn(y1, . . . , yn) = 1
n!

IEDn
y1,...,yn

f (X )
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Wiener-Ito chaos expansion

The (multiple) Wiener-Ito integral of fn(y1, . . . , yn):

I1(f1) (X ) =
∑
y1∈X

f1(y1)− IE
∑
y1∈X

f1(y1)

In(fn) (X ) = ′′I1In−1(fn(y1, . . . , yn))′′

isometry:

IE
[
In(fn) (X )

]2
= ‖fn‖2
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Variance inequalities

IEf (X )2 = (IEf (X ))2 +
∞∑
1

n!IEIn(fn)2

Poincaré inequality

VVf (X ) ≤ λ

∫
IRd

IE(Dy f (X ))2 dy
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Variance inequalities

VVf (X ) =
∑

n!IEIn(fn)2 =
∞∑
1

n!‖fn‖2

jackknife inequality

VVf (X ) ≤ IE
∑
x∈X

(f (X )− f (X\{x}))2

Nualart and Vives, Heveling and Reitzner, Last and Penrose, . . .

exchange inequality

VVf (X ) ≥ IE
∑
x∈X

(f (X )− f (X\{x}))(f (Y )− f (Y ∪ {x}))



Poisson-Voronoi approximation: variance

K ∈ Kd :

cdλ
−1− 1

d S(K ) ≤ VVV (PVλ) ≤ cdλ
−1− 1

d S(K )

cdλ
−1− 1

d S(K ) ≤ VVV (PVλ4K ) ≤ cdλ
−1− 1

d S(K )

Heveling, Reitzner and Schulte

. . . work in progress


