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Notation

Piap : the class of all probability measures in R" which are absolutely
continuous with respect to the Lebesgue measure.

t in Py is called log-concave if for any Borel sets A, B and any A € (0, 1),
POAA + (1= N)B) = (A u(B)

1t € Py is called centered if for all § € S"~1, [L.(x,0)du(x) = 0.
Let K a convex body in R". Then du := 1kdx is log-concave.
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Notation

A direction § € S"~1 is subgaussian for ; with constant r > 0 if

15 0) |y, < rmy,

where my is the median of |(-,0)| with respect to y, and

11l = inf{t >0: /R" exp ((IF(x)1/t)?) du(x) < 2}.

Let K centered convex body in R”, |K| =1,
1
2, \? -1
o = ([ 1oeoPex)” o s
K
We say that K is isotropic if Zo(K) = LxBj.
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|
The Question

[Bourgain] If rk(6) = O(1) for all 6, then Lx = O(1).

Question: [V. Milman] is it true that every convex body K has at least
one “subgaussian” direction (with constant r = O(1))?

[Bobkov- Nazarov] Yes, if K is 1-uncoditional.

[Klartag] Yes, with r = log? n.

[G-P-P] Yes, with r = log n.

[G-P-V] Yes, with r = /log n.
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The result

Theorem (i) If K is a centered convex body of volume 1 in R”, then there
exists § € S"~1 such that

2

{x € K:[{x,0)] = cthz,(k)(0)}| < e Tel=D

for all t > 1, where ¢ > 0 is an absolute constant.

(ii) If p is a centered log-concave probability measure on R”, then there
exists # € S"1 such that

2

i({x €R" :[(x,0)] > ctB|(-,0)[}) < e BT

forall 1 <t < +/nlogn, where ¢ > 0 is an absolute constant.

G. Paouris (Texas A&M University) Subgaussian directions Fields Institute - 2010 5/17



|
The W,(K) body

Let K be a centered convex body of volume 1 in R” and p > 1. We define
the Z,(K) as the symmetric convex body with support function

h000) = ([ <x,9>\"dx)’1’ .

Also we define the Wy(K) as the symmetric convex body with support
function
hz,(x)(0)

h,(k)(0) = 122" —
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|
The W,(K) body

From the definitions, one has Z,(K) C /pV2(K) forall 1 < p < n. In
particular,
Z2(K) € V2W(K),
which implies that
L
Wa(K)[H" > e =

n
Conjecture: |V,(K)|Y/" < c’%.

Since Z;(K) is an ellipsoid contained in W5(K) with volume CLTg the
conjecture implies that W,(K) is a “bounded volume ratio” body.
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The W,(K) body

Theorem Let K be a centered convex body of volume 1 in R”. Then,

vl0ogn
oK) < chLK.

Note that Wy(K) = conv

Lpelt, n]}
and using the fact that Zpp,(

) ~ Z,(K), we may write

Z,(K
\Ilz(K):conv{p(),p:2k, kzl,...,log2n}.

NG

Known (P., L-Y-Z) : |Z,(K)[ < \fLKyZ K)|» > \[
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|
The W,(K) body

For any A, B, |A| < N(A, B)|B|.

Lemma

Let Aq,...,As be subsets of RBé‘. For every t > 0,

R\°
N(conv(A; U---U Ay), 2tBY) < (2) [T NA tBs).
i=1

“Regularity” of the covering numbers of Z,(K): (G-P-P)

an  cy/n/q
t

log N(Z4(K), t\/qLkB3) < —~ + N t>1
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Regularity of the covering numbers of Z,(K)

Proposition Let K be an isotropic convex body in R”, let 1 < g < n and
t > 1. Then,

)

n n n/q
log N (Zg(K), cit\/qLkB;) < c2§ +c3 ftf

where c1, ¢, c3 > 0 are absolute constants.
Corollary Let K be an isotropic convex body in R" and let 1 < g < n.
Define 8 > 1 by the equation g = n*/?. Let a := min{3,2}. Then,

n
N (Zy(K), c1t\/qLlx By) < exp (czt—a> ,

where c1, ¢, > 0 are absolute constants.
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-
Sudakov-type estimates

Let C C R" be a symmetric convex body. We define

W(C) = /5 ~he(6)do(0).

[Talagrand] Let v, be the n-dimensional Gaussian measure . Then, for any
s,t > 0 we have:

N(Bg, tC°) < /D[y, (sC*)] 2,

Let my such that v,(mi1C°) = % Also

m = h(ym, C°) = /R Il dn(x) = VAW(C).

nW(C)?
2

Then log N (B7,tC°) < c¢
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-
Sudakov-type estimates

Let 0 < p and let m, such that v,(m,C°) = 2. Also we write /_, and
W_,(C) for

B -1/p
Lo = olom O = ([ X dt0)

/5 hCP(G)dJ(9)>

Then (Markov's inequality) m, > /_,.
Assume that for some p and some o > 1 we have the following
“regularity” condition:

1
p

W_,(C) =

N\

I—p < al_pp.
Then, by applying the Paley-Zygmund inequality we get
lx s xl < 21_p) > 272P P8,
It follows that mapi0g(20) < 2/—p and I_p(vn, C°) = /nW_(C).
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-
Sudakov-type estimates

Corollary Let C be a symmetric convex body in R” and let 1 < p < n/2
be such that W_5,(C) ~ W_,(C). Then,

log N <C,c1\/n/pW,p(C)B£’) < ap,

where c¢1, ¢ > 0 are absolute constants.
Proof: Choose s := mp =~ /nW_,(C). Then

nW_,(C)?

aW_,(C)? 1
N(By,tK°) < e & [ya(sK°)] " <e ¢ ¢P.

Choose t = +/n/pW_,(C), then log N(BS,tK°) < cp. Then “duality of
entropy” (A-M-S). O
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Back to Z,(K)

Q-

Let —n < g < n, Ig(K) = ([, [x]|I3dx)7. Let g > 0, then (P.),

Ig(K) =~ \/ZWq(Zq(K)),

LK) = \[2W_o(Z4(K0)

Then
c1v/q < Won(Zg(K)) < W_g(Z4(K)) < c2/qLk-

G. Paouris (Texas A&M University) Subgaussian directions Fields Institute - 2010 14 /17



N —
Convolutions

Proposition Let K be an isotropic convex body in R”. There exists an
isotropic convex body Kj in R"” with the following properties:

QO Lk, Za.
@ o Z,(Ki) C 2W 4 /BBY C 37,(Ki) forall 1< p < n.

K
Wy (K
Q aVy(Ki) C ZL(K ) ¢ asVo(Ky).
The constants ¢;, i = 1,...,5 are absolute positive constants.
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Back to Z,(K)

Proposition Let K; be an isotropic convex body as before , let
1<g<n/2and1<t<+/n/q. Then,

n

log N (Zq(Kl), Clt\ﬁBé’) < C2t7'

Proof: For g < r < n, W_,(Z4(K)) ~ \/q. Then
log N <Zq(K1), \/7W,(Zq(K))B£> <r
Set t = /. O
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Back to W;,(K)

Let 2k = @. Let Vq = conv{z"\(/’gl),p:ﬂ,k: 1,...,k1}

and V; = conv{z"\(/gl),p =2 k=ky,...,log, n}.
Note that Wy(Ki) ~ conv { V1, Va}.

Then log N (V4,v/log nB}) < n and log N ( V5, loglog nBY) < n.
So, log N (lllg(Kl, c/log nBé’) < nand

g

log n

Wa(Ky)|7 < c

B

So,
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