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@ Define isoperimetric inequalities and recall role in
Asymptotic Geometric Analysis.

@ Recall connection to Sobolev and concentration
inequalities in general and in presence of convexity.

@ Survey tools for deducing, transferring and analyzing
stability of these inequalities in semi-convex setting.
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Isoperimetric Inequalities

(2, d, 1) - measure metric space; d - metric, n - Borel
probability measure.

Assume: Q C (M", g) Riemannian manifold, d induced
geodesic distance on M, u = h voly|q.
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Isoperimetric Inequalities

(2, d, u) - measure metric space; d - metric, i - Borel
probability measure.

Assume: Q C (M", g) Riemannian manifold, d induced
geodesic distance on M, ;o = h voly|q.

Isoperimetric Ings compare between ;(A) and p " (A)
Minkowski’s exterior boundary measure):
< ' (Q.d)

pt(A) = liminf_o LA-1(A)

A% = {x € Q;d(x,A) < e}.
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Isoperimetric Inequalities

(2, d, u) - measure metric space; d - metric, i - Borel
probability measure.

Assume: Q C (M", g) Riemannian manifold, d induced
geodesic distance on M, ;o = h voly|q.

Isoperimetric Ings compare between ;(A) and p " (A)
Minkowski’s exterior boundary measure):
< ' (Q.d)

pt(A) = liminf_o LA-1(A)

A% = {x € Q;d(x,A) < e}.

—
&

Isoperimetric profile: Z : [0,1] 5 v — inf{u*(A); u(A) = v}.
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Isoperimetric Inequalities

(2, d, u) - measure metric space; d - metric, i - Borel
probability measure.

Assume: Q C (M", g) Riemannian manifold, d induced
geodesic distance on M, ;o = h voly|q.

Isoperimetric Ings compare between ;(A) and p " (A)
Minkowski’s exterior boundary measure):
< ' (Q.d)

pt(A) = liminf_o LA-1(A)

A% = {x € Q;d(x,A) < e}.

—
&

Isoperimetric profile: Z : [0,1] 3 v — inf {u T (A); u(A) = v}.
Typically p*(A) = u™ (2 \ A), and so Z(1 — v) = Z(v).
Hence, we restrict to u(A) <1/2,and Z : [0,1/2] — R..
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Motivation from Asymptotic Geometric Analysis

Given K C R” convex bdd domain, consider (K, |-|, k).
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Motivation from Asymptotic Geometric Analysis

Given K C R” convex bdd domain, consider (K, |-|, k).

Tk ) (V) k(A
Dero(K) = “KmONT) g .
one(K) ver[RIP/z] v uK(fl\r)]§1/2 pk(A)
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Motivation from Asymptotic Geometric Analysis

Given K C R” convex bdd domain, consider (K, |-|, k).

Tk ) (V) k(A
Dero(K) = “KmONT) g .
one(K) ver[RIP/z] v uK(fl\r)]§1/2 pk(A)

Conjecture (Kannan—Lovasz—Simonovits 90’s): up to dim
independent universal constant, enough to only consider
half-spaces A = {(x,0) < a}.
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Motivation from Asymptotic Geometric Analysis

Given K C R” convex bdd domain, consider (K, |-|, k).

Tk, (A
Done(K) = min ZHmo() e 1ic(A)

velo,1/2] v pc(A)<1/2 pk(A)

Conjecture (Kannan—Lovasz—Simonovits 90’s): up to dim
independent universal constant, enough to only consider
half-spaces A = {(x,0) < a}.

KLS conjecture implies Thin-Shell and Slicing conjectures (Ball
05, Eldan-Klartag 10).
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Additional Motivation

Isoperimetric Ings = Sobolev Ings = Concentration Ings.
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Additional Motivation

Isoperimetric Ings = Sobolev Ings = Concentration Ings.
Concentration (large deviation) Ings:
Vr>0 YVACQ pA)>1/2 = wQ\AY) <K(r);
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Additional Motivation

Isoperimetric Ings = Sobolev Ings = Concentration Ings.
Concentration (large deviation) Ings:
Vr>0 VACQ p(A)>1/2 = u(Q\ A% <K(r);
[ Vr>0 Vi-Lip f p{x;f(x)—med,f>r} <K(r). ]
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Additional Motivation

Isoperimetric Ings = Sobolev Ings = Concentration Ings.
Concentration (large deviation) Ings:
Vr>0 YVACQ pA)>1/2 = wQ\AY) <K(r);
[ Vr>0 Vi-Lip f p{x;f(x)—med,f>r} <K(r). ]
Examples: (Cheeger, Maz'ya; Gromov-V. Milman; Ledoux, Beckner; Herbst)
Z(v) > Dv = |[[|[Vflll, > 2\/Var(f) = K(r) < exp(—cDr)

(Expanders, H", log-concave) (Poincaré, Spectral-Gap) (Exponential Conc)

Z(v) > Dvy/log1/v = |||Vf||l, > c1D\/Ent(f2) = K(r) < exp(—c.Dr?)

(Gauss Space) (log-Sobolev) (Gaussian Conc)

Var,,(f) := p(f?) — p(f)?  Ent,(9) := n(glog g) — u(9)n(log g).

Emanuel Milman Stability Properties of Isoperimetric Inequalities



Additional Motivation

Isoperimetric Ings = Sobolev Ings = Concentration Ings.
Concentration (large deviation) Ings:
Vr>0 VACQ p(A)>1/2 = u(Q\ A% <K(r);
[ Vr>0 Vi-Lip f p{x;f(x)—med,f>r} <K(r). ]

Examples: (Cheeger, Maz'ya; Gromov-V. Milman; Ledoux, Beckner; Herbst)
Z(v) > Dv = |[[|[Vflll, > 2\/Var(f) = K(r) < exp(—cDr)

(Expanders, H", log-concave) (Poincaré, Spectral-Gap) (Exponential Conc)

Z(v) > Dvy/log1/v = |||Vf||l, > c1D\/Ent(f2) = K(r) < exp(—c.Dr?)

(Gauss Space) (log-Sobolev) (Gaussian Conc)
Var,(f) := p(f?) — u(f)?  Ent,(g) := pu(glog g) — 1(g)u(log g).
Remark: reverse implications are in general false
due to bottlenecks in space (geometry of (Q2, d) or measure p).
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Additional Motivation

Isoperimetric Ings = Sobolev Ings = Concentration Ings.
Concentration (large deviation) Ings:
Vr>0 YVACQ pA)>1/2 = wQ\AY) <K(r);
[ Vr>0 Vi-Lip f p{x;f(x)—med,f>r} <K(r). ]
Examples: (Cheeger, Maz'ya; Gromov-V. Milman; Ledoux, Beckner; Herbst)
Z(v) > Dv = |[[|[Vflll, > 2\/Var(f) = K(r) < exp(—cDr)

(Expanders, H", log-concave) (Poincaré, Spectral-Gap) (Exponential Conc)

Z(v) > Dvy/log1/v = |||Vf||l, > c1D\/Ent(f2) = K(r) < exp(—c.Dr?)

(Gauss Space) (log-Sobolev) (Gaussian Conc)
Var,(f) := p(f?) — u(f)?  Ent,(g) := pu(glog g) — 1(g)u(log g).
Remark: reverse implications are in general false
due to bottlenecks in space (geometry of (Q2, d) or measure p).

In presence of convexity, all levels are equivalent: \/)\4\’ ~ Dcpe.
KLS conj < A)(K) essentially attained on linear functionals.
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Hierarchy Reversal in Presence of Convexity

Isoperimetric Ings = Sobolev Ings = Concentration Ings.
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Hierarchy Reversal in Presence of Convexity

Isoperimetric Ings = Sobolev Ings = Concentration Ings.

=
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Hierarchy Reversal in Presence of Convexity

Isoperimetric Ings = Sobolev Ings = Concentration Ings.

=

Setting: (M", g), d, @ C M convex, . = exp(—1)volulq.
Bakry—Emery Curvature-Dimension Condition:

Ricg + Hessgy > —rg , v > 0.

@ « =0 - “convex case" (e.g. (R",| - |, u) log-concave)
@ x > 0 - “semi-convex case" (e.g. double-well potentials).
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Hierarchy Reversal in Presence of Convexity

Isoperimetric Ings = Sobolev Ings = Concentration Ings.

=

Setting: (M", g), d, @ C M convex, . = exp(—1)volulq.
Bakry—Emery Curvature-Dimension Condition:

Ricg + Hessgy > —rg , v > 0.

@ « =0 - “convex case" (e.g. (R",| - |, u) log-concave)
@ x > 0 - “semi-convex case" (e.g. double-well potentials).

Dimension independent hierarchy reversal from:

@ Sobolev ings (Buser, Ledoux, Bakry—Ledoux, M.).
@ Concentration ings (M.).
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Ricy + Hessg > ' - Hierarchy Reversal

“weakest concentration implies linear isop. (hence exponential conc.)"
Thm (M. 08,09,10): If 3X € (0,1/2) 3ry > 0 so that:

VA u(A) > 1/2 = p(Q\ A7) < o
Then:
1—2)

I(v)> fo

v VYvel0,1/2].
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Ricy + Hessg > ' - Hierarchy Reversal

“weakest concentration implies linear isop. (hence exponential conc.)’
Thm (M. 08,09,10): If 3X € (0,1/2) 3ry > 0 so that:

VA u(A) > 1/2 = p(Q\ A7) < o
Then:
1—2)

I(v)> fo

v VYvel0,1/2].

“stronger than exp concentration implies stronger than linear isop."
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Ricy + Hessg > ' - Hierarchy Reversal

“weakest concentration implies linear isop. (hence exponential conc.)’
Thm (M. 08,09,10): If 3X € (0,1/2) 3ry > 0 so that:

VA u(A) > 1/2 = p(Q\ A7) < o
Then:
1—2)

I(v)> fo

v VYvel0,1/2].

“stronger than exp concentration implies stronger than linear isop."
Thm (M. 09):

log1/v

K(r) <exp(—a(r)) = Z(v)> min(cvm

,Cn) Yvelo,1/2].

Remarks: dim-independent constants.
concentration implies back “right” isoperimetric ing.
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Ricy + Hessgy > g - Hierarchy Reversal

“stronger than Gaussian conc. implies stronger than Gaussian isop."
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Ricy + Hessgy > g - Hierarchy Reversal

“stronger than Gaussian conc. implies stronger than Gaussian isop."

Thm (M. 09): Assume that the following growth condition is satisfied:
36 >1/2 3 >0 VYr>ry a(r) > dorr? .

Then:

log1/v

K(r) <exp(—a(r)) = Z(v)> min(c(;ovm

,Cax) Yve[0,1/2].
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Ricy + Hessgy > g - Hierarchy Reversal

“stronger than Gaussian conc. implies stronger than Gaussian isop."

Thm (M. 09): Assume that the following growth condition is satisfied:
36 >1/2 3 >0 VYr>ry a(r) > dorr? .

Then:

log1/v

K(r) <exp(—a(r)) = Z(v)> min(c(;ovm

,Cax) Yve[0,1/2].

Remark: growth condition is necessary even in 1-D case
(Chen-Wang 07 - 6o = 1/2 is a sharp threshold).
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Applications Overview

Isoperimetric Ings = Sobolev Ings = Concentration Ings.

=

Under Ricy + Hessgy) > —kg , k >0
additional growth condition if x > 0
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Applications Overview

Isoperimetric Ings = Sobolev Ings = Concentration Ings.

=

Under Ricy + Hessgy) > —kg , k >0
additional growth condition if x > 0

Recover all previous dim-dependent results:

@ Kannan-Lovasz—Simonovits, Wang, Bobkov, Barthe,
Barthe—Kolesnikov: [, exp(8(d(x,xo)))du(x) < oo
= K(r) < Markov

@ Bérard, Besson, Gallot, Li, Yau, ...: diameter(Q) < D
= K(r)=0 Vr>D.

@ Generalize everything to Riemannian setting.

@ Some generalizations require CAT()\) property.
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Applications Overview

Isoperimetric Ings = Sobolev Ings = Concentration Ings.

=

Under Ricy + Hessgy) > —kg , k>0
additional growth condition if k > 0

@ Example: known concentration on By (Schechtman—Zinn 00)
implies right isoperimetric inequality (Sodin 06).

@ Other: tightening weak ings, equivalence of Transport-Entropy
ings, tensorizing concentration ings, etc...

@ This talk: stability of isoperimetric and Sobolev ings under
measure perturbation:

e x = 0 - stability of Dgpe or A w.r.t. dry, Wi, H(pz|u1)-
e Generalings - w.r.t. ||d“2||Loc, Ww1
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Applications Overview
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=

Under Ricy + Hessgy) > —kg , k>0
additional growth condition if k > 0

@ Example: known concentration on By (Schechtman—Zinn 00)
implies right isoperimetric inequality (Sodin 06).
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Stability of ' w.r.t. dry, H(pz|p1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
Thm 1 (M. 08)

d d
If: drv(p, p12) /ﬂ—% adx<1-e<1

Then: LVarm(f)g/Nf\zdm N CELVar#Z(f)§/|Vf|2du2.
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Stability of ' w.r.t. dry, H(pz|p1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
Thm 1 (M. 08)

d d
If: dTV,u1,,lL2 /ﬂ—% adx<1-e<1

Then: LVarm(f)g/Nf\zdm N CELVar#Z(f)§/|Vf|2du2.

Thm 2 (M. 09)
If: H(pzlp1) == Ent, (du2 /I 9( Mz)du2<H<oo

Then: LVarm(f)§/|Vf|2du1 N CHLVarM(f)§/|Vf| dpiz .
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Stability of ' w.r.t. dry, H(pz|p1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
Thm 1 (M. 08)

d d
If: dTV,u1,,lL2 /ﬂ—% adx<1-e<1

Then: LVarm(f)g/Nf\zdm N CELVar#Z(f)§/|Vf|2du2.

Thm 2 (M. 09)
If: H(pzlp1) == Ent, (du2 /I 9( Mz)du2<H<oo

Then: LVarm(f)§/|Vf|2du1 N CHLVarM(f)§/|Vf| dpiz .

@ Dependence on ¢, H is essentially best possible.
@ Completely false without convexity assumption.
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Stability of ' w.r.t. dry, H(pz|p1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
Thm 1 (M. 08)

It dr(u, pe) : /%—d—’f dx <1—c<1

Then: LVarm(f)g/Wf\zdm = cELVarM(f)g/wﬂzdug.
Thm 2 (M. 09) )

: — Az, _ a2

I Hlelu) = Enty,(52) = [ 100(G )i < H < o0

Then: LVarm(f)§/|Vf|2du1 N CHLVarHZ(f)§/|Vf|2du2.

@ Convex volume perturbations of Bj have bounded AY'.

@ Analyze )\QV(K) under symmetry assumptions (Klartag 08,
Barthe—Cordero-Erausquin 10).

@ Analyze A\Y(7gK) of lower-dim marginals of K (Fleury 08).
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Stability of  w.r.t. drv, H(u2|i1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
Thm 1 (M. 08)

It dr(u, pe) : /%—d—’f dx <1—c<1

Then: LVarm(f)g/Wf\zdm = CELVarM(f)g/Wdeug.
Thm 2 (M. 09) )

. . duz _ H2

I Hpelp) = Ent, (52) = / 00(52)dz < H < o0

Then: LVarm(f)§/|Vf|2du1 N CHLVarHZ(f)§/|Vf|2du2.

@ Convex volume perturbations of Bj have bounded AY'.

@ Analyze A\Y(K) under symmetry assumptions (Klartag 08,
Barthe—Cordero-Erausquin 10).

@ Analyze A\Y(7gK) of lower-dim marginals of K (Fleury 08).
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Stability of ' w.r.t. dry, H(pz|p1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
Thm 1 (M. 08)

It dr(u, pe) : /%—d—’f dx <1—c<1

Then: LVarm(f)g/Wf\zdm = cELVarM(f)g/wﬂzdug.
Thm 2 (M. 09) )

: — Az, _ a2

I Hlelu) = Enty,(52) = [ 100(G )i < H < o0

Then: LVarm(f)§/|Vf|2du1 N CHLVarHZ(f)§/|Vf|2du2.

@ Convex volume perturbations of Bj have bounded AY'.

@ Analyze )\QV(K) under symmetry assumptions (Klartag 08,
Barthe—Cordero-Erausquin 10).

@ Analyze \N(7eK) of lower-dim marginals of K (Fleury 08).
1
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Stability of ' w.r.t. dry, H(pz|p1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
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Stability of ' w.r.t. dry, H(pz|p1)

Let uj = exp(—Vi)dx, V; convex, on (R”,|-|),i=1,2.
Thm 1 (M. 08)

It dr(u, pe) : /%—d—’f dx <1—c<1

Then: LVarm(f)g/Wf\zdm = CELVarM(f)g/Wdeug.
Thm 2 (M. 09) )

: — Az, _ a2

I Hlelu) = Enty,(52) = [ 100(G )i < H < o0

Then: LVarm(f)§/|Vf|2du1 N CHLVarHZ(f)§/|Vf|2du2.

@ Convex volume perturbations of Bj have bounded AY'.

@ Analyze )\QV(K) under symmetry assumptions (Klartag 08,
Barthe—Cordero-Erausquin 10).

@ Analyze A\Y(7gK) of lower-dim marginals of K (Fleury 08).
Drawback: what if 111, u2 have disjoint supports?
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Stability of  w.r.t. W,

Thm 3 (M. 09): Let u; = exp(— V;)dx, V> convex, on (R, |- ).

If: W, ([1,1,‘LL2 inf /lX — |d,LL1 ) < W< >
T (1)=H2

L
Then: LVarm(f)g/Wf\zdm N JWVarMZ(f)g/Wf\Zduz.
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Stability of  w.r.t. W,

Thm 3 (M. 09): Let u; = exp(— V;)dx, V> convex, on (R, |- ).

If: W(M‘],‘LLZ inf /|X* |dILL1( )S W< >
T(IM =H2

L
Then: LVarm(f)g/Wf\zdm = T Vana() /|Vf\2du2
Proof: let D, (1) be the best constant in:

VI Dpg(u) |f — med, ] < 11Vl -

Facts: Dy 1 = Dcpe, Do ~ ()\4\’)%, D1 -, measures weak concent.
Monge—Kantorovich-Rubinstein: VV1 (/H s ,ug) = Sup {f f(d;u — dug); f 1-L|p}
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Stability of  w.r.t. W,

Thm 3 (M. 09): Let u; = exp(— V;)dx, V> convex, on (R, |- ).

If: W(M‘],‘LLZ inf /|X* |dILL1( )S W< >
T(IM =H2

L
Then: LVarm(f)g/Wf\zdm = T Vana() /|Vf\2du2
Proof: let D, (1) be the best constant in:

v Dpg(u) |f — med,fl, (< 1Vll,p -

Facts: Dy 1 = Dcpe, Do ~ ()\4\’)%, D1 -, measures weak concent.

Monge—Kantorovich-Rubinstein: VV1 (/H s ,ug) = Sup {f f(d;u — dug); f 1-L|p}
v 1-Lip f:/|f—med#2f\du2 < /|f—medmf\du2

1

- /|f — med,, f| ((dpz — dpr) + djur) < Wa(un,pi2) + =
Dy (1)
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Stability of  w.r.t. W,

Thm 3 (M. 09): Let u; = exp(— V;)dx, V> convex, on (R, |- ).

If: W(M‘],‘LLZ inf /|X* |dILL1( )S W< >
T(IM =H2

L
Then: LVarm(f)g/Wf\zdm = T Vana() /|Vf\2du2
Proof: let D, (1) be the best constant in:

VI Dpg(u) |f — med, ] < 11Vl -

Facts: Dy 1 = Dcpe, Do ~ ()\4\’)%, D1 -, measures weak concent.
Monge—Kantorovich-Rubinstein: VV1 (/H s ,ug) = Sup {f f(d;u — dug); f 1-L|p}

v 1-Lip f:/|f—med#2f\du2 < /|f—medmf\du2

1
— /|f — med,, | (dyiz — dyir) + Ojur) < Wa(jer, iz) + =
1 27 D)
andso: —— < Wi(uq, + .
Dy oo (p2) — 1, p2) Do 5(111)
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Stability of  w.r.t. W,

Thm 3 (M. 09): Let u; = exp(— V;)dx, V> convex, on (R, |- ).

If: W(M‘],‘LLZ inf /|X* |dILL1( )S W< >
T(IM =H2

L
Then: LVarm(f)g/Wf\zdm = T Vana() /|Vf\2du2
Proof: let D, (1) be the best constant in:

VI Dpg(u) |f — med, ] < 11Vl -

Facts: Dy 1 = Dcpe, Do ~ ()\4\’)%, D1 -, measures weak concent.
Monge—Kantorovich-Rubinstein: VV1 (m s ,ug) = Sup {f f(d;u — dug); f 1-L|p}

v 1-Lip f:/|f—med#2f\du2 < /|f—medmf\du2

1
— /|f — med,, | (dyiz — dyir) + Ojur) < Wa(jer, iz) + =
1 27 D)
andso: —— < Wi(uq, + .
Dy oo (p2) — 1, p2) Do 5(111)

= Now use COﬂVGXity: D1)Oo(lu2) ~ D2)2(/,62) ~ D1,1 (/Ag). ]
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Stability of = w.r.t. Lipschitz Maps

Fact: “Lipschitz maps transfer isoperimetric inequalities".
It T2 (Q1,d1, 1) = (Q2, 02, p12), Tu(p1) = pz and || T, < L:

(T(x), T(y))
ol (va) .

Then Z(Qp, db, 1i2) > 1Z(Q, dy, 1)

T||,;, :=su
|| ||L/p X,p
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Stability of = w.r.t. Lipschitz Maps

Fact: “Lipschitz maps transfer isoperimetric inequalities".
It T2 (Q1,d1, 1) = (Q2, 02, p12), Tu(p1) = pz and || T, < L:

%(T(x), T(y))
di(x.y)

Then Z(Qp, db, 1i2) > 1Z(Q, dy, 1)

T||,;, :=su
|| ||L/p X,p

“On-average Lipschitz maps transfer Dgpe When x = 0.
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Stability of = w.r.t. Lipschitz Maps

Fact: “Lipschitz maps transfer isoperimetric inequalities".
It T2 (Q1,d1, 1) = (Q2, 02, p12), Tu(p1) = pz and || T, < L:

%(T(x), T(y))
di(x.y)

Then Z(Qp, db, 1i2) > 1Z(Q, dy, 1)

T||,;, :=su
|| ||L/p X,p

“On-average Lipschitz maps transfer Dgpe When x = 0.
Thm (M. 08): If (Q2, db, u2) is convex (k = 0), then:
c
> Dch
)2 T Ty ()i ()

i (T (x), T(¥))
10T (X) == llleXJp axy)

Q4,01 p11).

Dche(S22, do, pio
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Stability of = w.r.t. Lipschitz Maps

Fact: “Lipschitz maps transfer isoperimetric inequalities".
It T2 (Q1,d1, 1) = (Q2, 02, p12), Tu(p1) = pz and || T, < L:

(T(x), T(y))
ol (va) .

Then Z(Qp, db, 1i2) > 1Z(Q, dy, 1)

T||,;, :=su
|| ||L/p X,p

“On-average Lipschitz maps transfer Dgpe When x = 0.
Thm (M. 08): If (Q2, db, u2) is convex (k = 0), then:
c
> Dch
)2 T Ty ()i ()

— limsup 207, T(y))
1T |gp (X) := llleXJp aoy)

Q4,01 p11).

Dche(S22, do, pio

Applications: Barthe—Wolf, Fleury, Huet.
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Stability of log-Sobolev w.r.t. || ££|;~

Remark: results apply to general Sobolev and isoperimetric ings.
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Stability of log-Sobolev w.r.t. || ££|;~

Remark: results apply to general Sobolev and isoperimetric ings.
Let u; = exp(— Vi)dx probability measures on (R",|-|), i =1, 2.
Lemma (Holley—Stroock 87): Assume Vi +D, > Vo > V;—D_. Then:

L Ent,, (f2) < /|Vf|2dp1 = exp(—(D4+D_))L Ent,, (?) g/\Vf|2du2.
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Stability of log-Sobolev w.r.t. || ££|;~

Remark: results apply to general Sobolev and isoperimetric ings.
Let u; = exp(— Vi)dx probability measures on (R",|-|), i =1, 2.
Lemma (Holley—Stroock 87): Assume Vi +D, > Vo > V;—D_. Then:

L Ent,, (f2) < /|Vf|2dp1 = exp(—(D4+D_))L Ent,, (?) g/\Vf|2du2.

Thm (M. 09,10): Assume V, > Vi — D_ and HessV, > —xlId. Then:

3> 5 LEN,,(P) < /|Vf|2du1 — C(L,x, D_) Ent,, () < /|Vf|2du2.
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Stability of log-Sobolev w.r.t. || ££|;~

Remark: results apply to general Sobolev and isoperimetric ings.
Let u; = exp(— Vi)dx probability measures on (R",|-|), i =1, 2.
Lemma (Holley—Stroock 87): Assume Vi +D, > Vo > V;—D_. Then:

L Ent,, (f2) < /|Vf|2dp1 = exp(—(D4+D_))L Ent,, (?) g/\Vf|2du2.

Thm (M. 09,10): Assume V, > Vi — D_ and HessV, > —xlId. Then:

2
When x = 0, we may use C(L,0,D_) = Liz5-.

3> LEnt, (P) < /|Vf|2du1 — C(L,x, D_) Ent,, () < /|Vf|2du2.
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Stability of log-Sobolev w.r.t. || ££|;~

Remark: results apply to general Sobolev and isoperimetric ings.
Let u; = exp(— Vi)dx probability measures on (R",|-|), i =1, 2.
Lemma (Holley—Stroock 87): Assume Vi +D, > Vo > V;—D_. Then:

L Ent,, (%) < /|Vf|2dm = exp(—(D;+D_))L Ent,, (%) < / IVF2dps .
Thm (M. 09,10): Assume V, > Vi — D_ and HessV, > —xlId. Then:
2

When x = 0, we may use C(L,0,D_) = Liz5-.
Remark: false without assuming HessV, > —«xld.

3> LEnt, (P) < /|Vf|2du1 — C(L,x, D_) Ent,, () < /|Vf|2du2.
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Stability of log-Sobolev w.r.t. || ££|;~

Remark: results apply to general Sobolev and isoperimetric ings.
Let u; = exp(— Vi)dx probability measures on (R",|-|), i =1, 2.
Lemma (Holley—Stroock 87): Assume Vi +D, > Vo > V;—D_. Then:

L Ent,, (%) < /|Vf|2dm = exp(—(D;+D_))L Ent,, (%) < / IVF2dps .
Thm (M. 09,10): Assume V, > Vi — D_ and HessV, > —xlId. Then:

2

When x = 0, we may use C(L,0,D_) = Liz5-.

Remark: false without assuming HessV, > —«xld.

3> LEnt, (P) < /|Vf|2du1 — C(L,x, D_) Ent,, () < /|Vf|2du2.

Cor (M. 10): Assume u1 = exp(—V)dx, V convex. Let A C R” denote

a convex event, 11(A) = p, and set jip = 114 Then:

L Ent,,(f?) g/\vn?dug.

2 2 c
L Ent,, () < /\vn e )
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Stability of log-Sobolev w.r.t. || ££|;~

Remark: results apply to general Sobolev and isoperimetric ings.
Let u; = exp(— Vi)dx probability measures on (R",|-|), i =1, 2.
Lemma (Holley—Stroock 87): Assume Vi +D, > Vo > V;—D_. Then:

L Ent,, (f2) < /|Vf|2dp1 = exp(—(D4+D_))L Ent,, (?) g/\Vf|2du2.

Thm (M. 09,10): Assume V, > Vi — D_ and HessV, > —xlId. Then:

2
When x = 0, we may use C(L,0,D_) = Liz5-.
Remark: false without assuming HessV, > —«xld.
Cor (M. 10): Assume u1 = exp(—V)dx, V convex. Let A C R” denote

a convex event, 11(A) = p, and set jip = 114 Then:

L Ent,,(f?) g/\vn?dug.

3> LEnt, (P) < /|Vf|2du1 — C(L,x, D_) Ent,, () < /|Vf|2du2.

2 2 c
L Ent,, () < /\vn e )

Drawback: what if 11, uo have disjoint supports?
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The Wy, metric

Define “y¢ Lipschitz metric" on exponentially integrable prob.
measures:

W\U1 (,LL1 ) MZ) = Sup {

|log [ exp(f)dus — log [ exp(f)dusz|
1l Lip
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The Wy, metric

Define “y¢ Lipschitz metric" on exponentially integrable prob.
measures:

W\U1 (,LL1 ) MZ) = Sup {

|log [ exp(f)dus — log [ exp(f)dusz|
11l Ljp
Using f = eg and letting ¢ — 0:

dus — [ gd —
Wi (1, p2) = SUp{fg 'u||19||L,fg Mz} < Wy, (p1, p2)
ip
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The Wy, metric

Define “y¢ Lipschitz metric" on exponentially integrable prob.
measures:

W log [exp(f)dus —log [ exp(f)du
Wy, (1, p2) := sup{’ 9./ exp(f) M|1f||L- g J exp(f) 2\} ‘
io

Using f = eg and letting ¢ — 0:

dus — [ gd —
Wi (1, p2) = SUp{fg 'u||19||L,fg Mz} < Wy, (p1, p2)
ip

Wy, has some unclear relation to:

W\U1 (/'“71“2) = Inf ”T(X) - XH\U1 ui) 0 W‘](t) = eXp(t) -1.
To(u1)=nz (1)

*\(HU1)=—
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The Wy, metric

Define “y¢ Lipschitz metric" on exponentially integrable prob.
measures:

W log | exp(f)dus —log [ exp(f)d
Wy, (1, p2) := sup{’ 9./ exp(f) M|1f||L- g J exp(f) Mz\} ‘
ip

Using f = eg and letting ¢ — 0:

duq — d —
W1(u1,M2)=SUIO{fg m—Jg uz} < Wy, (p1, p2)

19lLjp

Wy, has some unclear relation to:

W\U1 (/'“71“2) = Inf ”T(X) - XH\U1 ui) 0 W‘](t) = eXp(t) -1.
To(u1)=nz (1)

«(11)=
Questions:
@ Is there some optimal transport interpretation ?

° W% (11, p2) ~ Wi(p1, pe) for log-concave measures p; ?
o Wy, (11, p2) =~ Wi(u1, p2) for log-concave measures i ?
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Stability of log-Sobolev w.r.t Wy,

— log [exp(f)dus — log [ exp(f)d
W, (111, p2) = sup{| g exp(f) MH1fH g J exp(f) uzl} .
Lip

Exercise: concentration ings are stable w.r.t. W%.
Idea of proof: formulate via Laplace transform:

L,,(\) :==sup {/exp(/\f)du; f 1-Lip with /fdu = 0} .
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Stability of log-Sobolev w.r.t Wy,

W log [ exp(f)dus — log [ exp(f)d
W, (111, p2) = sup{| g exp(f) MH1fH g J exp(f) uzl} .
Lip

Exercise: concentration ings are stable w.r.t. W%.
Idea of proof: formulate via Laplace transform:

L,,(\) :==sup {/exp(/\f)du; f 1-Lip with /fdu = 0} .

= Transfer resulting stability to isoperimetric / Sobolev level
(formulate here only for log-Sobolev).
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Stability of log-Sobolev w.r.t Wy,

W log [ exp(f)dus — log [ exp(f)d
W, (111, p2) = sup{| g exp(f) MH1fH g J exp(f) uzl} .
Lip

Exercise: concentration ings are stable w.r.t. W%.
Idea of proof: formulate via Laplace transform:

L,,(\) :==sup {/exp(/\f)du; f 1-Lip with /fdu = 0} .

= Transfer resulting stability to isoperimetric / Sobolev level
(formulate here only for log-Sobolev).

Let u; = exp(— Vi)dx probability measures on (R",|-|), i =1, 2.

Thm (M. 09): Assume VNV\I,1 (p1, p2) < W < oo and HessVo > —kld.
Then:

3L>g L Ent,, (%) < /|Vf|2du1 = C(L, s, W) Ent,,,(f?) S/\Vﬂzdug.

When x = 0, we may use C(L,0, W) = Liz{uz.
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