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Valuations

Z: K2 — (A, +) is a valuation if

ZKUL)+Z(KNL) =ZK+7ZL

whenever K, L, KU L € k7.
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Valuations

Z: K2 — (A, +) is a valuation if

ZKUL)+Z(KNL) =ZK+7ZL

whenever K, L, KU L € k7.

What valuations “behave nicely” with respect to the action of
the general linear group?
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Homogeneity, Co-, and Contravariance

Homogeneity

There exists g € R such that

ZOK)=XNZK,  A>0.
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Homogeneity, Co-, and Contravariance

Homogeneity

There exists g € R such that

ZOK)=XNZK,  A>0.

SL(n) Covariance

(oK)= Z K, ¢ € SL(n).
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Homogeneity, Co-, and Contravariance

Homogeneity

There exists g € R such that

ZOK)=XNZK,  A>0.

SL(n) Covariance

(oK)= Z K, ¢ € SL(n).

SL(n) Contravariance

Z(6K) = ¢t ZK, ¢ e SL(n).
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer ‘
(R", +) ‘ Moment vector ‘ Ludwig '02
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer ‘

(R",+) | Moment vector Ludwig '02
(E,+2) | Legendre & LYZ ellipsoid Ludwig '03
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R",+) | Moment vector Ludwig '02
(E,+2) | Legendre & LYZ ellipsoid Ludwig '03
(K2,4) | Projection & centroid body Ludwig '05
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R" +) | Moment vector Ludwig '02
(&, +2) Legendre & LYZ ellipsoid Ludwig '03
(K2, +) | Projection & centroid body Ludwig '05
(KK #) | Curvature image H. 10
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R" +) | Moment vector Ludwig '02
(&, +2) Legendre & LYZ ellipsoid Ludwig '03
(K2, +) | Projection & centroid body Ludwig '05
(KK #) | Curvature image H. 10

(87 F) | Intersection body Ludwig "06
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R" +) | Moment vector Ludwig '02
(&, +2) Legendre & LYZ ellipsoid Ludwig '03
(K2, +) | Projection & centroid body Ludwig '05
(KK #) | Curvature image H. 10

(87 F) | Intersection body Ludwig "06
(K3,+p) | Lp projection & centroid body | Ludwig '05
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R",+) | Moment vector Ludwig '02
(E,+2) | Legendre & LYZ ellipsoid Ludwig '03
(K2,4) | Projection & centroid body Ludwig '05
(K2, #) | Curvature image H. 10

(80, %) | Intersection body Ludwig '06
(K3,+p) | Lp projection & centroid body | Ludwig '05
(82, %,) | Lp intersection body H., Ludwig '06
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R",+) | Moment vector Ludwig '02
(E,+2) | Legendre & LYZ ellipsoid Ludwig '03
(K2,4) | Projection & centroid body Ludwig '05
(K2, #) | Curvature image H. 10

(80, %) | Intersection body Ludwig '06
(K3,+p) | Lp projection & centroid body | Ludwig '05
(82, %,) | Lp intersection body H., Ludwig '06
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R",+) | Moment vector Ludwig '02
(E,+2) | Legendre & LYZ ellipsoid Ludwig '03
(K2,4) | Projection & centroid body Ludwig '05
(K2, #) | Curvature image H. 10

(80, %) | Intersection body Ludwig '06
(K3,+p) | Lp projection & centroid body | Ludwig '05
(82, %,) | Lp intersection body H., Ludwig '06

O(n) covariant valuations

Alesker, Bernig, Hadwiger, Hug, Kiderlen, McMullen,
Schneider, F. Schuster, R. Schuster, Wannerer, ...
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R",+) | Moment vector Ludwig '02
(E,+2) | Legendre & LYZ ellipsoid Ludwig '03
(K2,4) | Projection & centroid body Ludwig '05
(K2, #) | Curvature image H. 10

(80, %) | Intersection body Ludwig '06
(K3,+p) | Lp projection & centroid body | Ludwig '05
(82, %,) | Lp intersection body H., Ludwig '06
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Known Classification Results

What valuations are SL(n) co- or contravariant and homogeneous?

(A +) ‘ Nontrivial Answer

(R",+) | Moment vector Ludwig '02
(E,+2) | Legendre & LYZ ellipsoid Ludwig '03
(K2,4) | Projection & centroid body Ludwig '05
(K2, #) | Curvature image H. 10

(80, %) | Intersection body Ludwig '06
(K3,+p) | Lp projection & centroid body | Ludwig '05
(82, %,) | Lp intersection body H., Ludwig '06

Are the homogeneity assumptions necessitated only by the
techniques used in the proofs?
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Minkowski valuations

Minkowski valuation

Z: K5 — (K2,+) is a Minkowski valuation if
ZIKUL)+Z(KNL)=ZK+ZL

whenever K, L, KU L € KJ.
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Minkowski valuations

Minkowski valuation

Z: K5 — (K2,+) is a Minkowski valuation if
ZIKUL)+Z(KNL)=ZK+ZL

whenever K, L, KU L € KJ.

Minkowski addition

K+L={x+y: xeK, yel}
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SL(n) covariant Minkowski valuations

Theorem (H., '10)

Z : K2 — (K%, +) is a continuous SL(n) covariant Minkowski valuation
<~

decy,...,c4 > 0 such that

ZK =aK+ a(—K)+ al K + al 1 (—K).
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SL(n) covariant Minkowski valuations

Theorem (H., '10)

Z : K2 — (K%, +) is a continuous SL(n) covariant Minkowski valuation
<~

decy,...,c4 > 0 such that

ZK =aK+ a(—K)+ al K + al 1 (—K).

Support function

hk(x) =max{x-y: y € K}, x € R,
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SL(n) covariant Minkowski valuations

Theorem (H., '10)

Z : K2 — (K%, +) is a continuous SL(n) covariant Minkowski valuation
<~

decy,...,c4 > 0 such that

ZK =aK+ a(—K)+ al K + al 1 (—K).

Asymmetric centroid body

hr, k(x) = /K(X'Y)+ dy,

where (x - y)4+ = max{x - y,0}.

Minkowski valuations intertwining the special linear group



SL(n) covariant Minkowski valuations

Theorem (H., '10)

Z : K2 — (K%, +) is a continuous SL(n) covariant Minkowski valuation
<~

decy,...,c4 > 0 such that

ZK =aK+ a(—K)+ al K + al 1 (—K).

@ The assumption o € Z K is not essential.
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SL(n) covariant Minkowski valuations

Theorem (H., '10)

Z : K2 — (K%, +) is a continuous SL(n) covariant Minkowski valuation
<~

decy,...,c4 > 0 such that

ZK =aK+ a(—K)+ al K + al 1 (—K).

@ The assumption o € Z K is not essential.
o It is false for Z : K" — (K2, +).
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SL(n) covariant Minkowski valuations

Theorem (H., '10)

Z : K2 — (K%, +) is a continuous SL(n) covariant Minkowski valuation
<~

decy,...,c4 > 0 such that

ZK =aK+ a(—K)+ al K + al 1 (—K).

@ The assumption o € Z K is not essential.
o It is false for Z : K" — (K2, +).

Counterexample

br() = [ x - y|dy
conv{o,K}\ K

Wannerer '10 classified all continuous, homogeneous, SL(n)
covariant valuations on K.
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SL(n) covariant Minkowski valuations

Theorem (H., '10)

Z : K2 — (K%, +) is a continuous SL(n) covariant Minkowski valuation
<~

decy,...,c4 > 0 such that

ZK =aK+ a(—K)+ al K + al 1 (—K).

@ The assumption o € Z K is not essential.
o It is false for Z : K" — (K2, +).

@ There exists a version without continuity assumptions for
Z:P— (K2, +).
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SL(n) contravariant Minkowski valuations

Theorem (H., '10)

Z: K2 — (K2,+) is a continuous SL(n) contravariant Minkowski valuation
<~

dc > 0 such that
ZK = cllK.
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SL(n) contravariant Minkowski valuations

Theorem (H., '10)

Z: K2 — (K2,+) is a continuous SL(n) contravariant Minkowski valuation
<~

dc > 0 such that
ZK = cllK.

Projection body

hnK(u) = VO|(I’(‘UJ')7 ue S"L
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SL(n) contravariant Minkowski valuations

Theorem (H., '10)

Z: K2 — (K2,+) is a continuous SL(n) contravariant Minkowski valuation
<~

dc > 0 such that
ZK = cllK.

@ The assumption o € Z K is not essential.
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SL(n) contravariant Minkowski valuations

Theorem (H., '10)

Z: K2 — (K2,+) is a continuous SL(n) contravariant Minkowski valuation
<~

dc > 0 such that
ZK = cllK.

@ The assumption o € Z K is not essential.
e It is false for Z : K" — (K2, +).
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SL(n) contravariant Minkowski valuations

Theorem (H., '10)

Z: K2 — (K2,+) is a continuous SL(n) contravariant Minkowski valuation
<~

dc > 0 such that
ZK = cllK.

@ The assumption o € Z K is not essential.
e It is false for Z : K" — (K2, +).

Counterexample

MoK = M(conv{o, K})

Schuster & Wannerer '10 classified all continuous, homogeneous,
SL(n) contravariant valuations on K".
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SL(n) contravariant Minkowski valuations

Theorem (H., '10)

Z: K2 — (K2,+) is a continuous SL(n) contravariant Minkowski valuation
<~

dc > 0 such that
ZK = cllK.

@ The assumption o € Z K is not essential.
e It is false for Z : K" — (K2, +).

@ There exists a version without continuity assumptions for
Z:P— (K2, +).
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Proof of the covariant case

Z : K2 — (K2, +) is a continuous SL(n) covariant Minkowski valuation
<~

dec1,...,ca > 0 such that

ZK =caK+ a(—K)+ al 1 K + al +(—K).
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Proof of the covariant case

Z : K2 — (K2, +) is a continuous SL(n) covariant Minkowski valuation
<~

dec1,...,ca > 0 such that

ZK =caK+ a(—K)+ al 1 K + al +(—K).

SL(n) covariance = Z K C linK
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Proof of the covariant case

Z : K2 — (K2, +) is a continuous SL(n) covariant Minkowski valuation
<~

dec1,...,ca > 0 such that

ZK =caK+ a(—K)+ al 1 K + al +(—K).

SL(n) covariance = Z K C linK

— Z[O, e1] = C1[0, el] + C2(_[O7 el])
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Proof of the covariant case

Z : K2 — (K2, +) is a continuous SL(n) covariant Minkowski valuation
<~

dec1,...,ca > 0 such that

ZK =caK+ a(—K)+ al 1 K + al +(—K).

SL(n) covariance = Z K C linK
= Z[o, e1] = cio, e1] + c2(—[o0, e1])

= (Induction) ZK =K+ c(—K) if dimK <n
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Proof of the covariant case

Z : K2 — (K2, +) is a continuous SL(n) covariant Minkowski valuation
<~

dec1,...,ca > 0 such that

ZK =caK+ a(—K)+ al 1 K + al +(—K).

It suffices to prove
hZ(sT) —ahst — ah_s7 = C3h|‘+(s7') + C4hr+(_s7-)

fors > 0and T =conv{o,e1,...,en}.

Minkowski valuations intertwining the special linear group



Proof of the covariant case

f(S,X) = hZ(sT)(X) — ClhsT(X) — CzhfsT(X)
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Proof of the covariant case

f(S,X) = hZ(sT)(X) — ClhsT(X) — CzhfsT(X)
Hy = (Mer—(1—Nex)t, Xe(0,1)
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Proof of the covariant case

f(S,X) = hZ(sT)(X) — ClhsT(X) — CzhfsT(X)
Hy = (Mer—(1—Nex)t, Xe(0,1)

(sT) N HyY = soaT
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Proof of the covariant case

f(S,X) = hZ(sT)(X) — ClhsT(X) — CzhfsT(X)
Hy = (Mer—(1—Nex)t, Xe(0,1)

(sT) N HyY = soaT
(ST) N H)\_ = 51/}/\7_
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Proof of the covariant case

f(s,x) = hysT)(x) — cthsT(x) — c2h_s7(x)
Hy = (Mer—(1—Nex)t, Xe(0,1)
(sT) N HyY = soaT
(ST) N H)\_ = 51/}/\7_
(sT) N Hy = soa(TNet)
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Proof of the covariant case

f(S,X) = hZ(sT)(X) — ClhsT(X) — CzhfsT(X)
Hy = (Mer—(1—Nex)t, Xe(0,1)

(sT) N H;r = soT
(ST) N H)\_ = 51/}/\7_
(sT)N Hy = sox(TnNep)

—  Z(sT)+ Z(sopA(T Net)) = Z(sprT) + Z(sxT).

Minkowski valuations intertwining the special linear group



Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).
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Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).
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Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).
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Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).

= g(s") = Ang(s"A) + (1 - A\)Trg(s"(1 - \)).

s= (x+y)% and A = x(x +y)~!
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Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).

= g(s") = Arg(s"\) + (1 - A)Tng(s"(1 - ).
s=(x+y)mand A = x(x +y)~!

—  (x+y) rgx+y)=x1g(x)+y rgly)
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Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).

= g(s") = Arg(s"\) + (1 - A)Tng(s"(1 - ).
s=(x+y)mand A = x(x +y)~!

—  (x+y) rgx+y)=x1g(x)+y rgly)

1

= g(s) =s""ng(1)
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Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).

= g(s") = ATrg(s"\) + (1 - \)Tg(s"(1 - A)).
s=(x+y)n and A = x(x + y)~

= (x+y) rglx+y)=xngx)+y rg(y)
= g(s)=s"rg(1)

= f(s,e3) = s"1f(1,e3)
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Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).

@ This homogeneity property is the key in the proof of

f(s,x) = ashr, sy (X)+ahr, (—sT)(x),  (s,x) € Rx(R*x{0}).

Minkowski valuations intertwining the special linear group



Proof of the covariant case

Critical functional equation

F(s,x) = A nf(sAn, ¢hx) + (1 — A)"nf(s(1 — A)7, ¥ix).

@ This homogeneity property is the key in the proof of

f(s,x) = ashr, sy (X)+ahr, (—sT)(x),  (s,x) € Rx(R*x{0}).

@ Two functions which satisfy the above functional equation and
are equal on R x (R? x {0}) coincide on R x R".
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