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Local theory of Banach spaces.
• Dvoretzky [’61]
Let X be a Banach space of infinite dimension,
∀n ∈ N,∀ε > 0, `n

2
1+ε
↪→ X.

• Milman [’71] ∀n, ∀ε ∈ (0, 1), `n
2

1+ε
↪→ `

c(ε)n
1 where

c(ε) ' C log(3/ε)/ε2.

• Kashin [’77] ∀n, ∀η > 0, `n
2

c(η)
↪→ `

n(1+η)
1 where

c(η) ' (c/η)a.

Proofs : random methods that can be described through
the use of Gaussian operators,

G = (gij) : `n
2 → `N

1 where gij ∼ N (0, 1).
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Main properties :
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α1, . . . , αn, ∑

αiθi ∼
(∑

|αi|p
)1/p

θ

2) If θ is p-stable then θ ∈ Lr for all r < p.

Consequence : `n
p

1
↪→ L1
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Definition of the random operator

Definition : (particular instance of a definition of Pisier
[’83])

T : `n
p → `N

1

α 7→ σp

N1/q

n∑
i=1

∑
j≥1

αi j−1/p Yij

Independence of the columns of the matrix T, but not of
all entries.

Theorem Let 1 < p < 2,

P
{
∀α ∈ Sn−1

p , c(p)1/η ≤ |Tα|1 ≤ C(p)
}
≥ 1− c exp(−c(p)n)
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Net argument

• Fix α ∈ Sn−1
p ,

P
{∣∣∣∣|Tα|1 − |α|p∣∣∣∣ ≥ t

}
≤ 2 exp(−bpNtq)

Note that |α|p = 1.
• It means

1− t ≤ |Tα|1 ≤ 1 + t

t = ε ∈ (0, 1), N = C(ε) n

N(Sn−1
p , ε| · |p) ≤ exp

(
n log

(
3
ε

))
• But ∀t > 0

|Tα|1 ≤ 1 + t

→ Concentration around the mean is useful for almost
isometric result and for upper bound of ‖T‖.
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Small ball

Theorem ∀η > 0 and integers N = (1 + η)n,

P
{
∃α ∈ Sn−1

p , |Tα|1 ≤ c(p)1/η} ≤ c exp(−cpn)

Remarks :
• In the case p = 2 and | · |2, we would be studying the
smallest singular value of T : `n

2 → `N
2

• Random matrices with independent entries :
Schechtman [’04] : ±1 entries,
Litvak, Pajor, Rudelson, Tomczak-Jaegermann [’05] :
general strategy, finite moments of the entries
Rudelson [’08], Rudelson-Vershynin [’09] : sub-gaussian
entries

• Decomposition of the sphere into two subsets on which
you prove differently the small ball estimate
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Almost sparse vectors

P
{∣∣∣∣|Tα|1 − |α|p∣∣∣∣ ≥ t

}
≤ 2 exp(−bpNtq)

• Assume α ∈ Sn−1
p is sparse i.e. |supp(α)| ≤ δn.

ALMOST ISOMETRIC C n × n
(1 + η) n × δ n

It means that for such vectors, if δ ' 1
C , then we may use

the concentration around the mean to deduce the small
ball estimate (with high probability).

→ the case of AS(δ, ρ)
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Non-Almost sparse vectors

Basic property :
∃I ⊂ {1, . . . , n} such that |I| ≥ 1

2 δ n ρp and

∀k ∈ I,
ρ

(2n)1/p ≤ |αk| ≤
1

(δn)1/p

Example : take α = ( 1
n1/p , . . . ,

1
n1/p ) then

Tα =
σp

N1/q

n∑
i=1

∑
j≥1

αi j−1/p Yij

' 1
N

n∑
i=1

∑
j≥1

j−1/p Yij

We would like to understand P{|Tα|1 ≤ t}?



Multi-dimensional Esseen type inequality

Theorem Let X be a random vector in RN, such that the
function

ξ 7→ E exp(i〈ξ,X〉) ∈ L1(RN).

Let K be a compact, star-shape subset of RN.
Then for any t > 0

P {‖X‖K ≤ t} ≤ |K|
( t

2π

)N
∫

RN
|E exp (i〈ξ,X〉)| dξ.



Multi-dimensional Esseen type inequality

Theorem Let X be a random vector in RN, such that the
function

ξ 7→ E exp(i〈ξ,X〉) ∈ L1(RN).

Let K be a compact, star-shape subset of RN.
Then for any t > 0

P {‖X‖K ≤ t} ≤ |K|
( t

2π

)N
∫

RN
|E exp (i〈ξ,X〉)| dξ.

•We generalize the classical Esseen inequality to the
multi-dimensional case and to any norms.
• The proof is an application of Fourier analysis.



Multi-dimensional Esseen type inequality

Theorem Let X be a random vector in RN, such that the
function

ξ 7→ E exp(i〈ξ,X〉) ∈ L1(RN).

Let K be a compact, star-shape subset of RN.
Then for any t > 0

P {‖X‖K ≤ t} ≤ |K|
( t

2π

)N
∫

RN
|E exp (i〈ξ,X〉)| dξ.

Apply it to

X = N Tα =
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∑
j≥1

j−1/p Yij

and K = N BN
1 :→ ‖X‖K = |Tα|1 and |K| ' CN



Multi-dimensional Esseen type inequality

Apply it to

X = N Tα =
n∑

i=1

∑
j≥1

j−1/p Yij

and K = N BN
1 :→ ‖X‖K = |Tα|1 and |K| ' CN

P {|Tα|1 ≤ t} ≤ CN
( t

2π

)N
∫

RN
|E exp (i〈ξ,X〉)| dξ.

Study ∫
RN
|E exp (i〈ξ,X〉)| dξ

→ This is delicate but doable : ≤ CN
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