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@ A subset K C R" is said to be a convex body if it is convex, compact
and has non-empty interior.
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@ Conversely, if K is a centrally symmetric convex body, it is the unit
ball of the norm defined by

x|k == min{f\ >0 : x € A\K}
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defined
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Given two centrally symmetric convex sets K1 and K3, their I, sum is
defined

Ki @®p K2 = {7‘1X1+7'2x2 i x1 € Ki,x0 € Ko Tlpl+7'£’/: 1}

When p=1,00
e KiPD1 Ko =K1+ K (MinkOWSki sum)
0 Ki ®so Ko = COIlV{K]_, Kz}

I, sums of segments are called p-zonotopes
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p-zonotopes and duals

Let a1,...,am be norm-one vectors spanning R” and 64, ..., 80, positive
numbers. We call

Koo ={x€eR" : [(x,a;)| <0;,i=1,...,m}
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p-zonotopes and duals

@ K is the unit ball of the norm
— ai
el = max |{x, 2]

it ] 1

@ For p > 1, define K}, as the unit ball of the norm given by

m
a:
IxIlk, = 2 | {x; ef_)!”
=
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p-zonotopes and duals

@ The polar body of K, is the p-zonotope

Z@pe[ alaal]{x_z’f, GRH- (Tl,...,Tm)Hp/S]_}

@ It is the unit ball of the norm

IXllkg = inf (715 ) -
X=2.i=1Tig;



e A=(a1 ... am) € M(nxm)



e A=(a1 ... am) € M(nxm)

@ a; ®a;j(x) = (aj, x)a;



e A=(a1 ... am) € M(nxm)
° 3; ® aj(x) = (ai, x)a;

S1
o If S = then ASA* =" 53, ® a;

Sm



Brascamp-Lieb inequality and its reverse

For every 0 < ¢y, ..
1

£ € LY(R)

/" ,1:_7[1 fi({ai, x))dx < D(A, C)ilr_:ll (/R ﬁclf(x)dx> " (BL)

.,¢m < 1 and for every fi,...,f, : R — R* such that

o m m 1 Ci
sup fi(yi)dx > (/ £ ( x)dx) . (RBL)
/"X_Z,f'll Ci}’iai,];[l D(A c) ,1_[1

v
where

n i\\ai, d 5
D(A7 C) = sup fR = lg T >) ); : g,-(x) =e 2 3,
S1y---,Sm>0 ?
' g I 1 <ngI dX>
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Brascamp-Lieb inequality and its reverse

@ > " ci = nis a necessary condition for D(A, c) to be finite.

In this case
e, (2)°
i=1 Ci

D(A.c) = stp_\| Ger(As?AT)”

S1,---,5m>0

(= Ly,
o fi=X[g o) 0rfi=e % inBL

m 1
|Kp| < [BpID(A, ) [ [ (0ic?)
i=1

o fi= X[--L 1jo0r fi = e~ (@0 in RBL

0:°¢c:0:
Clel Clgl

G
m

|By| 1
ey |
D(A’ C) i=1 Cl-p 0;

for every 0 < c1,...,cm < 1that 37 ¢ =n.
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Volume estimates

1

o |Ky| < |BFID(A, o) TT7 (Bicf )

ci
| 1
|KO| > D A,c) H:il (1)
0 P

i

for every 0 < c1,...,cm < 1that 37 ¢ =n.

@ Our purpose is to find f(cy, ..., cm) verifying

inf {D(A, c)H 0ic’ c,} < f(c,. .. cm) < D(A, ) [](0ic?)e.

Cl,--Cm )
i=1 i=1



New estimates

For every p > 2 and for any ci, ..., ¢y such that > ¢; = n the following
inequalities hold
1Bl
Kol < L
=5
det <Zf":1 S ® a;)
m =2
o n S i
|Kp’2|Bp” det 273,'@3[
i=1
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m
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m
2log D(A,c) = sup {Zc log s? — log det(AS2A® } Zc, log ¢;

S1y..,Sm>0 i—1
m
= sup {Z citi — log det(AeTAt)} - Z cilog ¢
toetm 21 i=1
ba(ty, ..., tm) = logdet Ae™ At is convex and

2log D(A, c) + Z cilogeci = pa(cr, ..., cm)



da(tey ... tm) = éa(t1,...,tm)

m
= sup {Zc,-, 2log D(A,c) — Zc,logc,}
i=1
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da(tey ... tm) = éa(t1,...,tm)
m
= sup Zc,-, 2log D(A,c) — Zc,logc,
ClyeeeyCm>0 i—1
Equivalently

—da(ty,. .., tm) = inf {2|og D(A, c)+Zc,- Iogc,-—Zc,—t,}

c1y...,cm>0
Lrrentm i=1 i=1



° 6%(2: lcll (Z)A)(tlw'w )_Cl_e (AeTAt) la,



. -1
e % (Zln;l Giti — d)A) (t17 KRN tm) =G — etla’- ’ (AeTAt) di

e 2log D(A,c) =
SUPy,,...,tm {2071 Giti = GA(ty, - tm)} = D071 Gilog G
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°Bit,-(zirilciti_d)A)(tl?"-ytm):C_e (AeTA) la,-

e 2log D(A,c) =
SUP: .t {Z/n;l Giti — d)A(tl’ IR tm)} - Zfil cilog ¢

@ ci=eli (AeTAt) 1 ai =
—QSA(tl, ooy tm) =2log D(A,c) + > " cilogci — Y in, citi

o —a(ty,... . tm) =
Ming,,....c,>0 {210g D(A, ¢) + > "%, cilog ci — > 0in, citi}
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C. Cm P
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Hence, for every ci,...,cm that > ¢i=n

17% 1—-2
C. Cm P
_(bA |Og 197%7"'7|0g 02, <

2log D(A, c) + % ST ciloge+2> " cilogb;

1

1

m 1
< D(A,c) [[(6ic? )
- i=1
det (Zf’;l C"—ez—a,- ® a,-)
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For every positive di, ..., dy such that 27;1 di=n

2

1—2
d, ° dm *
—éa [ log 22—, ..., log
9% 62,
inf
c:D(A,c)<oco

2 m m
2log D(A, c) + —Zc,- log ¢; + 2Zc,- log 0;
p -
i=1 i=1

+ (1 — 2) Em: ci(log ci — log dj)}

i=1



For every positive df, ..., dn such that Y 1",

1—2
d *? dm *
—da [ log 2 2 , .., log 02

inf 2log D(A
c:D(,I4r,]c)<<>o 8 ( 7C)+

2 m m

—Zc,-logc,- —i-ZZc,- log 0;

Pi= i=1

2 m

+ (1 — p> Z ci(log ci — log d,-)}
i=1

> inf

c:D(A,c)<oo

2log D(A, c) + Zc,logc,+2Zc,log9}



Hence

m 1
inf {D(A,c) [J(0ic/)} <
Cl,.-,Cm i—1 1-2
det ( D7, C’ﬁg_ia,-@a,-

for every ci,...,cm such that > ¢;=n



For every p > 2 and for any ci, ..., ¢, such that ) ¢; = n the following
inequalities hold
|Bgl 9 0.y
Kol < 2 < |ByID(A, o) [ J(Bic?)e
=5 i=1
J det (Z,’-’Ll S ® ai)
m Cl_% |Bn | m 1 i
® A p/
|KP|2|BI,37/| det Z’e—za;@)a; Zm 1
i=1 y i=1 9,'Cip




For every p > 2 and for any ci, ..., ¢, such that ) ¢; = n the following
inequalities hold

‘Bn’ n o 5 Ci
K| < £ < |BpID(A, c) [[(0ic?)"

_2
-5 i=1

det (Z,"Ll Cf—&ra; ® a;

1-2 Ci
m P B" m

C; 1
IKS| > |BA| | det }:—'02 a®al||> 15 —
i=1 i

i=1 9,'Cip

For p = 2 the bounds we obtained do not depend on the choice of ¢;'s,
and is the exact value of |Ks| and |K3|



Best choice of ¢;'s

1
o If c1,..., ¢y minimize D(A, ¢) [ ,(0ic/ ) they also minimize
1-2
P

1—2
P
—oa (Iog ClT’ ...,log ‘:'"62> and hence
1 m

1—2 2 -t

m 75
c,-— 2 aj - E 02 aj ® aj aj.
Jj=1

and conversely
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@ p =00, #; = 1. This condition gives us the 'best best constant’ in
Brascamp-Lieb inequality.

o If [, =>"", cia;j ® aj, then D(A, c) =1 is the best best constant.

o If TK is in John's position, then | TK| < |BL], i.e.

min

det T i=n
T e )

K| < |B%| . 229

TIT = Z a,®a,
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Let £, be the maximum volume ellipsoid verifying £ >, he (a‘) <1

Let T, be such that T,E, = By. Then |[T,K,| < [By|, i.e.

85| 85|

min
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Furthermore

m
t i
TiTp=> ai®a
i=1 !



