Part 2: Viestly: Dynamicall Decoupling

Need a way to deal with symmetry breaking. ..
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Dealing withr Symmetry Breaking:
Creating Collective Dephasing Conditions

L-A. Wu, D.A.L., Phys. Rev. Lett. 88, 207902 (2002)
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Dealing withr Symmetry Breaking:
Creating Collective Dephasing Conditions

L-A. Wu, D.A.L., Phys. Rev. Lett. 88, 207902 (2002)

General two-qubit dephasing: H, =0/ ® B, + o, ® B,

| L~ ,
:5(05 -0 )®(B, - Bz)+5(01 +07)® (B +B,)
. \Zf J
Assume: controllable exchange X :%(O'IXO' ; +O'1yO' 2y )—I—O(GIZG 22

IX,Z2)=0 = XZX =-Z

“Time reversal” Dynamical Decoupling pulse sequence:

exp(—iHSBt)[exp(—igx)exp(—iHSBt)exp(i % X )} = exp(-it(of + 02 )® (B, +B,))

. J

CollectiveVDephasing

Xl —Hgt — X «——Ht— = 2tColl.Deph.




[Heisenberg Is “Super-Universal”

Same method works, e.g., for spin-coupled guantum dots QC:

g _ 'J X ~X Y <Y L ~Z
By BB pulsing of H_ . = 5(01 oy +o)oc) +olo3)

collective decoherence conditions can be created:

—2> S ®By+S,®B, +5,®B,

Hyp = ZL g*c*®B*+gYo! @ BY + glo? @ B

Requires sequence of 6 7/2 pulses to create collective decoherence
conditions over blocks of 4 qubits. Leakage elimination requires 7 more pulses.

Details: L.-A. Wu, D.A.L., Phys. Rev. Lett. 88, 207902 (2002); L.A. Wu, M.S. Byrd, D.A.L., Phys. Rev. Lett. 89, 127901 (2002).

Earlier DFS work showed universal QC with Heisenberg
interaction alone possible [Bacon, Kempe, D.A L., Whaley, Phys. Rev. Lett. 85, 1758 (2000)]:

All ingredients available for Heisenberg-only QC



Generalize this idea?

NMR to the Rescue:
Removal of Decoherence via Spin Echo




Generalize this idea?
NMR to the Rescue:
Removal of Decoherence via Spin Echo

From: Coherent averaging techniques
Coherent control of nuclear spin Hamiltonians in high-resolution NMR spectroscopy.

E.L.. Hahn, PR 80, 580 (1950):
U. Haeberlen & J.S. Waugh. PR 175, 453 (1968).

Hahn spin echo idea

The “race-track” echo:
Effective time reversal



Dynamical Decoupling Basics

A pulse producing a unitary evolution £, such that
T_ : _
PH.P' =-H, 1e,{P,Hy}=0

(CPMG, Hahn spin-echo)

T

free evolution

—

Onetc'y_cle

Ideal (zero-width) pulses, and ignoring H.:

Pexp(—itHg, )P exp(—itHg,) = exp(-itPH P ) exp(-irHy;,)
=exp(itHg, ) exp(—itHg ) = |




Dynamical Decoupling Basics

A pulse producing a unitary evolution £, such that
T_ : _
PH.P' =-H, 1e,{P,Hy}=0

(CPMG, spin-echo)

X XZX =—7 =

H "time reversal",
SB

H

SB

H.. averaged to zero
T SB g
HSB —AZXRB (in 1* order Magnus expan.)

Ideal (zero-width) pulses, and ignoring H.:

Pexp(—itHg, )P exp(—itHg,) = exp(-itPH P ) exp(-irHy;,)
=exp(itHg, ) exp(—itHg ) = |




Analysis of Dynamical Decoupling

We’ll need some formal background...




Decoherence: Isolated vs Open System Evolution

Isolated system: H = Hg

(1)) = Us@Iw(0))  Us = —iHgUs Us(0) =T
equivalently: [1)(t)) (¢(t)] = Us(£)|(0))((0)|UL (1)
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Decoherence: Isolated vs Open System Evolution

Isolated system: H = Hg

¥(t)) = Us(®)[9(0))  Us=—iHgUs Us(0) =1
equivalently: [¢(t))(¥(t)] = Us(£)[1(0))(1(0)|UL(¢)

Open system: H = Hg + Hg + Hgp

psp(t) =U(t)psp(OUT(t) U= —iHU U(0)=1I

ps(t) = Trppsp(t)

# unitary tranformation of pg(0)
(except when there is a decoherence-free subspace)

decoherence: los () = [9(8)) ()]l > 0

which norm?




Kolmogorov Distance and Quantum Measurements (1)

Given two classical probability distributions {ng)} and {p§2)},
their deviation is measured by the Kolmogorov distance

1 2
D(pM,p®) =15, |piV — p?|
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A quantum measurement can always be described in terms of a POVM
(positive operator valued measure), i.e., a set of positive operators F;
satisfying > . E; = I, where ¢ enumerates the possible measurement
outcomes.

For a system initially in the state p, outcome ¢ occurs with probability
pi = Pr(i|p) = Tr(pE;)




Kolmogorov Distance and Quantum Measurements (1)

Given two classical probability distributions {pgl)} and {pgz)}7
their deviation is measured by the Kolmogorov distance

1 2
D(p®M,p@) =15, |piV — p?|

A quantum measurement can always be described in terms of a POVM
(positive operator valued measure), i.e., a set of positive operators F;
satisfying > . E; = I, where ¢ enumerates the possible measurement
outcomes.

For a system initially in the state p, outcome ¢ occurs with probability
pi = Pr(i|p) = Tr(pE;)

Thus quantum measurements produce classical probability distributions.

Consider two quantum states pV[= |1(¢))(1(¢)|] and p[= ps(t)]




Kolmogorov Distance and Quantum Measurements (11)

Compare measurement outcomes of same POVM on

pWI=[9(8)) (¥(¢)]] and p'P[= ps(t)]:

Lemma: 0 = D(pp(l),pp(a)) < ||/O(1) — ,0(2)||Tr

|A|| = TrvVATA

The bound is tight in the sense that it is saturated for the optimal
measurement designed to distinguish the two states.




Partial trace decreases trace distance

1 2 1 2
Lemma: [p§) — ol < o5 — PS5l
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Partial trace decreases trace distance

Lemma: ||pfgl)
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Conclusion: we can compare dynamics of ideal and actual systems over the
joint system-bath space.




Ideal vs Actual System Evolution

Ideal system: H = Hg + Hp

piSsl(t) = [Us(t) ® Up(t)lps(0)[US(t) @ UL (®)]

Us/p = —iHg/pUs/p Us/p(0) =1




Ideal vs Actual System Evolution

Ideal system: H = Hg + Hp

pideal(t) = [Us(t) @ Up(t)]psp (0)[UL(t) ® UL (#)]

Us/p = —iHgpUs/p Us/p(0) =1

Actual system: H = Hg + Hg + Hgp

psp(t) =U(t)psp(O)UT(t) U= —iHU U(0)=1I
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Ideal vs Actual System Evolution

Ideal system: H = Hg + Hp

pideal(t) = [Us(t) @ Up(t)]psp (0)[UL(t) ® UL (#)]

Us/p = —iHgpUs/p Us/p(0) =1

Actual system: H = Hg + Hg + Hgp

psp(t) =U(t)psp(O)UT(t) U= —iHU U(0)=1I

Distance:
lpss(t) — P )l = IV ()pss(0)VT(t) — psB(0)|

V(t) = UL®t) @ UL#)U(t) = exp|—itHeg (t)]

Lemma: ||psp(t) — P8 ()| e < t]|Heg (t)||oo

(follows from ||e®? — ¢?B o0 < [|A — Blloo)




Kolmogorov Distance Bound from Effective Hamiltonian

(2) (trace distance bounds
[y Kolmogorov distance)

Lemma: 6 = D(p,0),p,) < |[pY) — p

(2) H < ||p( 1) (2) (partial trace decreases

Lemma: ||,O( — Pg /OSBHTr distinguishability)

V(t) = UL(t) @ UL(H)U(t) = expl—itHeg (t)]

Lemma: ||psa(t) — PS5 (t)|Ime < tl|Hest () oo

5actual,ideal S t“Heff(t)”oo
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Goal: reduce effective Hamiltonian.

Method: dynamical decoupling.




5actual,ideal S t“Heff(t)”oo

Goal: reduce effective Hamiltonian.

Method: dynamical decoupling.

How do we compute Heg(t)? The Magnus expansion
U = —iH@t)U
U(t) — e—itHeff(t)
1 © @)
Ha(t) = 73940
j=1

0(t) = /OtdtlH(tl) () = — /Otdtl /OtldtQ[H(tl),H(tg)]




Dynamical Decoupling against Arbitrary Interactions

“Symmetrizing group” of pulses { g;} and their inverses are applied in series:

(9xFgy)---(9,F9,)(9,T9,) z;@(—irZi giTHSB 0;)

T=exp(-IH7)

first order Magnus expansion
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Dynamical Decoupling against Arbitrary Interactions

“Symmetrizing group” of pulses { g;} and their inverses are applied in series:

(9xFgy)---(9,F9,)(9,T9,) z@(—irZi giTHSB 0;)
T=exp(-IH7)

first order Magnus expansion
Choose the pulses so that:

H sg H &3 = Zi giT H w0 = 0 Dynamical Decoupling Condition

For a qubit the Pauli group G=X,Y,Z [} (x pulses around all three axes) removes an
arbitrary Hgyp:

OXFX) (YFY) (ZF2) (1F1) = XFZEXFZF

Periodic DD: periodic repetition of the universal DD pulse sequence




The Effective Hamiltonian

Another view of the universal decoupling sequence:

| X
N
| <
| N

S
N

\V " =exp[-iTH,, (T)]

= —itH
exp[—17H ] H s (T)=0, ideally




The Effective Hamiltonian

Another view of the universal decoupling sequence:

| X
N
| <
| N
| X<

S
N

\V T =exp[-ITH, (T)]

= —itH
exp[—17H ] H s (T)=0, ideally

But, errors accumulate...: H_ (T)#0




DD as a Rescaling Transformation

J= [[HsB e
6= [[HBllw

e Interaction terms are rescaled after the DD cycle

J=J0 s 7 « maX[T(J(O))Z,TﬁJ(O)]

B B+ O((J)372)

e We need a mechanism to continue this




Concatenated Universal Dynamical Decoupling

Nest the universal DD pulse sequence into its own free evolution periods F:

pP(D=XF ZF XF ZF




Concatenated Universal Dynamical Decoupling

Nest the universal DD pulse sequence into its own free evolution periods F:

p(D=XF zFf XF ZfF
P(2)= X p(1)Z p(1)X p(1)Z p(L)
p(n+1)= X p(n)Z p(n)X p(n)Z p(n)




Concatenated Universal Dynamical Decoupling

Nest the universal DD pulse sequence into its own free evolution periods F :

p(D=XFf zFf XFf ZF
pP(2)= X p(1)Z p(1)X p(1)Z p(1)
p(n+l)= X p(n)Z p(n)X p(n)Z p(n)

Level Concatenated DD Series after multiplying Pauli matrices
1 XFZEXTFZT
2 VA PS VARG VA DS VA R VA DS VARG VA VS VA
3 ISVAVS VARG VA PS VA LVA RS VA A VA VS VA VA VA VS VA NG VA VS VA R VA RS VA NG VA DA VA DS VA §
ISVARNSVARS VAR VARS VARG VAP VA VA VA VS VA NG VA DS VA R VA VS VA MG VA DS YA §

Length grows exponentially; how about error reduction?

[Khodjasteh & Lidar, PRL 95, 180501 (2005)]




Performance of Concatenated Sequences

The pulse interval is 7.
Apply a total of R™ pulses, where n is the concatenation level.

Recall: 5actual,ideal < t”Heff(t)”OO

For zero-width (ideal) pulses:

6actual,ideal < Can(n+3)/2(JT)((J —+ 5)7') (ﬁ,]_)n—l
X

P

competition




Performance of Concatenated Segquences

The pulse interval is 7.
Apply a total of R™ pulses, where n is the concatenation level.

Recall: 5actual,ideal < tHHeff (t)”OO

For zero-width (ideal) pulses:

6actual,idea1 < Can(n+3)/2(JT)((J —+ ﬂ)T) (57')”_1

Thus there is an optimal concatenation level, at which:

5actual,ideal < C(JT)((J + ﬁ) )R__ (£5=6)+2
where £ = —logp c¢(R(R — 1)87

The measurement outcome distribution of an open system of qubits can
be made arbitrarily close to that of the corresponding closed system, using CDD.

[Ng, Lidar, Preskill, in preparation]




e fitting the pieces together

Hybrid DD-DFS Quantum Computing



Computation

Problem: DD pulses interfere with computational pulses — they
cancel everything!

How can they be reconciled?

 Need a commuting structure of pulses and computation.
e Solution:

Use encoded qubits from a DFS.

Logical gates over DFS generated by Heisenberg.

DD pulses acting as global X and Z are still a universal decoupling group, and
commute with Heisenberg




Heisenberg Computation over DFS is Universal

e Heisenberg exchange interaction:
Hueis = )5 ; Jij (XiX; + YiY; + ZiZ5) = ), 5 Jij B

e Universal over collective-decoherence DFS
[J. Kempe, D. Bacon, D.A.L., B. Whaley, Phys. Rev. A 63, 042307 (2001)]

» Over 4-qubit DFS: [o,)=—(|o1)-10))(|o1)- 10))

2

1
|1L>=ﬁ(2|0011>+2|1100}—(|011o>+|1001>+|1010>+|0101>))
X = _%(Eli& - %Elz) 7 = —FE19

10X i0Z

e and e'”“ generate arbitrary single encoded qubit gates

CNOT involves 14 elementary steps (D. Bacon, Ph.D. thesis)




Universal Decoupling Group Commutes with Heisenberg

 n levels of concatenation, N=4" pulses

e Universal decoupling group on M (even) system-spins:

p(l):xUZUXUZU\A(/) X ZXZ X
l o—4(0/N)Hgate

Ujujuju
XlXM leM > t

p(2)= X p(1)Z p(DX p(1)Z p(1)

[HHeisaX or Z] =0




Error Model: Electron gubits in GaAs, nuclear spin bath

e “Error Hamiltonian” (everything excluding DD):

(n) (m) _ —=(n) =(m)
H, = ws 0o, +WwWp E :G,Z + E Ao -
m

il L =<_ 1T

Heisenberg System-Bath (hyperfine coupling)

Q System
B =(n) =(m) o _(n) _(m)
) Bath + i'.!.i'i'i'.l::g g — ‘EUX 0y )

N % < m
Bi,3

Dipolar Bath-Bath

A1l

‘4-;.1..”.*. — C";'fzdﬂ:mf and B-n..m. =D fdj-}

F P, m

B= Z” < m Bﬂ..m. = 10kHz




Model Assumptions for Exact Numerical Simulations

Simulated discrete universal set: {n/8, Hadamard, CPhase}
Single-encoded qubit gates: 4 system qubits, 6 bath qubits
Encoded CPhase: 8 system qubits, 2 bath qubits

Bath 1nitialized in thermal equilibrium at zero K (equal superposition
over all basis states)

System 1nitialized as %(\ 0.)+|1.))




Simulations for a protected logic gate: electron spin in a GaAs quantum dot

F= H \/ pactual \/ pldeal x/8—gate

3.p)= (102 m?;Hz (1.8 = (10 10°) Hz (1,8) = (10°,10°) Hz

0 1 2 3 4 s (S R R R

(J.£) = (10°.10") Hz o (.4 = (10",10") Hz WA= (lr;:E 10‘“;1{;

logy(1-F)

g 1 2 3 4 3 o 1 2 3 4

(1,5 = (107, 10°) Hz o (1,8 = (10°,10%) He (1.f) = (10°,10%) Hz

Concatenation Level =|Og(t| me)




Simulations for a protected CPHASE gate: electron spin in GaAs quantum dot

Controlled—phase gate

(1.8 = (107,107 Hz (1.4 =(10".10%) Hz (1.8) = (10°,10%) Hz

(1.8) = (10%.10) Hz

1 2 3 4 3 4]

(1.8) = (10%.10%) Hz

Concatenation Level =— IO N




Experiments



Experimental CDD on Adamantene (Dieter Suter)

adamantene;
qubit = 13C

Loop m,, times

PDD=CDD] I i I i l
N W i




NMR signal (Arb. units)

CDD Results

== First point in CUDDn
=== DD

T=25uS

NMR signal (Arb. units)

== First point in CUDDN
=== DD

7=50us

0.5 1 15 2

Evolution time (ms)
0.9

NMR signal (Arb. units)

[=]

!
<
o

=== First point in CUDDN
=== | DD

T=85uS

1

Evolution time (ms)

1 L
15 2 25 3

Evolution time (ms)




CDD for electron spin of 3'P donors in Si

1. Periodic z
-
(XTZEX{ZT) 2
$=

o

=

S

O

2

ks

2

0 =160ns

2. Concatenated

relative echo intensity

(Steve Lyon, Princeton)

1.0 {8g.
e State +Y
ate
0.5- s
State +X
0.0 — T 1 T T T T T T T T
0 5 10 15 20 25 30
Number of Repeats
1.04 o——8 ® ® o
State +X  State +Y
0.5
0.0 | | ' | ' | ' |
0 1 2 3 4

Concatenation Level [log(time)]



Hybrid Q. Error Correction: The Big Picture

- symmetry not for free...

Composite

pulse method - systematic (unknown)
gate errors

- random gate errors

BB pulses (time-
concatenated)

QECC (space-concatenated);
also used for Markovian part
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