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so, what's a refinement calculus?

start with specification: what we want

end with program: how we do it

move step by step from specification to program

each step is justified by a law (and verified by a machine)

result: correct program

also: time, space, probabilistic, etc. analysis
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my research

A unified framework for
@ writing specifications
@ developing programs
@ performing complexity analysis
@ performing probabilistic analysis
@ performing security analysis
for
classical and) quantum algorithms

o ( )
o (classical and) quantum distributed systems

o (classical and) quantum communication protocols
o ( )

classical and) quantum cryptographic protocols
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a theory of quantum programming

Quantum Predicative Programming

Probabilistic Predicative Programming

Predicative Programming

@ predicative programming [ro3,00]
@ probabilistic predicative programming [Ho4,00]

@ quantum predicative programming [To4],[THo6],[TH07,09],[THO]
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predicative programming

S = x>0=x'"=0

S <«= ifx=0thenokelse x:=x—-1;S

if x=0then ok else x:=x—-1:; § S and ok

— ifx=0then X =xelse xi=x—1; x>0=x"=0

ok=— 2'=zNy =yA...
xr=e=— 2'=eNy =yA...
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predicative programming

S = x>0=x'"=0

S <«= ifx=0thenokelse x:=x—-1;S

if x=0then ok else x:=x—-1:; § S and ok

if x =0 then x' = x else x:=x—1; x > 0= x" = 0 substitute

if x=0then X' =xelsex—1>0=x"=0

S R=— 32",y ... - for a',49/,... substitute ", 4”,...in S
A for x,y, ... substitute 2”,¢9”,...in R
x:=e; P =— for x substitute e in P
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introduction foundation algorithms non-localit; communication protocols

cryptographic protocols

predicative programming

S = x>0=x'"=0

S <«= ifx=0thenokelse x:=x—-1;S

if x=0then ok else x:=x—-1:; § S and ok

if x =0 then x' = x else x:=x—1; x > 0= x" = 0 substitute

if x=0then X =xelsex—1>0=x"=0 if
= x=0AX=xVx#0A(x—1>0=x"=0)

if b then S elseR — bASV DA R
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predicative programming

S = x>0=x'"=0

S <«= ifx=0thenokelse x:=x—-1;S

if x =0 then ok else x:=x—1; S S and ok
=— if x =0 then X' = x else x:=x —1; x > 0 = x' = 0 substitute
— ifx=0then X =xelsex—1>0=x"=0 if
= x=0AX=xVx#0A(x—1>0=x"=0) logic
= x>0=x'=0
=S
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quantum predicative programming

state:
¥ :0,.2" - C

Sox:0,.2" [Yx|? =1

@ Dirac-like notation:

©

x : n-bit binary representation of x
Ix) = Ai:0,..2" (i = x)

[0) =Ai:0,1-i=0
0)/V2+[1)/v2

01) = ]0) ® 1)

00)/v/2 + [11)/V/2

©® € ¢ ¢ @
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quantum predicative programming

operations on an n-qubit system :

@ initialisation to zero:
v:=[0)°"

@ unitary transformation:

= Ut), where UTU = I"
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quantum predicative programming

operations on an n-qubit system :

@ measurement:
measure ¢ r = [r'Px (¢ = /) x (X =x)x(y =y)...

o distribution of r’ is |)r'|?
o distribution of the quantum state is

dor - lr P x (8 = ')

a mixed state
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quantum predicative programming
a distributed (n 4+ m)-qubit system 1:

@ unitary transformations:

if P=—= 4o, .n:=Up%o,.n
and Q = Q/)n,.,ner:: UQ¢n,..n+m
then P ||, Q = ¢:=(Up @ Ug)¥

@ measurements:

if P = measurey, Yo ., p
and Q@ == measurey, Vn..nim q
then P ||, Q = measurey,on, ¥ Pq
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quantum predicative programming

A one-way quantum communication channel g from P to Q:

@ M,: infinite message script

o Tg: infinite time script
® rq: read cursor
@ wg: write cursor
® ng: number of quantum bits sent
qly = Mqwg =9 A Tqwg =t A
Wy = Wg + 1A ng = ng + 1 Avarp:=varp\y
g7 =" = Mgrg A ry = rq+ 1 Avarg:=varq, 1

Anya Tafliovich University of Toronto

Predicative Quantum Programming



algorithms

Deutsch’s algorithm

Specification:
S= X =f0aflAt =t+1

forf:0,1—0,1.

Program:

P=:=0); wi=H; v:=Upv;
1 :=H1 ; measure ¥ x

Prove: S «<— P
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Specification:
S= X =f0aflAt =t+1

forf:0,1—0,1.

Program:

P=:=0); wi=H; v:=Upv;
1 :=H1 ; measure ¥ x

Prove: S <= P «— machine verifiable
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algorithms

more algorithms

@ Deutsch-Jozsa algorithm
@ Grover's search

see [T04], [THO6]
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non-locality

pseudo-telepathy games

A pseudo-telepathy game with n players:
@ D; : domain of player i
@ R; : range of player i
@ P : promise (P =1, if no promise)
o W : winning condition
@ S : strategy (program)
S is winning if
SIP<WI1
where Alb = (Ax b')/(A; b)
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non-locality

Mermin's game

e PR
= e

o

D;j=— R =— 0,1
P = X0Px1Pxo=0
W= (yo®y1 ®y5) = (X0 + x1 + x2)/2
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non-locality

Mermin's game

Program:

S = ¢:=[000)/V2+[111)/V2; So [l S1 [l 2
S;— if x;, =1 then ;= Uv; else ok ;
Y= H; ; measure ; y;

where U|0) = |0) and U|1) = v/—1 x |1)

Prove: SIP< W1
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non-locality

Mermin's game

Program:

S = ¢:=[000)/V2+[111)/V2; So [l S1 [l 2
S;— if x;, =1 then ;= Uv; else ok ;
Y= H; ; measure ; y;

where U|0) = |0) and U|1) = v/—1 x |1)

Prove: SI P < W11 «— machine verifiable
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non-locality

more pseudo-telepathy games

@ Deutsch-Jozsa game
@ parity games

see [THO7]
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communication protocols

quantum teleportation
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communication protocols

quantum teleportation

O O
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communication protocols

quantum teleportation

Alice and Bob share ¢35 = (|00) + |11))/v/2

Alice wants to teleport ¢q

Alice performs local operations on ¢g1, measures them, and
sends results to Bob

Bob performs local operations on ¢», depending on the two
classical bits received

as a result, ¢, = ¢o
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communication protocols

quantum teleportation
Specification:
S= o1 :varajce N $2 : vargop A

012 = (ax [0) + 5 x [1)) @ (|00) + [11))/V2
= (¢ =a x [0)+ 8 x |[1)) Ang = nc +2 A nj; = nq
where

n. number of classical bits sent
ng number of quantum bits sent
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communication protocols

quantum teleportation

Program:

P == chan ch: bit - Alice,; 2, 601 ||6 Bobby,by. 0
where Alice = ¢g1:= CNOT ¢g1 ; ¢o:=H¢g ; measure ¢p; agar ;
chlag; ch!a;
and Bob == ch?; by:=ch; ch?; bi:=ch; ¢p:=Z%X"¢,

Prove: P < S
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communication protocols

quantum super-dense coding
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communication protocols

quantum super-dense coding

O

A vy
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aice channel Bob

Anya Tafliovich University of Toronto

Predicative Quantum Programming



communication protocols

quantum super-dense coding

(pO,,///‘/——”””";\\\\\\(p]_
O O
AWy

_ quantum
aice channel Bob
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communication protocols

quantum super-dense coding

_ quantum
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communication protocols

quantum super-dense coding
@ Alice and Bob share ¢ = (|00) + [11))/v/2

@ Alice wants to send ag, a1

@ Alice performs local operations on ¢g, depending on the two
classical bits, and sends it to Bob

@ Bob performs local operations on ¢p; and measures them to
obtain ag and a1
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communication protocols

quantum super-dense coding
Specification:

S == ao,a1,¢o0 : varajce N\ bo, b1, p1 : vargop A

o1 = (|00) +[11))/V2
= by =agAby=a1Ang=ncAny=ng+1
where

n. number of classical bits sent
ng number of quantum bits sent
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communication protocols

quantum super-dense coding

Program:

P == qchan qch : gbit - Alicesy a,.40 ||6 Bobby by,
where Alice == if ag = a; = 0 then ok
else if ag = 0 A a; = 1 then ¢g:=X¢g
else if ag = 1 A a; = 0 then ¢g:=Z¢g
else ¢g:=Y ¢y ;
gch! ¢o
and Bob = qch?¢q ; ¢:=CNOT ¢ ; ¢o9:=Hdeo ; measure ¢ bgby

Prove: P < S
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communication protocols

quantum super-dense coding

Program:

P == qchan qch : gbit - Alicesy a,.40 ||6 Bobby by,
where Alice == if ag = a; = 0 then ok
else if ag = 0 A a; = 1 then ¢g:=X¢g
else if ag = 1 A a; = 0 then ¢g:=Z¢g
else ¢g:=Y ¢y ;
gch! ¢o
and Bob = qch?¢q ; ¢:=CNOT ¢ ; ¢o9:=Hdeo ; measure ¢ bgby

Prove: P < S «— machine verifiable
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cryptographic protocols

quantum key distribution — BB84

O quantum O
channel
) Y
Alice - Bob
classical
channel
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a,X- random

Anya Tafliovich University of Toronto

Predicative Quantum Programming



cryptographic protocols

quantum key distribution — BB84

O " Lrannel O
A° '
Aice X - Bob
classical
channel
a,X- random

Y - depend om@, X
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cryptographic protocols

quantum key distribution — BB84

O Lhannel " O
Aice X - Bob
classical
channel
a,X- random b - random

Y - depend om@,X
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cryptographic protocols

quantum key distribution — BB84

O Ehanne O

Ay
a b /

Alice X -— y Bob

classical
channel

a,X- random b - random
P - depend o@,X Y — measurement resul
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cryptographic protocols

quantum key distribution — BB84
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mice X A~ Y Bob
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channel
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P - depend o@,X Y — measurement resul
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cryptographic protocols

quantum key distribution — BB84
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cryptographic protocols

quantum key distribution — BB84
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cryptographic protocols

quantum key distribution — BB84
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cryptographic protocols

quantum key distribution — BB84
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cryptographic protocols

quantum key distribution — BB84
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Ay
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Alice X -— y Bob
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cryptographic protocols

quantum key distribution — BB84

O Ehanne O

Ay
a b /

Alice X -— y Bob

classical
b channel

a,X- random b - random
P - depend o@,X Y — measurement resul
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cryptographic protocols

quantum key distribution — BB84

O el O

A Ly
a b

Aice X\ — y Bob

classical
channel

if a’=b’ then x'=y/
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cryptographic protocols

quantum key distribution — BB84

O el O

A Ly
a b

Aice X\ — y Bob

classical
channel

if a’=b’ thenx'=y/

shared key
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cryptographic protocols

quantum key distribution — BB84
O thamnel O
al
alice X
b

classical
channel

%
A

Eve
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cryptographic protocols

quantum key distribution — BB84

O Ehanne O
— N~
A,

Alice X

classical
channel
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cryptographic protocols

quantum key distribution — BB84

Program:

P = qchan q : gbit - chan c,d : bit - Alice, x s, || Bobp.y s,
where Alice = (x': 0,1)/2 x (a’ : 0,1)/2; ¥:=H?|x) ;
qlv; cla; d?; sp:=d

and Bob=— (b':0,1)/2; g7 ; c? ; measure, ¢ y ;
sg:=(b=c); d'sg

Prove:
Pl(sa=1) < (X'=y)HI1
Pl(sg=1) < (X=y)!I1

Anya Tafliovich
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cryptographic protocols

quantum key distribution — BB84

Program:

P = qchan q : gbit - chan c,d : bit - Alice, x s, || Bobp.y s,
where Alice = (x': 0,1)/2 x (a’ : 0,1)/2; ¥:=H?|x) ;
qlv; cla; d?; sp:=d

and Bob=— (b':0,1)/2; g7 ; c? ; measure, ¢ y ;
sg:=(b=c); d'sg

Prove:
Pl(sa=1) < (X'=y)HI1
Pl(sg=1) < (X=y)HI1 +— machine verifiable
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cryptographic protocols

more protocols

@ n rounds of BB84
o BB92

see [T09]
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A unified framework for
@ writing specifications
@ developing programs
@ performing complexity analysis
@ performing probabilistic analysis
@ performing security analysis
for
classical and) quantum algorithms

o ( )
o (classical and) quantum distributed systems
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classical and) quantum cryptographic protocols
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conclusion
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