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The Kronecker solver

K: any field of characteristic 0.
fi,--+y fn, g: polynomials in K[z, ..., z,).

fi(xy, ., xpn) == folx1,...,2,) =0, g(1,..., ) #0
Zi=(f1,- [i): g ={f|3n,g" fe(fr,.... fi)}

jzzIZ-i- (1‘1,...,33‘”_2'), IszL—i— (xl,...,l‘n_i_1>

For simplicity we assume that the system is regular and reduced:
e fiy1is a nonzero divisor modulo Z;: fiy1heZl,=heZ;,
o I;isradical: Z;=+Z;={f|3n, fre€I;}.
With generic coordinates:
e V(J,) is a finite set of regular points, called the ith lifting fiber,
e V(K;) is a curve, called the ith lifting curve.

Algorithm overview
1. Perform a random affine change of the variables.

2. Initialize the process with the solution set of Jo=(x1,...,2p).

From the solution set of J; compute the one of 7,11 as follows:
a) Lifting step: compute a representation of the lifting curve IC;.
b) Intersection step: compute V(IC;) NV( fit1).
c) Cleaning step: deduce V(J;i+1)= V() NV(fir1)) \V(9)-

3. Rewrite the solutions if J,, in terms of the orginal variables.

Contents
Proof of the correctness of the Kronecker solver from scratch:
e Prerequisite: primary decomposition and integral ring extensions.

e Computational dimension theory: prove the dimension of the intermediate
solution sets.

e Incremental solving and degree theory: describe the intersection step, and
bound the degrees of the polynomials in the lifting fibers and curves.
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Motivations
e Elementary and concise proof of the solver.

e Extend the solver to compute the primary decomposition.



Prerequisite

K: any field, with algebraic closure K.

Primary decomposition

Definition 1. An ideal Q is primary if fge Q= f€ Qor3am, g™ € Q.
The radical of Q is prime, it is called the prime belonging to Q.
Example 2. Q= (x%, T1T9, x%) is primary with radical (z1,x2).

Example 3. 7 = (23,7, x5) is not primary: take f =, and g=1.
But Z = () is prime.

Theorem 4. Any ideal T admits a primary decomposition that is: T = Nj—; Q;, with Q
primary, and none of the Q; can be discarded.

Proof. Decompose Z as much as possible. By Noetherianity this leads to a finite inter-
section. Then show that an irreducible ideal is primary. U

Example 5. (23,71 12) = (22) N (2}, 21 22, 23) = (z2) N (21, 23) — no uniqueness!

Definition 6.
o VOi,...,v/ Qs are called the primes associated to Z.

e An associated prime is isolated if it does not contain an other one, otherwise it is
satd embedded.

Example 7. (23,21 22) = (12) N (23, 21 72, 73) = (22) N (1, 23).
(x2) is isolated, while (x1, z2) is embedded.

Integral dependencies

A: a subring of K|z, ..., z,] containing 1 € K — e.g. A =K]|zq,...,z,].

Definition 8. ey, ..., e in K[z, ..., x,] are algebraically dependent modulo T if IE €
K[z, ..., zs) non-zero s.t. E(eq,...,es) €ZL.

Otherwise they are algebraically independent, or free, modulo 7.

Example 9. 21,1, are algebraically independent modulo (2% + 23 + 23 — 1).

Definition 10. e in Klz1, ..., 2] is algebraic over A modulo T if 3q € A[T] non-zero
s.t. q(e) €T.

Example 11. x3 is algebraic over K|[z1, 29] modulo (2}x4+ 23 + 2% —1).

Definition 12. e in Kz, ..., z,] is integral over A modulo T if 3q € A[T] non-zero
and monic s.t. q(e) €.



Example 13. z; is not integral over K][z1] modulo (z;z2—1).
After replacing x5 by x1 4+ x2 the equation becomes 3+ 1 22 — 1, and x5 becomes inte-
gral.

Proposition 14. Integral elements over A modulo I form a subring of K[x1,...,xy).
Proof. ¢i(e1) =0, ¢g2(e2) =0. Consider:

Resultanty, (Resultanty, (T — (171 + 12), ¢1(T1)), q2(12)). O

Definition 15. e in generally integral over A modulo T if Iq € A[T] non-zero and
monic s.t. q(e) €T and deg q(xy, ..., z,, T ) =degrq(z1, ..., T, TI€).

Example 16. x5 is integral but not generally integral over K[z;] modulo (z2 — 7).

Example 17. x5 is generally integral over K[z;] modulo (23 — 7).

Dimension

Definition 18. Transcendence degree of T over K: cardinality of a maximal subset of
IF whose elements are algebraically independent over K.

Theorem 19. If T is a set of generators of I over K, then any subset of algebraically
independent elements of T' can be completed into a transcendence basis with elements of
r.

Example 20. trdegxK(zq,...,z,)=n.

Definition 21. If 7 is a prime ideal then the dimension dim I of T is the transcen-
dence degree of K[xy,...,x,]/T over K.

By convention dim (1) = —1. In general dimZ = maxp¢ g7y dim P, where Ass(Z) is the
set of associated primes of I.

Example 22. dim (z1,...,z;)=n—i,dim (f)=n—1if f¢ K.

Definition 23. 7 is unmized if the dimensions of its associated primes are all equal.

Noether position

Definition 24. 7 is in Noether position if there exists r € {0,...,n} s.t.:
e Ii,...,x, are algebraically independent modulo T,

® I,i1,...,%, are integral over K[xy,...,x,| modulo T.
Example 25. (22— x7) is in Noether position with r=1.
Example 26. (23— 2,23 —z4) is in Noether position with r=1.

Theorem 27. Assume T+ (1).

a) If xpy1, ..., xy are integral over K[z, ..., x| modulo T then dim Z < r. Equality
holds iff x1,...,x, are in addition algebraically independent modulo 1.

b) If z1, ..., x, are algebraically independent modulo T then dim Z > r. If equality
holds then i1, ..., T, are algebraic over K[x1, ..., x,;] modulo T — converse holds
if Z 1s unmaxed.



Example 28. n=3,Z=(z122—1,23) N (21), dimZ =2.
x1 is algebraically independent modulo 7.
x2 and x3 are algebraic over IK[z1] modulo Z.

Part (a) does not hold with “algebraic” instead of “integral”.

Definition 29. 7 is in general Noether position if there exists r €{0,...,n} s.t.:
e Ii,...,x, are algebraically independent modulo T,

® I,i1,...,%, are generally integral over K[z, ..., x.] modulo T.
Example 30. (x5 — %) is not in general Noether position.
Example 31. (23 — 2,23 — 27) is in general Noether position with r = 1.

Algorithm
Following [GIUsTI and HEINTZ, 1993].
Algorithm 32. Computation of a general Noether position
Input: ideal L.
Ouput: the dimension r of Z, and a matrix M such that T o M is in general Noether posi-
tion, where ToM ={fo M(xq,....,x,) | f€T}.

1. Initialize ¢ with n and M with the identity matrix.

2. While (Zo M)NK]zy,...,x;) # (0) do

a) take a € ZNK]|xy,..., ;] non-zero,

b) let h be the homogeneous component of highest degree of a,
c) take (agi), ...,agi_)l, 1) €K' s.t. h(agi), ol 1)#0

y S —10

d) for k from 1 to i — 1 replace M; j with oz](f),

e) decrease i by 1.

3. Return r=17 and M.

Proof.

By induction we show that x;41, ..., z, are generally integral over K[z, ..., ;] when
entering step 4.

Therefore dimZ <14 with equality iff Zo M NK|x1, ..., z;] = (0).
Effect of the local change of variables:
W+ ol z, i+l 2, 2) = h(al?, . oD Dt 4

It follows that x; becomes generally integral over K|z1, ..., z;_1]. 0



Example 33. Z=(f1, f2)
Ji=xex3—x1, fo=z17220— 13
e a= fi, replace x3 by x2 + x3. The equations become:
fi=23+xox3— 21, fo=x122+ 1123 — 3.
e a=Res,,(f1, f) =123 — (v1 — 1)2, replace 1 by x1+ 29, so that

a=a3+(r1—1)23 =2 (x1—1) 22— (21 — 1)

Theorem 34. There exists a Zariski dense subset of upper triangular n x n matrices M
with 1 on their diagonal such that T o M is in general Noether position.

Unmixedness and torsion

Proposition 35. Assume that T is in Noether position. Then B = K[z, ..., x,]/Z is a
torsion-free A-module iff T is unmized. — Recall that A =XK[z1,...,z,].

Proof. Consider the primary decomposition of 7= Q;N--- N Q,, with associated primes
P1,..., Ps. T is unmixed iff ANP;=(0) for all [.

If B has torsion then Ja € A \ {0} and b ¢ Z s.t. a b € Z. There exists | s.t. b ¢ Qy,
whence a € P;.

Conversely, if 7 is not unmixed, Ja € A NP, \ {0} for some [, and thus In,a™ € Q;. Let
be ;4 Qi \ Qi, we have a”be . Therefore a™ is a torsion element for IB. O

Example 36. (23,71 22) = (22) N (71,23), 71 is a torsion element.

Example 37. (z7 z2) is unmixed of dimension 1, but B has torsion. The Noether posi-
tion is thus necessary.

Characteristic and Minimal Polynomials

IT+(1),r=dimZ,

A=K|x1,...,z,], A'=K(x1,...,2.), B=K[z1,...,2,)/Z, B'= A'[xy41,..., 5] /T,
where Z' is the extension of Z to A'[z,41,...,2,)/Z".

Let feK[z,..., 2]

If 7’ is in Noether position then B’is a finite dimensional A’-vector space.
X(T) € A’[T]: characteristic polynomial of the multiplication by f in B’.
w(T) € A’[T]: minimal polynomial of the multiplication by f in B’.
Theorem 38. Assume that I is in Noether position, and let d=deg f.

a) x and u belong to A[T). If T an f are homogeneous then x(T?) and u(T?) are
homogeneous when seen in K|x1,..., 2z, T].

b) If the Noether position is general then

deg x(z1, ..., 7., T =degr x (21, ..., .-, TY).



Idem for .
c) If T is unmized then x(f) and u(f) belong to 7.

Proof. (a) f integral over A = Jq € A[T] monic s.t. ¢(f)€Z.

Since p divides g in A'[T], we deduce that u € A[T], by the classical Gauss lemma.
If 7 and f are homogeneous we can take ¢ such that ¢(T%) is homogeneous.

(b) We can take ¢ such that
deg q(x1,..., 2, TY) =degrq(x1,..., v, TY).
The same property holds for the irreducible factors of ¢, hence for x and p.

(c) u(f)eZ'=FJac A\ {0} andbeZ, u(f) =b/a. It follows that a u(f) =0 holds in B.
Since B is torsion-free we have u(f)=0 in B. O

Example 39. 7 = (2%, 1 22) and f = 2o + 1. We have 7’ = (23) and =T — 1. But
w(f)=z2¢Z. Unmixedness is necessary in (c).

Example 40. 7 = (z3 — 23), f =22, p =T — x3 shows that the general Noether position

is necessary in (b).

Incremental solving

IT+(1),r=dimZ,
A=K|x1,...,z,], A'=K(x1,...,2.), B=K[z1,...,2,)/Z, B'= A'[xy41,..., 5] /T,
where Z' is the extension of Z to A'[z,41,...,2,)/Z".

X(T) € A’[T]: characteristic polynomial of the multiplication by f in B’.
w(T) € A’[T]: minimal polynomial of the multiplication by f in B’.

Xo and po: constant coefficients of x and pu.

Lemma 41. Assume that I is unmized of dimension r, and in general Noether position.

a) po and xo belong to T+ (f), (Z+4(f))NA S/ (ro) =+/(Xo0)-

b) fis a zerodivisor in B < xo=0 & pp=0 < x1,..., z, are algebraically inde-
pendent modulo Z + (f).

c) T+(f)=(1) & xocK\{0} < pocK\{0}.

Proof. (a) We know that u(f)€Z. It follows that po€Z + (f). Idem for xo.
Let ac€ (Z+(f))NA. Let g € K[zy,...,zy] such that a — g f € Z.

g integral = 3¢%+v4_19* 1+ +1pe.
Multiplying by f% a“+ve_1a® 1f+-+ v f*e.

Therefore p(T) divides a®+vy_1a® 1T +--- 4+ 19 T%, whence a® € (o).

(b) If po=0 then fv(f)eZ, with v(T)=pu(T)/T and v(f)¢Z.



Conversely, if f is a zerodivisor, let g¢Z s.t. fgeZ.
There exists a primary component Q of Z such that g¢ Q and fge€ Q.

It follows that f € v/Q, and that py € v/Q. Since T is unmixed, v/Q has dimension 7,
hence pp=0.

(c) follows directly from (a). O

Incremental unmixedness of the radical

Theorem 42. (Principal ideal theorem) Assume that T is unmized, and let f € K|z, ...,
xn] be a nonzerodivisor in B. If T + (f) # (1) then /Z+ (f) is unmized of dimension
r—1.

Proof. (sketch, following SHAFAREVICH )
We assume: r > 1, Z + (f) # (1), Z and T + (f) are in general Noether position,
degy, no=deg o >1, and that Z and (f) are homogeneous.

o B=K]|z,...,z,] is an integral ring extension of K[xy,...,xr_1, f]:
o E(x1,...,xr—1, f) €T = podivides E(z1,...,z,-1,0) = f =0,
o deg,, po=deg po= x, is integral over K|xy,...,x._1, f] mod L.
o It suffices to prove that K[zy, ..., x,)//Z + (f) is K[x1,..., 2, 1] torsion-free.
o ILetbeK[zy,...,x,) and a €K[zy, ...,z 1]\ {0} s.t. abe /T +(f).
e Letm andg s.t. a™b™" — fgel.
e Let By be B viewed as a Kz, ..., z,—1, f|]-module, and IB} be the corresponding
vector space.
o Let p(T)=T%+ pa_1T* 1+ + po, be the minimal polynomial of g in
B%. We have that p € K[z1,...,z,—1, f][T].
e The minimal polynomial of 4™ in B is

J
f To—14 .. _|_f_p0_

am™ amj

Fop(@m T/ f)Jam =T + po_y
e o™ divides fip,_; in K[zy,...,z,_1, f] for all j, whence (b™)*€Z+ (f). O

Example 43. 7 = (z1,22) N (x3,24) is unmixed. With the nonzerodivisor f =x9— x5 we
have \/Z 4 (f) = (z1, x2, x3) N (22, X3, 24) is unmixed, while Z + (f) = (z1, z2, x3) N (22, X3,
x4) N (z1, T2 — 23, 23, £4) is not.




Incremental computation of the characteristic polynomial

Proposition 44. Assume that T has dimension r > 1, is unmized, and is in Noether
position. Let f be a nonzerodivisor in B. Then xo(x1, ..., ©r—1, T) is proportional over
K(x1, ..., xr—1) to the characteristic polynomial of x, modulo the extension J' of J =
T+ (f) to K(x1,.co,p—1)[Try ..., Tp].

The proportionality over IK holds iff J is in Noether position.

Proof.

e Let Z be the extension of Z to K(21, ooy Tp— 1) [Ty T 1, -eny T
and let INB:IK(xl, oy Tp— 1) [Ty Ty 1, ,xn]/f

e Since B is a torsion-free A-module, so is B seen as a K(z1, ..., z,_1)[z,]-module.
Therefore B is free of finite rank thanks to Noether position.

e Smith form of the multiplication by f: there exists two bases ey, ..., es and el, ...,
es of B, and monic polynomials A1, ..., hs such that h; divides h; 1 and that fe; =
hie] in B for all I: B/(f)~®)_1 K(z1,...,zr_1)[z]/(h).

e Since a basis of B induces a basis of B’ we have that Xo = a hi-+-hg for some a €
K(.’Bl, ...,.CCT_l).

o B={z%¢/|1<1<6,0<a;<degh;—1} is a basis of B/(f) seen as a K(z1, ...,
x,_1)-algebra:

o In IB: (f):(hleia"'7h5e(/5>‘
o Any g= Zle gie] € B can be reduced mod (f) so that deg g; < deg hy.

o Let Z?Zl re] =0 in B/(f) with deg r; < deg h;. There exist ¢ such that
Zle (ri + q; hy)e; = 0 holds in B. It follows that 7, + ¢ h; = 0, and that
r = 0.

e In the basis B the multiplication matrix of x, in B/(f) is block diagonal formed
by the companion matrices of the h;. It follows that that the characteristic poly-
nomial ¢ of x, in B/(f) equals hy,..., hs, hence is proportional to g.

We leave out the last assertion. [
Example 45. n=2, T = (23+x123), r=1, and f =27,
{1, 25} form a basis of the K[z1]-module B = K[z, x2]/Z, hy = hy = z7.

The matrix of multiplication by f is ( wo% v )
1

B/(f) =K[z1]/(h1) ® K[z1]/(h1)x2

These two submodules are stable by multiplication by x; but KJ[z1]/(h1) is not stable by

multiplication by x,. The above direct sum can not be seen as a decomposition of 1@/
(f) into stable K(z1,...,z,_1)-algebras.

Degree and Bézout theorem

M invertible n x n matrix over K.

Iy=ZoM, By =K[z1,....0:]/Tar, Biy=A'[wrs1,....25] /L
0: dimension of IB’.

dpr: dimension of Bjy.



Theorem 46. Assume that Z is unmized and in general Noether position.
b) Oar=29 iff Zar is in general Noether position.

Proof. The longest and most technical proof... but it can be done using the same
induction as in the Kronecker solver. U

Remark 47. This theorem is not necessary to the cost analysis of the solver.

Definition 48. The degree of an unmized ideal I, written deg Z, is dpr for any matrix
M such that Ty 1s in general Noether position.

Proposition 49. Assume that Z is unmixed.
a) deg VT < degZ, with equality iff T is radical.
b) degZ: g™ <degZ, with equality iff g is a nonzerodivisor in B.

Theorem 50. (Bézout theorem) Assume that T is unmized. Let f be a nonzerodivisor
in B, and let J denote the intersection of the isolated primary components of J =17 +
(f). Then we have deg J <degZ deg f.

If T and f are homogeneous, this is an equality.

Proof. We can assume that Z and J are in general Noether position. We know that j
is unmixed of dimension — 1 or r — 1.

The extensions of J and J coincide in K(21, ooy Tp—1) [Ty oeny T

Thefore deg J = deg yo < degZ deg f, with equality in the homogenous case. O
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