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Applications:

e More comprehensive output.
e New unexpected insights.

e Guide decisions in algorithms.
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L Guessing Z-linear dependencies

Question: given zq,..., 2z, € R, find Ay, ..., A\, € Z with

)\1z1++)\nzn:0

Example:
o 21=1,....zp=a""tfor a € R.
° 212L13,3, 29 = Lig, Z3=Li4,2, Z4=Li2,2,2-
Lattice reduction:
21 € 0 0
M = 0 .0
z, 0 0 €



& Block lattice reduction (work in progress) ‘

The main loop

T:=1d

Gram-Schmidt with pivoting
R=UTM,U € Mat(R)
v
Rounding V:= |U | € Mat(Z)
v
V=Id?
\y no
T:=VT
|

yes

Return 7T’

Dichotomy over precision -

1.For low precisions, compute 7' € Mat(7Z) as above.
2.For large precisions p, do

T, := Reduce(M || 2772 |M|Id) (at precision p/2)
Ty := Reduce(Ty M) (at precision p/2)

and return 15 77.



L Power series analogues o ‘

Guessing rationality

Problem: given f € IK[[z]], guess P, Q) € K[z] with f:g

Solution: Padé approximation

Polynomial dependencies
Problem: given fi, ..., f, € K[[z]], guess P, ..., P, € K|z]| with
P fi+--+ P, f,=0.
Solution: Padé-Hermite (Beckermann-Labahn, Derksen, Gfun)
Applications
o (fu)nen=1,1,2,3,5,8,13,21,34,55,89, ...
o fi=¢, fo=¢ s fa= Y, with p € K[[2]]



< Guessing singular dependencies %ﬁ‘

Example: number s, of alcohols of the form C, Hs,, . OH

s(2)3 42 s(2%) |
3

Dominant algebraic singularity at » =0.304218409---. Setting

p(z) = s(r+2)
P(z) = 2s((r+2)%)+3,

s(z)=14=z2

we have

(r+2) p(2)* =3p(2) +9¥(z) = 0.

L NN N

Problem: given fi,..., fs€ C||z]] and R, guess relations

g fi+ -+ gafa=h (g1,.--, 9a, h € Ag; i.e. analytic on 753)

Problem: given fi, ..., fs€ C|[z]] and R =1, find a "minimal rela-
tion”

g fit+-+gifa=h

for the power series norm

lell =6+ ot + .
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U Truncated problem at order n %ﬁ‘

gL fit++gafs=h

G = (an—1 9dn—1 v 91,0 gd,O)
( fi,0 1 \
fa,0 1
f1,1 f1,0 1
M = fa1  fao 1
fin-1 fin—2 = - fi,0 1
de,n—l fan—2 - - fa,0 1)
GM = ( hoy—1  hpy_g -+ - ho Gin—-1  Gdn—-1 * G10 gd,o)






< Example | %ﬁ‘

ga1 = 1.0000 — 1.6000 2 — 0.60000 22
—0.20000 23
ga61 = 1.0000 —1.6180 2 — 0.61803 2% — ---
—5.8340 1076 214 — 1.9447 1076 215
G641 = 1.0000 —1.6180 2 — 0.61803 2% — ---
— 5.0484 10726 262 — 1.6828 1026 ;63
o561 = 1.0000 —1.6180 2 — 0.61803 2% — ---
—2.8307 10106 ;254 _ 9 435710107 ;255

Fast convergence, but not ¢g; =1 — A\ z. In fact

1= Xz
g1 = l—oaz
1 2
— = A3 <1
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< Example Il %ﬁ‘

5(0.15 (2 + 0.25))

fi

g.321 = 1.6836 —0.29080 z + 0.0013079 22 + ---
+0.022645 230 — 0.0029284 23!
g.32.2 = 1.0000 — 2.4006 z — 0.88670 22 — ---
+0.0061880 23° —9.9191 - 10—% 23!
G641 = 1.7104—0.36445 2 +0.23778 2% — ---
+1.6968 - 10202 —1.0104-107? 2%
g:64,2 = 1.0000 —2.3257 z — 1.2027 22 ...
+5.2359 - 107° 202 — 3.4225 . 1076 2%
gi128,1 = 1.7105—0.36215 z + 0.23696 22 — 0.052535 23 + 0.033518 2* — ---
+4.6860-1079 2126 —1.3437 - 10710 2127
g.128,2 = 1.0000 —2.3235 z — 1.2138 22 — 0.0067226 2> — 0.080434 2% + ---
+1.5192-1079 2126 — 45516 - 10~ 11 2127

Slow convergence: ||¢.32|| = 4.3276,

90;64” =4.3845, ||90;128|| =4.3863.

11



Example Il

7/)21,/\
log(1—Az)

vV1=Az

Az

random (A 2)

32 64 128 256
1,5 | 2.5897 4.2958 1.1107-10* |7.5308 - 10"
Yo |1.2324-101 |7.7306- 10" |3.3839-10° |6.4461-10°
Y14 |2.7074-10% |3.1503-10° |5.0806-10'2|1.3215-10%°
Y1 |5.7101-10° |1.6078-10'|1.2829-10% | 8.6064 - 10>
Y116 | 6.0964-101°|1.7814-10% | 1.5612-10%2 | 1.2279 - 1084
Y139 | 1.1152-10'9.1674 - 10% | 4.9020 - 10°° | 1.6662 - 1019
Vo /3 | 2.2960 3.7208 9.7394 6.5890 - 10!
P22 |9.3539 6.1551 - 10" |2.6678-10% |5.0111-10°
Yoq |1.7232-10% [2.1500-10° |3.4149-10'%|8.7128 - 10*
Yos |3.5980-10° |1.0031-10*3|7.9396-10% | 5.2284 - 10°*
Vs /3 | 6.2155 3205 108 14 1709 40t 1 H9670. 107
Y30 |4.0164-10" |3.9310-10% |1.4047-10* [1.1091-107
P34 |6.9272-10° |6.8304-10° |4.7564 10 |5.1308 - 10%
Y3 |3.6660-10° |9.4896- 10 | 4.2745-10% | 1.1809 - 10%°
Yyo |8.0487-10* |3.5565-10° |2.1354-10'° |4.8792-1038
Yus |5.0774-10° |1.1548-10%°12.9916-10%8 | 1.2335- 1077
Yug |3.2564-10'*|4.3151-10% | 5.1348 - 10°7 | 2.9654 - 1011°

log [l :nll =

n
log || ¢;n | & 2 log A.
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U Only poles Qgﬁ‘

Problem: given f € C|[[z]], guess P € C|z] with

PfeA,.

Algorithm denon(f, N, D)
INPUT: the first N >2 D coefficients of f and a degree bound D
OUTPUT: =~ minimal monic polynomial P with deg P < D, P f €

A4, or failed
Step 1. [Initialize]
d:=0
Step 2. [Determine P]
o vrann o v-a N[ Paa N [ fN-2a )
Solve : : : + : =0.
fn—& = jm-1 Py =) S\ Jm—a=

Set P:=244+P; 1z 1+...4 P,

Step 3. [Terminate or loop]
If Pfe A then return P
If d= N then return failed
Set d:=d+1 and go to step 2

Theorem 1. Exponential convergence in N.
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L Only algebraic singularities Qgﬁ‘

Problem: given f € C[[z]], guess Py, ..., Py € C|z] with

Paf e B Gy,

Assume: algorithm for analytic continuation of f.

Cy

Algorithm alg_dep(f,(o1,...,05), N, D, B)
INPUT: analytic function f above D;\ {o1,...,0:} and bounds N, D, B
OuTPUT: normalized dependency (1) with d < B, deg P; < D, or failed

Step 1. [Initialize]
Set ®:={f} |

Step 2. [Saturate]
If C;® C ® for all 4, then go to step 3
If card(®) > N then return failed

&:=C1PU---UC, P |
Repeat step 2

Step 3. [Terminate]
Denote ®:= {1, ..., pi }

Compute Q:=(F — 1) (F— 0p)=QrF*+ -+ Qq |

For each i € {0, ..., k}, compute D;:=denom(Q;,r,D) |

If D, = failed for some 7, then return failed
Return ICI‘II(D(),‘..., D\k) Q
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@ Only Fuchsian singularities %ﬁ‘

Problem: given f € C|[z]], guess L,, ..., Ly € C[z] with

erf(r) e N Ay =. o}

Assume: algorithm for analytic continuation of f.

Algorithm fuch_dep(f, (01,...,05), N, D, B)

INPUT: analytic function f above D; \ {01, ..., 0.} and bounds N,
D, B

OUTPUT: normalized dependency (2) with » < B, deg L, < D, or

failed
Step 1. [Initialize]
Set ®:={f}|

Step 2. [Saturate]
If Vect(C; @) C Vect(P) for all 4, then go to step 3
If card(®) > N then return failed

d:=PU {C’ng}l for i and p € ® with Cjp & Vect(P) |
Repeat step 2

Step 3. [Terminate]
Denote & := {901, e gok}

Compute K :=lem(d —o],...,0— ¢l) = K 0"+ ---+ Ky

in the skew polynomial ring C((2))[0], where ' denotes
©'/p

For each 1 €{0, ..., k}, compute D;:=denom(K;,r, D)

If D; = failed for some ¢, then return failed

Return lem(Dy, ..., Dy) Kl

Remark. Only works for Fuchsian singularities, because of
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L Guessing asymptotic behaviour »

Guessing Stirling’s formula -

Mmx] use "symbolix"; use "multimix"; use "jorix"

Mmx] include "jorix/extrapolate_extra.mmx"

Mmx] bit_precision := 256; significant_digits := 12;

Mmx)ivs=2F 1.0 % nt ) 'n ini0.. 1000

Mmx] guess_asymptotics (v, 7)

2.50662828099 el.OOOOOOOOOOOOnlog(n)—0.999999999999n—1—0.49999999963710g(n) 4+
0.208884786159 el.OOOOOOOOOOOOnlog(n)—O.999999999999n—|—O.49999999963710g(n)

+
n

e1.0000000000007’L10g(n) —0.99999999999914-0.499999999637log(n )
o n,2-00000000000

Mmx ]
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s(2)3 4+ 25(23)

Number of alcohols: s(z) = >

Mmx] use "symbolix"; use "multimix"; use "jorix"

Mmx] include "jorix/extrapolate_extra.mmx"

Mmx] bit_precision := 256; significant_digits := 15;

Mmx] s == fixed_point_series (f :->
((fxf*xf + 2*xdilate(f,3)) / 3) << 1, 1)

]:%z+z2+2z3+5z4+l1z5+2826+74éﬁksz8+55lfk%0(fo)

Mmx] s[1000]

71414058382608563027996269715735039586933166020560927842446844\
19837729935282611084622722156252268983783693760331031649380178
36695618256644646226261512335424552591745113792975199971801601 "\
25798467957908495421986885259041880858847239193631798561079741 "\
02892889269510412004093006951547101539486892379509940028587023"
90194705087308348927944684071303825503814190519839208648476765"
58240907916124487429778333667976863422529757274204058 718557527\
28468762496469870238367567474487314760100550252695247565699736"
4188694861730348

Mmx] w == [ 1.0 * s[n] | n in 0..1000 ];

Mmx] guess_asymptotics (w, 9)

0.346304267394184 e1.19000938463478n —1.500000000000001lo0g(n)
0.146261408814197 e1.19000938463478n —1.500000000000001log(n)

+
O. 138424784853633 61.1900093%463478’” - 1.5000000000000010g(n)

7n,2-00000000000000 +
O. 109383962532057 e1.19000938463478'rl — 1.5000000000000010g(n)
7n,3-00000000000000 +
e1.19000938463478n —1.500000000000001og(n)
@

n,4-00000000000000

Mmx] exp (-1.19000938463478)

0.304218409074645

Mmx ]
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L Transseries

Mmx] use "symbolix"; use "multimix"

Mmx] x == infinity (’x);

Mmx] lengthen (1 / (x - 1), 2)

l+i+i+i+i+i+0 i
x  x2 x3 xt x5 b x7

Mnx] 1 / (1 - 1/x - exp(-x))

11,1 1\, 1, 2 3 1 1
1+—+—2+—3+O(—4>+—$+ —+— $+O< . $>+ —+
T T T T (S xIre Tr-e xT- e e

3 1 1 1
@) O

Mmzx e GO S (e = exp (e} i =il o oCli it i)

ISR U o) (I I S ] (N N R
e €T et 1:2 e £L'3 e e2m T e2m x2 eZm 6333

Mmx] integrate (exp (x72), x)

e e 3e%  15e7 e’
2r " 13 TR T 64 +O<_>

Mmx] integrate (x°x, x)

orlog(z)  grlogz)  zloge)  ,wlog(e) o71og(@) o7log(@)
log(z)  log(z)? " log(z)? log(z)" <log(x)5> zlog(x)?
3eTlog(@) ¢ erlog(®) o RALEIES RALEIES RALEIES
zlog(z)*  xlog(x)®

z2log(z)* = log(x)®

emlog(m) ) emlog(m) emlog(m)
@) s | T 5—FC) ——%
z?log(z) z3log(x) ztlog(z)

 log()°

Mmx] lengthen (sum (log x, x), 7)

log(z) 1 1 1 1 1

5 T122 3602° 126025 168027 | 118849

+

xlog(r) — o —
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Mmx] euler == exp (-x) * integrate (exp (x) / x, x);

Mmx] lengthen (euler, 5)

1 1 2 6 24 120 720 5040 40320 1
et Et At E T T T s T +O(W)

Mmx] eval (euler, x, 1000.0)

0.00100100200602412072

Mmx ]
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& Asymp. extrapolation / repeated stripping %ﬁ‘

Given: fy, ..., fn

al as
Assume: f,=ao+—+ — + -
n  n?

Phase 0
@
fn—ao+n+n2+
Phase 1
a a
fo = a0t S
—a1  a1—2a2 3az—a
(Af)n:fn—l—l_fn - n2 —|_ 77,3 —|_ n4 —f_”.
Phase 2
a a
fo = ant -t
— al a1—2a2 3a2—a1
(Af)y = gt B 2y
20— a1 3a1—8az 23as—Tai
(A2Af)), = S 20 nt 2 T
Phase 2-bis
a a
fo = aot— St
—a1 a1—2a2 3az—a
(Af)y = —f+ 0 ZR2 0
20— a1 3a1—8a2 23as—Taq
(A(nQAf))n = o + 3 o + .-

n?A(n*A f)

(n2 A(n2 A f))N_Q =C9
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Phase 1-bis

fa = a0t =+
—a1  a1—2a2 3az—a
(Af), = —m 2 do_a,
2 s — - 23 4z —
(A(2A f)), = aan a1+3a1n38a2+ 3a2n47a1
nAn*Af) ~ c
_ C2 C2 C2
A AT A () =a - T g
e n n
6n°
Phase 0-bis
fom a2y
—a1  a1—2a2  3a2—a1
(A(2A f)), = 2a2n;a1+3a1;38a2+23a2n17a1
n?An*Af) = c
DA A o 2 @2 2 . ..
nmAf AT T o 6n3Jr
- i/ C2 B c1, c2—cC1
R R R ) R e e
decag— 1
6 n3 A

See also: E-algorithm
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& Constant tactic ;@‘

Assumption:
fn=c+ Ry, R,<1

Criterion:

Effy <O

Ef, o= MMaxX ‘fn_gpn‘
¥ ke{L,....N} |fn| -+ |90n|

Transformation:

J—g9=AFf
Inverse transformation:
In = gy
fu fn[fN— 3 g;-]+ S g
0<i<N 0<i<n
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L Explicit tactic @‘

Assumption:
fa=vn(c+ Ry), R,=<1

Criterion:

Ef iy in < Oy

£f.,= mMax |fn.— ol
¥ ke{L,..., N}’fn’+‘90n’

Transformation:

fr—9=A(f/v)

Inverse transformation:

gn = Gy

fn = fn=¢n([fN/¢N > §i]+ > §¢)

0<i<N 0<i<n
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L Exponential tactic

Assumption:
fn==1 eftn (R, >1).

Criterion:
In > () (n

I

|
&~

LN,

Transformation:

f
sign fn

J— g=log

Inverse transformation:

gn ~ LCZn
fn = f,=(sign fx)exp gy
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L Asymptotic extrapolation & ‘

Combining tactics

Several tactics with transformations @4, ..., ®, and inverses Py, ...
(I)p
Compute all valid fila---,il = ((i“ O -« 0 (i@'l o (I)il O -« 0 (I)“>(f> until

specified [

Return best fnll

Inverse transformations using transseries

Inverse transformations A~! and exp done on “transseries”

Numerical evaluations done using “summing to the least term”
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