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Notations

> Let ¢;, for (t,a) € T x D be defined by

Pra(z) =t

z—a
1-3az»

zeD.
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Notations

> Let ¢t for (t,a) € T x D be defined by
vra(z) =tE=%, zeD.

1-3az»

> Let Méb= {yt,: (t,a) € T x D} denote the
bi-holomorphic automorphism group of the open unit
disc D.
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Homogeneous Operator

Definition

A bounded linear operator T on a complex separable Hilbert
space H whose spectrum is contained in I is said to be
homogeneous if ¢(T) = U; TU, for some unitary operator
U, and all ¢ €Mob.
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The Jet Construction

» A(®(D) : the Hilbert space of holomorphic functions on
D whose reproducing kernel is (1 — zw)™, a > 0.
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The Jet Construction

» A®)(D) : the Hilbert space of holomorphic functions on
D whose reproducing kernel is (1 — zw)™, a > 0.

» M(®): the multiplication operator on A(®)(D).
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The Jet Construction

» A®)(D) : the Hilbert space of holomorphic functions on
D whose reproducing kernel is (1 — zw)™, a > 0.

» M(®): the multiplication operator on A(®)(D).

» The reproducing kernel for the tensor product
A)(D) @ AP)(D) is

B(a”@)(z,W) = (1 — ZlVV]_)ia(]- - Z2V‘72)757

for z = (z1,2) € D? and w = (wy, wz) € D?, o, 3 > 0.

Homogeneous
Operators, Jet
Construction and
Similarity

Shyam Roy

The Jet
Construction



The Jet Construction

» A®)(D) : the Hilbert space of holomorphic functions on
D whose reproducing kernel is (1 — zw)™, a > 0.

» M(®): the multiplication operator on A(®)(D).

» The reproducing kernel for the tensor product
A)(D) @ AP)(D) is

B@A)(z,w) = (1 — z1n) (1 — zovin) 7,
for z = (z1,2) € D? and w = (wy, wz) € D?, o, 3 > 0.

> We set: A9 (D?) ~ AlC)(D) @ AP (D).
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A Key Proposition

Proposition (Dougalas, Misra, Varughese)
The compression of the operator M(® @ | to the

ortho-complement A©8)(D2) & AY?)(D2) is homogeneous.

Here AP (D2) is defined by
fe AR D2) . 9ff =0for0<¢<n
N

where A = {(z,z) € D?: z € D}.
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A concrete realization of A (D?) & A" (D?) O
onstruction and
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> JMA@P)(D?) is defined by
{Jf =301 05f @ e« f € AlP)(D?)}, where

A concrete realization

e;,0 < i < n, denotes the standard unit vectors in
Cr+i,

> The vector space J(MA(®P)(ID?) inherits a Hilbert space
structure via the map J.



A concrete realization of A(”’e‘q)(ID)z) a A%“‘ﬁ)([Dﬂ)

> JMA@P)(D?) is defined by
{Jf =301 05f @ e« f € AlP)(D?)}, where

e;,0 < i < n, denotes the standard unit vectors in
Cr+i,

> The vector space J(MA(®P)(ID?) inherits a Hilbert space
structure via the map J.

> AV A@B(D2) = {JF : Jf, =0}

Aﬁf‘ﬁ)(mﬂ) is realized in the Hilbert space
JMA@A(D2) as SV AA(D2),
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A Key Theorem

> JMA@B(D2) o A is defined as the set
{f : f = glres for some g € JM A (D2}
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A Key Theorem

> JMAP)(D?)| o A is defined as the set

{f : f = glres for some g € JM A (D2}

Theorem (Douglas, Misra, Varughese)

The compression of M(®) & | to the ortho-complement of

the subspace J(()") A(""ﬁ)(]D)2) is the multiplication operator on
the space J(WAA (D)o A.
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Generalized Wilkins' Operators

> M) - the operator in the Theorem.
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Generalized Wilkins' Operators

> M) - the operator in the Theorem.

» AlB)(D?) g AS,O‘”B)(]D)Q) is realized as
J(n) A(e,8) (]1])2)‘res A
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Generalized Wilkins' Operators Operators, Jt
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> M,(,a’ﬁ) . the operator in the Theorem.

A concrete realization

» A (D?) 5 AP (D2?) is realized as
J(")A(av@)(]D)Z)‘res A-

> B,(f“’m : the reproducing kernel for the Hilbert space
J(")A(a’ﬁ)(Dz)\resA-



Generalized Wilkins' Operators

> M,(,a’ﬁ) : the operator in the Theorem.

» A (D?) 5 AP (D2?) is realized as
J(")A(av@)(]D)Z)‘res A-

> B,(f“’m : the reproducing kernel for the Hilbert space
J(")A(a’ﬁ)(Dz)\resA-

> Wy = {I\/I,(,a’ﬁ)* ca,3>0},n>0: Generalized
Wilkins' operators.
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Two Results on W,

Proposition (Douglas, Misra, Varughese)
The set W, is a subcollection of B,11(D).
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Two Results on W,

Proposition (Douglas, Misra, Varughese)
The set W, is a subcollection of B,11(D).

Theorem (Misra, Shyam Roy)

The set W, is a collection of irreducible homogeneous
operators in Bpy1(D).
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Some Generality

» K : a Hilbert space with an orthonormal basis {e;}.
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Some Generality

» K : a Hilbert space with an orthonormal basis {e;}.

» ¢k : a Hilbert space with an orthonormal basis {ce;}
for 0 # c € C.
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Some Generality

>

>

K : a Hilbert space with an orthonormal basis {e;}.

¢k : a Hilbert space with an orthonormal basis {ce;}
for 0 # c € C.

Equivalently, (f,g) = |c|7%(f, g) x for f,g € K.
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Some Generality

» K : a Hilbert space with an orthonormal basis {e;}.

» ¢k : a Hilbert space with an orthonormal basis {ce;}
for 0 # c € C.

» Equivalently, (f,g) = |c|72(f,g) x for f,g € K.

> H = @j”’:OHJ, an orthogonal direct sum of Hilbert
spaces H;.

Homogeneous
Operators, Jet
Construction and
Similarity

Shyam Roy

Generality



Some Generality

v

v

v

v

v

K : a Hilbert space with an orthonormal basis {e;}.

¢k : a Hilbert space with an orthonormal basis {ce;}
for 0 # c € C.

Equivalently, (f,g) = |c|7%(f, g) x for f,g € K.

H = @ yH;, an orthogonal direct sum of Hilbert
spaces H;.

H; has reproducing kernel K; for 0 <j < m.
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Some Generality

v

v

v

v

v

K : a Hilbert space with an orthonormal basis {e;}.

¢k : a Hilbert space with an orthonormal basis {ce;}
for 0 # c € C.

Equivalently, (f,g) = |c|7%(f, g) x for f,g € K.

H = @ yH;, an orthogonal direct sum of Hilbert
spaces H;.

H; has reproducing kernel K; for 0 <j < m.

Hn = &1 H;.
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A New Inner Product

> >n : The inner product of the Hilbert space H,,
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> (,),, + The inner product of the Hilbert space Hy,

A Key Proposition
> (o fi X0 8)), = 2o il T2 85); S
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A New Inner Product

> (,),, + The inner product of the Hilbert space Hy,

> (S0 6 o8, = Ko Il (5 );

for 6,gj E'HJ',O#HJ' e C,
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> (,),, : The inner product of the Hilbert space Hy,

> o 2085, = 2o il (£, &),
for f;,g; € H;,0 # nj € C, where (, >j is the inner Geneally

product for the Hilbert space H;, 0 <j < m.

> Zj’lo K is the reproducing kernel of 'H



A New Inner Product

> (,),, : The inner product of the Hilbert space Hy,

>

>

|

<ij:0 f]a erio g:l),,] = ZJm:O |nj|_2<flagj>J
for f;, g5 € H;,0 # n; € C, where (,)j is the inner

product for the Hilbert space H;, 0 <j < m.
Zj'lo K is the reproducing kernel of 'H

jlo Inj]?K; is the reproducing kernel of H,,.

Homogeneous
Operators, Jet
Construction and
Similarity

Shyam Roy

A New Inner Product



The Key Proposition

Proposition
The multiplication operators on the Hilbert spaces H and
H., are similar via the map v : Hy — 'H.
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Another Jet Construction

» Hol(ID, CK) : the space of all holomorphic functions
taking values in Ck, ke N

> 2)\; ;=2\ — m+2j, where A € R and m € N with
2A—m>0,0<;<m.
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Another Jet Construction

» Hol(ID, CK) : the space of all holomorphic functions
taking values in Ck, ke N

> 2)\; ;=2\ — m+2j, where A € R and m € N with
2A—m>0,0<;<m.

» The operator I'; : ACY)(D) — Hol(D, C™*1) by the
formula
O 1 () i
(FF)(0) = (J) (2>\j)e71f ife=J
0 if0</<j,

for f € A(D‘f)(]D)), 0 <j < m, where

(X)n i =x(x+1)---(x+n—1).
(F;f)(¢) := the £-th component of the function T ;f
f=i) :=the (¢ — j)-th derivative of f.
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Construction of the Hilbert Space

» ARY)(D) = I'J-(AQ/\J‘)(D))
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Construction of the Hilbert Space

» ARY)(D) = FJ-(A(2/\1)(D))

> We set: ([;f,l;g) = (f,g) for f,g € A(z)\j)(D)-
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» ARY)(D) := ;(ACY)(D))

> We set: ([;f,l;g) = (f,g) for f,g € A(2)”')(D)-

» B(®Y) : the reproducing kernel for the Hilbert space
AN (D).
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Construction of the Hilbert Space

> ARV(D) = ;(ACY(D))
> We set: ([;f,T;g) = (f,g) forf,ge A(2)\j)(D)'

» B(Y) : the reproducing kernel for the Hilbert space
AN (D).

> AMH(D) := @M o ACY)(D), 1 = pio, p1, - - -, tm > O.
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Construction of the Hilbert Space

v

v

v

v

v

AN (D) := [(AP)(D))
We set: (£, T;g) = (f,g) for f,g € A(MJ)(D)'

B(Y) : the reproducing kernel for the Hilbert space
ACY)(D).

ANH(D) = @j'loujA(ZAi)(D), 1= po, p1, .-, pom > 0.

BOw) — ij:o MJ?BQ’\J) . the reproducing kernel for
ANH) (D).
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Construction of the Hilbert Space

> ARV(D) = ;(ACY(D))
> We set: ([;f,T;g) = (f,g) forf,ge A(z)\j)(D)'

» B(Y) : the reproducing kernel for the Hilbert space
AN (D).

» AK)(D) = @j’loujAQ’\i)(D), 1= po, p1, .-, pom > 0.
» BAK) — ij:o ,ngB(L\J’) . the reproducing kernel for
ANH) (D).

» M) the multiplication operator on the Hilbert space
AN (D).
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A Large Class of Irreducible Homogeneous
Operators

> Himi1(D) i= {MOWT X > 2> 0} C Byt (D)
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A Large Class of Irreducible Homogeneous
Operators

> Himi1(D) i= {MOWT X > 2> 0} C Byt (D)

Theorem ( Koranyi, Misra)

The set Hi m+1(DD) is the class of all irreducible
homogeneous operators in the Cowen-Douglas class whose
associated representations are multiplicity-free.
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A Large Class of Irreducible Homogeneous
Operators

> Himi1(D) i= {MOWT X > 2> 0} C Byt (D)

Theorem ( Koranyi, Misra)

The set Hi m+1(DD) is the class of all irreducible
homogeneous operators in the Cowen-Douglas class whose
associated representations are multiplicity-free.
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Relation Between Two Jet Constructions

Theorem (Shyam Roy)
Up to unitary equivalence W, C Hy p11(D).
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Relation Between Two Jet Constructions

Theorem (Shyam Roy)
Up to unitary equivalence W, C Hy p11(D).

Irreducibility of members of H; ,11(ID) can be proved easily
by using irreducibility of members of W,.

Homogeneous
Operators, Jet
Construction and
Similarity

Shyam Roy

A Key Proposition

A concrete realization
Generality

A New Inner Product
The Key Proposition

Relation Between
Two Jet
Constructions

Steps of the proof



Relation Between Two Jet Constructions

Theorem (Shyam Roy)
Up to unitary equivalence W, C Hi n1+1(D).

Irreducibility of members of H; ,11(ID) can be proved easily
by using irreducibility of members of W,.

Theorem (Alternative proof)

The multiplication operator M) on the Hilbert space
ANH)(D) is irreducible.
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Steps of the proof

> Hy = AMH(D), with ) =

LU) for 0 < j < m.

Ho()) -7 =

Homogeneous
Operators, Jet
Construction and
Similarity

Shyam Roy

A Key Proposition

A concrete realization

Generality
A New Inner Product

The Key Proposition

Steps of the proof



Steps of the proof

> Hy = AMH(D), with ) =

> H = A(A,uo)(D)
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Steps of the proof

> Hy = AMH(D), with 7 := 2 for 0 < j < m.

#o(J)
| 4 H = A()‘vl“LO)(D)

> 11 Hy — H satisfies LMK = pOoko)
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Steps of the proof Oneraorn,
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> Hy = AMH(D), with nj == 50%.)) for 0 <j < m.
> H = Ar)(D)
> 11 Hy — H satisfies LM = MOoko)

0 H — Hy, are given by *(f) = L7Y(F) = f for
feH.

Steps of the proof



Steps of the proof

» If P is an orthogonal projection commuting with M :#)
then 1P, ™1 is a orthogonal projection which commuting
with M ko),
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» If P is an orthogonal projection commuting with M :#)
then 1P, ™1 is a orthogonal projection which commuting

with MAto)

> MOuto) s unitarily equivalent to M
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Steps of the proof

» If P is an orthogonal projection commuting with M :#)
then 1P, ™1 is a orthogonal projection which commuting
with M ko),

» MO#) is unitarily equivalent to M

> M,(na’ﬂ) is irreducible.
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Steps of the proof

» If P is an orthogonal projection commuting with M :#)
then 1P, ™1 is a orthogonal projection which commuting
with M ko),

» MO#) is unitarily equivalent to M
> M,(na’ﬂ) is irreducible.

» 1P, 1 is either 0 or | on H = A:ro)(DD).
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Steps of the proof

If P is an orthogonal projection commuting with M*:#)
then 1P, ™1 is a orthogonal projection which commuting
with M ko),

v

» MO#) is unitarily equivalent to M

> M,(,,a’m is irreducible.

» Pu 1 is either 0 or / on H = A(’\ﬁl‘o)(]D))_

v

P is either 0 or | on H = AlM#o)(DD).
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