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In this paper, we are concerned with spectral-theoretic features of general iterated func-
tion systems (IFS). Such systems arise from the study of iteration limits of a finite
family of maps Ti, i = 1, ... ,N, in some Hausdorff space Y. There is a standard con-
struction which generally allows us to reduce to the case of a compact invariant subset
X C Y. Typically, some kind of contractivity property for the maps Ti is assumed, but
our present considerations relax this restriction. This means that there is then not a
natural equilibrium measure J.L available which allows us to pass the point-maps Ti to
operators on the Hilbert space L2(J.L). Instead, we show that it is possible to realize the"
maps Ti quite generally in Hilbert spaces 1t(X) of square-densities on X. The elements
in 1t(X) are equivalence classes of pairs (cp,J.L), where cp is a Borel function on X, J.L is a
positive Borel measure on X, and Ix Icpl2 dJ.L < 00. We say that (cp, J.L) '" (1/J,I/) if there
is a positive Borel measure .Asuch that J.L « .A,1/ « .A,and

[d:; r-;£~
cp y dA = 1/Jy dA ' .A a.e. on X .

We prove that, under general conditions on the system (X, Td, there are isometries

Si:(cp,J.L) f-> (cp ° a,J.L °Ti-
l
)

in 1t(X) satisfying L~l SiS; = I = the identity operator in 1t(X). For the construction
we assume that some mapping a; X ~ X satisfies the conditions a ° Ti = idx, i =
1,... ,N.

We further prove that this representation in the Hilbert space 1t (X) has several
universal properties.

Keywords: Hilbert space; Cuntz algebra; completely positive map; creation operators;
wavelet packets; pyramid algorithm; product measures; orthogonality relations; equiv-
alence of measures;" iterated function systems (IFS); scaling function; multiresolution;
subdivision scheme; singular measures; absolutely continuous measures.

In this paper we are concerned with iterated function systems (IFS) and their rep-
resentation in Hilbert space. For contractive IFS's, there is a known standard con-
struction of a family of measures, and Hilbert spaces induced by these measures.
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