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The classical case

Notation:

U , Y – Hilbert spaces,

L(U ,Y) – the algebra of bounded operators from U into Y,

D – the unit disk,

H2
U – the Hardy space of U -valued functions of D,

S(U ,Y) – the Schur class of L(U ,Y)-valued functions analytic and
contractive valued on D.
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Let S : D → L(U ,Y). The following are equivalent:

(1) S ∈ S(U ,Y).
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Let S : D → L(U ,Y). The following are equivalent:

(1) S ∈ S(U ,Y).

(2) The operator MS : f 7→ S · f is a contraction from H2
U to H2

Y .
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Let S : D → L(U ,Y). The following are equivalent:

(1) S ∈ S(U ,Y).

(2) The operator MS : f 7→ S · f is a contraction from H2
U to H2

Y .

(3) The kernel KS(z , ζ) =
IY − S(z)S(ζ)∗

1 − z ζ̄
is positive on D.
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Let S : D → L(U ,Y). The following are equivalent:

(1) S ∈ S(U ,Y).

(2) The operator MS : f 7→ S · f is a contraction from H2
U to H2

Y .

(3) The kernel KS(z , ζ) =
IY − S(z)S(ζ)∗

1 − z ζ̄
is positive on D.

(4) The kernel K̃S(z , ζ) =
IU − S(z)∗S(ζ)

1 − zζ
is positive on D.
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Let S : D → L(U ,Y). The following are equivalent:

(1) S ∈ S(U ,Y).

(2) The operator MS : f 7→ S · f is a contraction from H2
U to H2

Y .

(3) The kernel KS(z , ζ) =
IY − S(z)S(ζ)∗

1 − z ζ̄
is positive on D.

(4) The kernel K̃S(z , ζ) =
IU − S(z)∗S(ζ)

1 − zζ
is positive on D.

(5) The kernel K̂S(z , ζ) =




KS(z , ζ)
S(z) − S(ζ)

z − ζ
S(z)∗ − S(ζ)∗

z − ζ
K̃S (z , ζ)


 is

positive on D.
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Let S : D → L(U ,Y). The following are equivalent:

(1) S ∈ S(U ,Y).

(2) The operator MS : f 7→ S · f is a contraction from H2
U to H2

Y .

(3) The kernel KS(z , ζ) =
IY − S(z)S(ζ)∗

1 − z ζ̄
is positive on D.

(4) The kernel K̃S(z , ζ) =
IU − S(z)∗S(ζ)

1 − zζ
is positive on D.

(5) The kernel K̂S(z , ζ) =




KS(z , ζ)
S(z) − S(ζ)

z − ζ
S(z)∗ − S(ζ)∗

z − ζ
K̃S (z , ζ)


 is

positive on D.

(6) There exists a Hilbert space H and a unitary (isometric,

coisometric, contractive) operator U =

[
A B

C D

]
:

[
H
U

]
→

[
H
Y

]

such that S(z) = D + zC (I − zA)−1B (z ∈ D).
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de Branges-Rovnyak coisometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

KS (z , ζ).
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de Branges-Rovnyak coisometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

KS (z , ζ). Define U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)

Y

]
by

A : f (z) 7→
f (z) − f (0)

z
, B : u 7→

S(z) − S(0)

z
u,

C : f (z) 7→ f (0), D : u 7→ S(0)u.
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de Branges-Rovnyak coisometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

KS (z , ζ). Define U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)

Y

]
by

A : f (z) 7→
f (z) − f (0)

z
, B : u 7→

S(z) − S(0)

z
u,

C : f (z) 7→ f (0), D : u 7→ S(0)u.

(1) U is a coisometry

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multipliers



de Branges-Rovnyak coisometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

KS (z , ζ). Define U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)

Y

]
by

A : f (z) 7→
f (z) − f (0)

z
, B : u 7→

S(z) − S(0)

z
u,

C : f (z) 7→ f (0), D : u 7→ S(0)u.

(1) U is a coisometry and (C ,A) is an observable pair, i.e.,
CAnf = 0 for all n ≥ 0 =⇒ f = 0.
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de Branges-Rovnyak coisometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

KS (z , ζ). Define U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)

Y

]
by

A : f (z) 7→
f (z) − f (0)

z
, B : u 7→

S(z) − S(0)

z
u,

C : f (z) 7→ f (0), D : u 7→ S(0)u.

(1) U is a coisometry and (C ,A) is an observable pair, i.e.,
CAnf = 0 for all n ≥ 0 =⇒ f = 0.

(2) We recover S(z) as S(z) = D + zC (I − zA)−1B .
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de Branges-Rovnyak coisometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

KS (z , ζ). Define U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)

Y

]
by

A : f (z) 7→
f (z) − f (0)

z
, B : u 7→

S(z) − S(0)

z
u,

C : f (z) 7→ f (0), D : u 7→ S(0)u.

(1) U is a coisometry and (C ,A) is an observable pair, i.e.,
CAnf = 0 for all n ≥ 0 =⇒ f = 0.

(2) We recover S(z) as S(z) = D + zC (I − zA)−1B .

(3) If
[

A′ B′

C ′ D′

]
: (X ⊕ U) → (X ⊕ Y) is another colligation matrix

with properties (1),(2), then there is a unitary U : H(KS ) → X

so that

[
U 0
0 IY

] [
A B

C D

]
=

[
A′ B ′

C ′ D ′

] [
U 0
0 IU

]
.
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de Branges-Rovnyak isometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

K̃S (z , ζ).
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de Branges-Rovnyak isometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

K̃S (z , ζ). Define U =

[
A B

C D

]
:

[
H(K̃S)

U

]
→

[
H(K̃S)

Y

]
by

A∗ : f (z) 7→
f (z) − f (0)

z̄
, C ∗ : y 7→

S(z)∗ − S(0)∗

z
y ,

B : u 7→ (IU − S(z)∗S(0))u, D : u 7→ S(0)u.
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de Branges-Rovnyak isometric realization

Let S ∈ S(U ,Y) and let H(KS) be the RKHS with RK

K̃S (z , ζ). Define U =

[
A B

C D

]
:

[
H(K̃S)

U

]
→

[
H(K̃S)

Y

]
by

A∗ : f (z) 7→
f (z) − f (0)

z̄
, C ∗ : y 7→

S(z)∗ − S(0)∗

z
y ,

B : u 7→ (IU − S(z)∗S(0))u, D : u 7→ S(0)u.

(1) U is an isometry and (A,B) is a controllable pair, i.e.,∨
n≥0 RanAnB = H(K̃S ).

(2) We recover S(z) as S(z) = D + zC (I − zA)−1B .

(3) If
[

A′ B′

C ′ D′

]
: (X ⊕ U) → (X ⊕ Y) is another colligation matrix

with properties (1),(2), then it is unitarily equivalent to U.
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de Branges-Rovnyak unitary realization

Let S ∈ S(U ,Y) and let H(K̂S) be the RKHS with RK

K̂S (z , ζ).
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de Branges-Rovnyak unitary realization

Let S ∈ S(U ,Y) and let H(K̂S) be the RKHS with RK

K̂S (z , ζ). Define U =

[
A B

C D

]
:

[
H(K̂S)

U

]
→

[
H(K̂S)

Y

]
by

A :

[
f (z)
g(z)

]
7→

[
[f (z) − f (0)]/z

zg(z) − S(z)∗f (0)

]
, B : u 7→

[
S(z)−S(0)

z
u

(I − S(z)∗S(0))u

]

C :

[
f (z)
g(z)

]
7→ f (0), D : u 7→ S(0)u.
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de Branges-Rovnyak unitary realization

Let S ∈ S(U ,Y) and let H(K̂S) be the RKHS with RK

K̂S (z , ζ). Define U =

[
A B

C D

]
:

[
H(K̂S)

U

]
→

[
H(K̂S)

Y

]
by

A :

[
f (z)
g(z)

]
7→

[
[f (z) − f (0)]/z

zg(z) − S(z)∗f (0)

]
, B : u 7→

[
S(z)−S(0)

z
u

(I − S(z)∗S(0))u

]

C :

[
f (z)
g(z)

]
7→ f (0), D : u 7→ S(0)u.

(1) U is unitary and closely connected:
∨

n≥0

{RanAnB , RanA∗nC ∗} = H(K̂S).

(2) We recover S(z) as S(z) = D + zC (I − zA)−1B .

(3) If
[

A′ B′

C ′ D′

]
: (X ⊕ U) → (X ⊕ Y) is another colligation matrix

with properties (1),(2), then it is unitarily equivalent to U.
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,

1

1 − zζ
→ kd(z , ζ) =

1

1 − 〈z , ζ〉
=

1

1 − z1ζ̄1 − . . . − zd ζ̄d

,
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,

1

1 − zζ
→ kd(z , ζ) =

1

1 − 〈z , ζ〉
=

1

1 − z1ζ̄1 − . . . − zd ζ̄d

,

H2 → H(kd), H2
U → HU (kd ),
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,

1

1 − zζ
→ kd(z , ζ) =

1

1 − 〈z , ζ〉
=

1

1 − z1ζ̄1 − . . . − zd ζ̄d

,

H2 → H(kd), H2
U → HU (kd ),

Mz → Mz = (Mz1, . . . ,Mzd
),
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,

1

1 − zζ
→ kd(z , ζ) =

1

1 − 〈z , ζ〉
=

1

1 − z1ζ̄1 − . . . − zd ζ̄d

,

H2 → H(kd), H2
U → HU (kd ),

Mz → Mz = (Mz1, . . . ,Mzd
),

M∗
z : f (z) → f (z)−f (0)

z
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,

1

1 − zζ
→ kd(z , ζ) =

1

1 − 〈z , ζ〉
=

1

1 − z1ζ̄1 − . . . − zd ζ̄d

,

H2 → H(kd), H2
U → HU (kd ),

Mz → Mz = (Mz1, . . . ,Mzd
),

M∗
z : f (z) → f (z)−f (0)

z
→ M∗

z = (M∗
z1

, . . . ,M∗
zd

):

f (z) − f (0) = z1(M
∗
z1

f )(z) + . . . + zd(M∗
zd

f )(z) ∀f ∈ H(kd).
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,

1

1 − zζ
→ kd(z , ζ) =

1

1 − 〈z , ζ〉
=

1

1 − z1ζ̄1 − . . . − zd ζ̄d

,

H2 → H(kd), H2
U → HU (kd ),

Mz → Mz = (Mz1, . . . ,Mzd
),

M∗
z : f (z) → f (z)−f (0)

z
→ M∗

z = (M∗
z1

, . . . ,M∗
zd

):

f (z) − f (0) = z1(M
∗
z1

f )(z) + . . . + zd(M∗
zd

f )(z) ∀f ∈ H(kd).

S(U ,Y) → Sd(U ,Y) – the class of L(U ,Y)-valued functions S

analytic on B
d and such that MS : f (z) 7→ S(z)f (z) defines a

contractive operator from HU (kd) to HY(kd ),
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The unit ball setting

D → B
d =

{
z = (z1, . . . , zd) ∈ C

d : 〈z , z〉 < 1
}
,

1

1 − zζ
→ kd(z , ζ) =

1

1 − 〈z , ζ〉
=

1

1 − z1ζ̄1 − . . . − zd ζ̄d

,

H2 → H(kd), H2
U → HU (kd ),

Mz → Mz = (Mz1, . . . ,Mzd
),

M∗
z : f (z) → f (z)−f (0)

z
→ M∗

z = (M∗
z1

, . . . ,M∗
zd

):

f (z) − f (0) = z1(M
∗
z1

f )(z) + . . . + zd(M∗
zd

f )(z) ∀f ∈ H(kd).

S(U ,Y) → Sd(U ,Y) – the class of L(U ,Y)-valued functions S

analytic on B
d and such that MS : f (z) 7→ S(z)f (z) defines a

contractive operator from HU (kd) to HY(kd ), or equivalently, the
class of L(U ,Y)-valued functions S such that the kernel

KS (z , ζ) =
IY − S(z)S(ζ)∗

1 − 〈z , ζ〉
is positive on B

d .
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Theorem:

If S : B
d → L(U ,Y) belongs to Sd(U ,Y), then there is a unitary

colligation

U =

[
A B

C D

]
=




A1 B1
...

...
Ad Bd

C D


 :

[
X
U

]
→

[
X d

Y

]
(1)

so that S(z) can be expressed as

S(z) = D + C (I − z1A1 − . . . − zdAd)−1(z1B1 + . . . + zdBd)



Theorem:

If S : B
d → L(U ,Y) belongs to Sd(U ,Y), then there is a unitary

colligation

U =

[
A B

C D

]
=




A1 B1
...

...
Ad Bd

C D


 :

[
X
U

]
→

[
X d

Y

]
(1)

so that S(z) can be expressed as

S(z) = D + C (I − z1A1 − . . . − zdAd)−1(z1B1 + . . . + zdBd)

= D + C (IX − ZX (z)A)−1ZX (z)B (z ∈ B
d) (2)

where ZX (z) :=
[
z1IX · · · zd IX

]
.
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Theorem:

If S : B
d → L(U ,Y) belongs to Sd(U ,Y), then there is a unitary

colligation

U =

[
A B

C D

]
=




A1 B1
...

...
Ad Bd

C D


 :

[
X
U

]
→

[
X d

Y

]
(1)

so that S(z) can be expressed as

S(z) = D + C (I − z1A1 − . . . − zdAd)−1(z1B1 + . . . + zdBd)

= D + C (IX − ZX (z)A)−1ZX (z)B (z ∈ B
d) (2)

where ZX (z) :=
[
z1IX · · · zd IX

]
.

Conversely, if U of the form (1) is a contraction, then S of the form
(2) belongs to Sd(U ,Y) (Agler-McCarthy, Ball-Trent-Vinnikov).
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Minimality conditions

The colligation U =

[
A B

C D

]
=




A1 B1
...

...
Ad Bd

C D


 :

[
X
U

]
→

[
X d

Y

]
is
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Minimality conditions

The colligation U =

[
A B

C D

]
=




A1 B1
...

...
Ad Bd

C D


 :

[
X
U

]
→

[
X d

Y

]
is

observable if C (IX − ZX (z)A)−1x ≡ 0 =⇒ x = 0,
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Minimality conditions

The colligation U =

[
A B

C D

]
=




A1 B1
...

...
Ad Bd

C D


 :

[
X
U

]
→

[
X d

Y

]
is

observable if C (IX − ZX (z)A)−1x ≡ 0 =⇒ x = 0,

controllable if B∗(IX d − ZX (z)∗A∗)−1




x 0
. . .

0 x


 ≡ 0 =⇒ x = 0,
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Minimality conditions

The colligation U =

[
A B

C D

]
=




A1 B1
...

...
Ad Bd

C D


 :

[
X
U

]
→

[
X d

Y

]
is

observable if C (IX − ZX (z)A)−1x ≡ 0 =⇒ x = 0,

controllable if B∗(IX d − ZX (z)∗A∗)−1




x 0
. . .

0 x


 ≡ 0 =⇒ x = 0,

closely connected if ...
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Coisometric realizations
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Coisometric realizations

A function S ∈ Sd(U ,Y) may not admit observable coisometric
realizations.
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Coisometric realizations

A function S ∈ Sd(U ,Y) may not admit observable coisometric
realizations. Example: an inner function S such that
U0

S := {u ∈ U : S(z)u ≡ 0} = {0}.
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Coisometric realizations

A function S ∈ Sd(U ,Y) may not admit observable coisometric
realizations. Example: an inner function S such that
U0

S := {u ∈ U : S(z)u ≡ 0} = {0}. However, observable
weakly-coisometric realizations always exist.
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Coisometric realizations

A function S ∈ Sd(U ,Y) may not admit observable coisometric
realizations. Example: an inner function S such that
U0

S := {u ∈ U : S(z)u ≡ 0} = {0}. However, observable
weakly-coisometric realizations always exist. The colligation

U =

[
A B

C D

]
=:

[
X
U

]
→

[
X d

Y

]
is weakly-coisometric if U∗ is

isometric on the subspace DC ,A ⊕ Y of X d ⊕ Y where

DC ,A :=
∨

ζ∈Bd ,y∈Y

ZX (ζ)∗(I − A∗ZX (ζ)∗)−1C ∗y ⊂ X d .
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Coisometric realizations

A function S ∈ Sd(U ,Y) may not admit observable coisometric
realizations. Example: an inner function S such that
U0

S := {u ∈ U : S(z)u ≡ 0} = {0}. However, observable
weakly-coisometric realizations always exist. The colligation

U =

[
A B

C D

]
=:

[
X
U

]
→

[
X d

Y

]
is weakly-coisometric if U∗ is

isometric on the subspace DC ,A ⊕ Y of X d ⊕ Y where

DC ,A :=
∨

ζ∈Bd ,y∈Y

ZX (ζ)∗(I − A∗ZX (ζ)∗)−1C ∗y ⊂ X d .

Equivalently, U is weakly-coisometric if for
S(z) = D + C (IX − ZX (z)A)−1ZX (z)B ,

KS (z , ζ) :=
IY − S(z)S(ζ)∗

1 − 〈z , ζ〉
= C (IX−ZX (z)A)−1(I−A∗ZX (ζ)∗)−1C ∗.
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Let H(KS) be the RKHS with RK KS .
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Let H(KS) be the RKHS with RK KS . We say that the contractive
operator-block matrix

U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)d

Y

]

is a canonical functional-model colligation for S ∈ Sd(U ,Y) if
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Let H(KS) be the RKHS with RK KS . We say that the contractive
operator-block matrix

U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)d

Y

]

is a canonical functional-model colligation for S ∈ Sd(U ,Y) if

(1) The operator A solves the Gleason problem

f (z) − f (0) =
d∑

j=1

zj(Aj f )(z) for all f ∈ H(KS).
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Let H(KS) be the RKHS with RK KS . We say that the contractive
operator-block matrix

U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)d

Y

]

is a canonical functional-model colligation for S ∈ Sd(U ,Y) if

(1) The operator A solves the Gleason problem

f (z) − f (0) =
d∑

j=1

zj(Aj f )(z) for all f ∈ H(KS).

(2) The operator B solves the Gleason problem

S(z)u − S(0)u =

d∑

j=1

zj(Bju)(z) for all u ∈ U .
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Let H(KS) be the RKHS with RK KS . We say that the contractive
operator-block matrix

U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS)d

Y

]

is a canonical functional-model colligation for S ∈ Sd(U ,Y) if

(1) The operator A solves the Gleason problem

f (z) − f (0) =
d∑

j=1

zj(Aj f )(z) for all f ∈ H(KS).

(2) The operator B solves the Gleason problem

S(z)u − S(0)u =

d∑

j=1

zj(Bju)(z) for all u ∈ U .

(3) The operators C : H(KS) → Y and D : U → Y are given by

C : f 7→ f (0), D : u 7→ S(0)u.
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Theorem:

Given a function S ∈ Sd(U ,Y),
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Theorem:

Given a function S ∈ Sd(U ,Y),

(1) A canonical functional-model colligation for S exists.
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Theorem:

Given a function S ∈ Sd(U ,Y),

(1) A canonical functional-model colligation for S exists.

(2) Every cfm colligation U for S is weakly coisometric and
observable and furthermore,

S(z) = D + C (I − ZH(KS )(z)A)−1ZH(KS )(z)B .
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Theorem:

Given a function S ∈ Sd(U ,Y),

(1) A canonical functional-model colligation for S exists.

(2) Every cfm colligation U for S is weakly coisometric and
observable and furthermore,

S(z) = D + C (I − ZH(KS )(z)A)−1ZH(KS )(z)B .

(3) Any observable weakly coisometric colligation

Ũ =

[
Ã B̃

C̃ D

]
:

[
H̃
U

]
→

[
H̃d

Y

]
with the characteristic function

equal S is unitarily equivalent to some cfm colligation U for S :
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Theorem:

Given a function S ∈ Sd(U ,Y),

(1) A canonical functional-model colligation for S exists.

(2) Every cfm colligation U for S is weakly coisometric and
observable and furthermore,

S(z) = D + C (I − ZH(KS )(z)A)−1ZH(KS )(z)B .

(3) Any observable weakly coisometric colligation

Ũ =

[
Ã B̃

C̃ D

]
:

[
H̃
U

]
→

[
H̃d

Y

]
with the characteristic function

equal S is unitarily equivalent to some cfm colligation U for S :
there is a unitary operator U : H → H(KS) such that

Ai = UÃiU
∗, C = C̃U∗, Bi = UB̃i (i = 1, . . . , d).
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Nonuniqueness

By definition of KS ,

d∑

j=1

zj ζ̄jKS(z , ζ) + IY = KS(z , ζ) + S(z)S(ζ)∗
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Nonuniqueness

By definition of KS ,

d∑

j=1

zj ζ̄jKS(z , ζ) + IY = KS(z , ζ) + S(z)S(ζ)∗

or, in the inner product form as

〈[
ZY(ζ)∗KS(·, ζ)y

y

]
,

[
ZY(z)∗KS (·, z)y ′

y ′

]〉

H(KS )d⊕Y

=

〈[
KS(·, ζ)y
S(ζ)∗y

]
,

[
KS(·, z)y ′

S(z)∗y ′

]〉

H(KS )⊕U

.
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Nonuniqueness

By definition of KS ,

d∑

j=1

zj ζ̄jKS(z , ζ) + IY = KS(z , ζ) + S(z)S(ζ)∗

or, in the inner product form as

〈[
ZY(ζ)∗KS(·, ζ)y

y

]
,

[
ZY(z)∗KS (·, z)y ′

y ′

]〉

H(KS )d⊕Y

=

〈[
KS(·, ζ)y
S(ζ)∗y

]
,

[
KS(·, z)y ′

S(z)∗y ′

]〉

H(KS )⊕U

.

Thus the map V :

[
ZY(ζ)∗KS (·, ζ)y

y

]
→

[
KS(·, ζ)y
S(ζ)∗y

]
extends

to the isometry V : DV → RV where
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DV =
∨

ζ∈Bd , y∈Y

[
ZY(ζ)∗KS (·, ζ)y

y

]
,

RV =
∨

ζ∈Bd , y∈Y

[
KS (·, ζ)y
S(ζ)∗y

]
.
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DV =
∨

ζ∈Bd , y∈Y

[
ZY(ζ)∗KS (·, ζ)y

y

]
,

RV =
∨

ζ∈Bd , y∈Y

[
KS (·, ζ)y
S(ζ)∗y

]
.

DV = D ⊕ Y, D =
∨

ζ∈Bd , y∈Y

ZY(ζ)∗KS (·, ζ)y .
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DV =
∨

ζ∈Bd , y∈Y

[
ZY(ζ)∗KS (·, ζ)y

y

]
,

RV =
∨

ζ∈Bd , y∈Y

[
KS (·, ζ)y
S(ζ)∗y

]
.

DV = D ⊕ Y, D =
∨

ζ∈Bd , y∈Y

ZY(ζ)∗KS (·, ζ)y .

D⊥ =





h =




h1
...

hd


 ∈ H(KS)d : z1h1(z) + . . . + zdhd(z) ≡ 0





.

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multipliers



DV =
∨

ζ∈Bd , y∈Y

[
ZY(ζ)∗KS (·, ζ)y

y

]
,

RV =
∨

ζ∈Bd , y∈Y

[
KS (·, ζ)y
S(ζ)∗y

]
.

DV = D ⊕ Y, D =
∨

ζ∈Bd , y∈Y

ZY(ζ)∗KS (·, ζ)y .

D⊥ =





h =




h1
...

hd


 ∈ H(KS)d : z1h1(z) + . . . + zdhd(z) ≡ 0





.

Theorem: U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS )d

Y

]
is a cfm

colligation for S if and only U∗|DV
= V and ‖U∗‖ ≤ 1.
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DV =
∨

ζ∈Bd , y∈Y

[
ZY(ζ)∗KS (·, ζ)y

y

]
,

RV =
∨

ζ∈Bd , y∈Y

[
KS (·, ζ)y
S(ζ)∗y

]
.

DV = D ⊕ Y, D =
∨

ζ∈Bd , y∈Y

ZY(ζ)∗KS (·, ζ)y .

D⊥ =





h =




h1
...

hd


 ∈ H(KS)d : z1h1(z) + . . . + zdhd(z) ≡ 0





.

Theorem: U =

[
A B

C D

]
:

[
H(KS)

U

]
→

[
H(KS )d

Y

]
is a cfm

colligation for S if and only U∗|DV
= V and ‖U∗‖ ≤ 1.

Thus the nonuniqueness is in

[
A∗

B∗

]∣∣∣∣
D⊥

.
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Commutative realizations

Let us call a realization

S(z) = D + C (I − z1A1 − . . . − zdAd)−1(zB1 + . . . + zdBd)

commutative if the tuple A = (A1, . . . ,Ad) is commutative.
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Commutative realizations

Let us call a realization

S(z) = D + C (I − z1A1 − . . . − zdAd)−1(zB1 + . . . + zdBd)

commutative if the tuple A = (A1, . . . ,Ad) is commutative.
Fact: There are functions in Sd(U ,Y) which do not admit
commutative contractive realizations.
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Commutative realizations

Let us call a realization

S(z) = D + C (I − z1A1 − . . . − zdAd)−1(zB1 + . . . + zdBd)

commutative if the tuple A = (A1, . . . ,Ad) is commutative.
Fact: There are functions in Sd(U ,Y) which do not admit
commutative contractive realizations.
Theorem: A function S ∈ Sd(U ,Y) admits a commutative weakly
coisometric realization if and only if the space H(KS) is
M∗

z -invariant and

d∑

j=1

‖M∗
zj
f ‖2

H(KS ) ≤ ‖f ‖2
H(KS ) − ‖f (0)‖2

Y ∀ f ∈ H(KS ).
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Commutative realizations

Let us call a realization

S(z) = D + C (I − z1A1 − . . . − zdAd)−1(zB1 + . . . + zdBd)

commutative if the tuple A = (A1, . . . ,Ad) is commutative.
Fact: There are functions in Sd(U ,Y) which do not admit
commutative contractive realizations.
Theorem: A function S ∈ Sd(U ,Y) admits a commutative weakly
coisometric realization if and only if the space H(KS) is
M∗

z -invariant and

d∑

j=1

‖M∗
zj
f ‖2

H(KS ) ≤ ‖f ‖2
H(KS ) − ‖f (0)‖2

Y ∀ f ∈ H(KS ).

In this case there exists a commutative cfm realization for S and for
any such a realization, the state space operators are

Aj = M∗
zj
|H(KS ) (i = 1, . . . , d).
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Characteristic function of a commuting row contraction

T = [T1, . . . , Td ], Ti : X → X

.
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Characteristic function of a commuting row contraction

T = [T1, . . . , Td ], Ti : X → X

.

θT(z) = [−T + DT∗(I − Z (z)T ∗)−1Z (z)DT ]|DT
: DT → DT∗ .

where

DT = (IX d − T ∗T )1/2, DT = RanDT ⊂ X d ,

DT∗ = (IX − TT ∗)1/2, DT∗ = RanDT∗ ⊂ X ,
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Characteristic function of a commuting row contraction

T = [T1, . . . , Td ], Ti : X → X

.

θT(z) = [−T + DT∗(I − Z (z)T ∗)−1Z (z)DT ]|DT
: DT → DT∗ .

where

DT = (IX d − T ∗T )1/2, DT = RanDT ⊂ X d ,

DT∗ = (IX − TT ∗)1/2, DT∗ = RanDT∗ ⊂ X ,

The colligation

UT =

[
T ∗ DT

DT∗ −T

]
:

[
X
DT

]
→

[
X d

DT∗

]

is unitary.
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Characteristic function of a commuting row contraction

T = [T1, . . . , Td ], Ti : X → X

.

θT(z) = [−T + DT∗(I − Z (z)T ∗)−1Z (z)DT ]|DT
: DT → DT∗ .

where

DT = (IX d − T ∗T )1/2, DT = RanDT ⊂ X d ,

DT∗ = (IX − TT ∗)1/2, DT∗ = RanDT∗ ⊂ X ,

The colligation

UT =

[
T ∗ DT

DT∗ −T

]
:

[
X
DT

]
→

[
X d

DT∗

]

is unitary. Thus, θT belongs to S(DT ,DT∗), admits a
commutative unitary realization and is pure:

‖S(0)u‖ = ‖u‖ for some u ∈ U =⇒ u = 0.
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A commutative row contraction T = [T1, . . . ,Td ] is completely
non-coisometric ⇐⇒
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A commutative row contraction T = [T1, . . . ,Td ] is completely
non-coisometric ⇐⇒ the pair (DT∗ ,T ∗) is observable.
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A commutative row contraction T = [T1, . . . ,Td ] is completely
non-coisometric ⇐⇒ the pair (DT∗ ,T ∗) is observable.

Theorem: A function S ∈ Sd(U ,Y) coincides with a characteristic
function θT of a commutative c.n.c. row contraction T if and only
if S is pure, the space H(KS ) is M∗

z -invariant,

d∑

j=1

‖M∗
zj
f ‖2

H(KS ) = ‖f ‖2
H(KS ) − ‖f (0)‖2

Y ∀ f ∈ H(KS ).
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A commutative row contraction T = [T1, . . . ,Td ] is completely
non-coisometric ⇐⇒ the pair (DT∗ ,T ∗) is observable.

Theorem: A function S ∈ Sd(U ,Y) coincides with a characteristic
function θT of a commutative c.n.c. row contraction T if and only
if S is pure, the space H(KS ) is M∗

z -invariant,

d∑

j=1

‖M∗
zj
f ‖2

H(KS ) = ‖f ‖2
H(KS ) − ‖f (0)‖2

Y ∀ f ∈ H(KS ).

and dimKerA∗|D⊥ = dimU0
S , where

A =




M∗
z1
|H(KS )
...

M∗
zd
|H(KS )


 , U0

S = {u ∈ U : S(z)u ≡ 0}.
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A commutative row contraction T = [T1, . . . ,Td ] is completely
non-coisometric ⇐⇒ the pair (DT∗ ,T ∗) is observable.

Theorem: A function S ∈ Sd(U ,Y) coincides with a characteristic
function θT of a commutative c.n.c. row contraction T if and only
if S is pure, the space H(KS ) is M∗

z -invariant,

d∑

j=1

‖M∗
zj
f ‖2

H(KS ) = ‖f ‖2
H(KS ) − ‖f (0)‖2

Y ∀ f ∈ H(KS ).

and dimKerA∗|D⊥ = dimU0
S , where

A =




M∗
z1
|H(KS )
...

M∗
zd
|H(KS )


 , U0

S = {u ∈ U : S(z)u ≡ 0}.

Theorem: Two commutative c.n.c. row contractions T and R are
unitarily equivalent if and only if their characteristic functions θT

and θR coincide (Bhattacharyya-Eschmeier-Sarkar).
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A contractive U =

[
A B

C D

]
=:

[
X
U

]
→

[
X d

Y

]
is weakly-coisometric

if U∗ is isometric on the subspace DC ,A ⊕ Y of X d ⊕ Y where

DC ,A :=
∨

ζ∈Bd ,y∈Y

ZX (ζ)∗(I − A∗ZX (ζ)∗)−1C ∗y ⊂ X d ,
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A contractive U =

[
A B

C D

]
=:

[
X
U

]
→

[
X d

Y

]
is weakly-coisometric

if U∗ is isometric on the subspace DC ,A ⊕ Y of X d ⊕ Y where

DC ,A :=
∨

ζ∈Bd ,y∈Y

ZX (ζ)∗(I − A∗ZX (ζ)∗)−1C ∗y ⊂ X d ,

weakly isometric if U is isometric on the subspace D̃A,B ⊕ U where

D̃A,B :=
∨

ζ∈Bd , u∈U

ZX (ζ)(I − AZX (ζ))−1Bu ⊂ X ,
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A contractive U =

[
A B

C D

]
=:

[
X
U

]
→

[
X d

Y

]
is weakly-coisometric

if U∗ is isometric on the subspace DC ,A ⊕ Y of X d ⊕ Y where

DC ,A :=
∨

ζ∈Bd ,y∈Y

ZX (ζ)∗(I − A∗ZX (ζ)∗)−1C ∗y ⊂ X d ,

weakly isometric if U is isometric on the subspace D̃A,B ⊕ U where

D̃A,B :=
∨

ζ∈Bd , u∈U

ZX (ζ)(I − AZX (ζ))−1Bu ⊂ X ,

and weakly unitary if it is weakly isometric and weakly coisometric.
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Weakly isometric realizations

To construct a weakly isometric functional-model realization we
need a positive kernel

K̃S (z , ζ) =
IU − S(z)∗S(ζ)

1 − 〈ζ, z〉
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Weakly isometric realizations

To construct a weakly isometric functional-model realization we
need a positive kernel

K̃S (z , ζ) =
IU − S(z)∗S(ζ)

1 − 〈ζ, z〉

which is not positive.
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Weakly isometric realizations

To construct a weakly isometric functional-model realization we
need a positive kernel

K̃S (z , ζ) =
IU − S(z)∗S(ζ)

1 − 〈ζ, z〉

which is not positive. We have instead a positive kernel

Φ =




Φ11 . . . Φ1d
...

...
Φd1 . . . Φdd


 : B

d × B
d → L(Ud)

such that

IU − S(z)∗S(ζ) =

d∑

j=1

Φjj(z , ζ) −

d∑

i ,ℓ=1

z iζℓΦiℓ(z , ζ).
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Weakly unitary realizations

If S ∈ Sd(U ,Y), then there exists a positive kernel

K(z , ζ) =




KS(z , ζ) Ψ1(z , ζ) . . . Ψd(z , ζ)
Ψ1(ζ, z)∗ Φ11(z , ζ) . . . Φ1d(z , ζ)

...
...

...
Ψd(ζ, z)∗ Φd1(z , ζ) . . . Φdd(z , ζ)



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Weakly unitary realizations

If S ∈ Sd(U ,Y), then there exists a positive kernel

K(z , ζ) =




KS(z , ζ) Ψ1(z , ζ) . . . Ψd(z , ζ)
Ψ1(ζ, z)∗ Φ11(z , ζ) . . . Φ1d(z , ζ)

...
...

...
Ψd(ζ, z)∗ Φd1(z , ζ) . . . Φdd(z , ζ)




such that

IY − S(z)S(ζ)∗ = (1 − 〈z , ζ〉)KS (z , ζ),

IU − S(z)∗S(ζ) =

d∑

j=1

Φjj(z , ζ) −

d∑

i ,ℓ=1

z iζℓΦiℓ(z , ζ),

S(z) − S(ζ) =
d∑

j=1

(zj − ζj)Ψj(z , ζ).
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The RKHS H(K) will serve as the state space for two-component

functional model colliagations associated with a fixed Agler
decomposition for S .
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The RKHS H(K) will serve as the state space for two-component

functional model colliagations associated with a fixed Agler
decomposition for S . The elements of H(K) are of the form

f =

[
f+
f−

]
: B

d →

[
Y
Ud

]
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The RKHS H(K) will serve as the state space for two-component

functional model colliagations associated with a fixed Agler
decomposition for S . The elements of H(K) are of the form

f =

[
f+
f−

]
: B

d →

[
Y
Ud

]
, f− =




f−,1
...

f−,d


 .
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The RKHS H(K) will serve as the state space for two-component

functional model colliagations associated with a fixed Agler
decomposition for S . The elements of H(K) are of the form

f =

[
f+
f−

]
: B

d →

[
Y
Ud

]
, f− =




f−,1
...

f−,d


 .

Let

K0(z , ζ) =




KS (z , ζ)
Ψ1(ζ, z)∗

...
Ψd(ζ, z)∗


 , Kj(z , ζ) =




Ψj(z , ζ)
Φ1j(z , ζ)

...
Φdj(z , ζ)


 (j = 1, . . . , d)
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The RKHS H(K) will serve as the state space for two-component

functional model colliagations associated with a fixed Agler
decomposition for S . The elements of H(K) are of the form

f =

[
f+
f−

]
: B

d →

[
Y
Ud

]
, f− =




f−,1
...

f−,d


 .

Let

K0(z , ζ) =




KS (z , ζ)
Ψ1(ζ, z)∗

...
Ψd(ζ, z)∗


 , Kj(z , ζ) =




Ψj(z , ζ)
Φ1j(z , ζ)

...
Φdj(z , ζ)


 (j = 1, . . . , d)

and let T(z , ζ) :=




K1(z , ζ)
...

Kd(z , ζ)


 : B

d × B
d → L(U , (Y ⊕ Ud)d ).

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multipliers



Due to identities for IY − S(z)S(ζ)∗, IU − S(z)∗S(ζ), S(z) − S(ζ)
written in the inner product form,
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Due to identities for IY − S(z)S(ζ)∗, IU − S(z)∗S(ζ), S(z) − S(ζ)
written in the inner product form, the map

V :

[
Z (ζ)∗K0(·, ζ)y + T(·, ζ)u

y + S(ζ)u

]
→

[
K0(·, ζ)y +

∑d
j=1 ζjKj(·, ζ)u

S(ζ)∗y + u

]

extends to the isometry V : DV = D ⊕ Y → RV = R⊕U where
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Due to identities for IY − S(z)S(ζ)∗, IU − S(z)∗S(ζ), S(z) − S(ζ)
written in the inner product form, the map

V :

[
Z (ζ)∗K0(·, ζ)y + T(·, ζ)u

y + S(ζ)u

]
→

[
K0(·, ζ)y +

∑d
j=1 ζjKj(·, ζ)u

S(ζ)∗y + u

]

extends to the isometry V : DV = D ⊕ Y → RV = R⊕U where

D =
∨ {

Z (ζ)∗K0(·, ζ)y , T(·, ζ)u : ζ ∈ B
d , y ∈ Y, u ∈ U

}
⊂ H(K)d ,

R =
∨



K0(·, ζ)y ,

d∑

j=1

ζjKj(·, ζ)u : ζ ∈ B
d , y ∈ Y, u ∈ U



 ⊂ H(K).
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Due to identities for IY − S(z)S(ζ)∗, IU − S(z)∗S(ζ), S(z) − S(ζ)
written in the inner product form, the map

V :

[
Z (ζ)∗K0(·, ζ)y + T(·, ζ)u

y + S(ζ)u

]
→

[
K0(·, ζ)y +

∑d
j=1 ζjKj(·, ζ)u

S(ζ)∗y + u

]

extends to the isometry V : DV = D ⊕ Y → RV = R⊕U where

D =
∨ {

Z (ζ)∗K0(·, ζ)y , T(·, ζ)u : ζ ∈ B
d , y ∈ Y, u ∈ U

}
⊂ H(K)d ,

R =
∨



K0(·, ζ)y ,

d∑

j=1

ζjKj(·, ζ)u : ζ ∈ B
d , y ∈ Y, u ∈ U



 ⊂ H(K).

D⊥ =

{
g ∈ H(K)d :

d∑

i=1

zigi ,+(z) ≡ 0 and

d∑

i=1

gi ,−,i(z) ≡ 0

}
,

R⊥ =

{
f ∈ H(K) : f+(z) ≡ 0 and

d∑

i=1

z i f−,i(z) ≡ 0

}
.
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Define two linear maps s : H(K) → H(KS ) and s̃ : H(K)d → H(Φ)

s : f 7→ f+, s̃ : g =

d⊕

i=1

gi 7→

d∑

i=1

gi ,−,i .
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Define two linear maps s : H(K) → H(KS ) and s̃ : H(K)d → H(Φ)

s : f 7→ f+, s̃ : g =

d⊕

i=1

gi 7→

d∑

i=1

gi ,−,i .

A contractive U =

[
A B

C D

]
:

[
H(K)
U

]
→

[
H(K)d

Y

]
will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if
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Define two linear maps s : H(K) → H(KS ) and s̃ : H(K)d → H(Φ)

s : f 7→ f+, s̃ : g =

d⊕

i=1

gi 7→

d∑

i=1

gi ,−,i .

A contractive U =

[
A B

C D

]
:

[
H(K)
U

]
→

[
H(K)d

Y

]
will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if

1. (sf )(z) − (sf )(0) =

d∑

k=1

zk(Ak f )+(z) for all f ∈ H(K),
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Define two linear maps s : H(K) → H(KS ) and s̃ : H(K)d → H(Φ)

s : f 7→ f+, s̃ : g =

d⊕

i=1

gi 7→

d∑

i=1

gi ,−,i .

A contractive U =

[
A B

C D

]
:

[
H(K)
U

]
→

[
H(K)d

Y

]
will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if

1. (sf )(z) − (sf )(0) =

d∑

k=1

zk(Ak f )+(z) for all f ∈ H(K),

2. (̃sg)(z) − (̃sg)(0) =

q∑

k=1

zk(A∗g)−,k(z) for all g ∈ H(K)d ,
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Define two linear maps s : H(K) → H(KS ) and s̃ : H(K)d → H(Φ)

s : f 7→ f+, s̃ : g =

d⊕

i=1

gi 7→

d∑

i=1

gi ,−,i .

A contractive U =

[
A B

C D

]
:

[
H(K)
U

]
→

[
H(K)d

Y

]
will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if

1. (sf )(z) − (sf )(0) =

d∑

k=1

zk(Ak f )+(z) for all f ∈ H(K),

2. (̃sg)(z) − (̃sg)(0) =

q∑

k=1

zk(A∗g)−,k(z) for all g ∈ H(K)d ,

3. C : f → (sf )(0), B∗ : g → (̃sg)(0) and D : u → S(0)u.
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Theorem:

Let K be a fixed Agler decomposition for S ∈ Sd(U ,Y). Then
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Theorem:

Let K be a fixed Agler decomposition for S ∈ Sd(U ,Y). Then

1. A colligation U =
[

A B
C D

]
is a tcfm colligation associated with

K if and only if

U∗ =

[
X 0
0 V

]
:

[
D⊥

D ⊕ Y

]
→

[
R⊥

R⊕ U

]

where X : D⊥ → R⊥ is a contraction.
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Theorem:

Let K be a fixed Agler decomposition for S ∈ Sd(U ,Y). Then

1. A colligation U =
[

A B
C D

]
is a tcfm colligation associated with

K if and only if

U∗ =

[
X 0
0 V

]
:

[
D⊥

D ⊕ Y

]
→

[
R⊥

R⊕ U

]

where X : D⊥ → R⊥ is a contraction.

2. Every tcfm colligation U associated with K is weakly initary
and closely connected and furthermore,
S(z) = D + C (I − ZH(K)(z)A)−1ZH(K)(z)B .
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Theorem:

Let K be a fixed Agler decomposition for S ∈ Sd(U ,Y). Then

1. A colligation U =
[

A B
C D

]
is a tcfm colligation associated with

K if and only if

U∗ =

[
X 0
0 V

]
:

[
D⊥

D ⊕ Y

]
→

[
R⊥

R⊕ U

]

where X : D⊥ → R⊥ is a contraction.

2. Every tcfm colligation U associated with K is weakly initary
and closely connected and furthermore,
S(z) = D + C (I − ZH(K)(z)A)−1ZH(K)(z)B .

3. Any weakly unitary closely connected colligation Ũ with the
characteristic function equal S is unitarily equivalent to a tcfm
colligation U associated with some Agler decomposition K for
S .
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