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The classical case

Notation:

U, Y — Hilbert spaces,

L(U,)) — the algebra of bounded operators from U into ),
D — the unit disk,

HZ%, — the Hardy space of U/-valued functions of D,

S(U,Y) — the Schur class of L(U,Y)-valued functions analytic and
contractive valued on D.
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Let S: D — L(U,Y). The following are equivalent:
(1) S € SU, ).
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Let S: D — L(U,Y). The following are equivalent:

(1) S € S, D).
(2) The operator Ms : f+— S-f is a contraction from H, to H3,.
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Let S: D — L(U,Y). The following are equivalent:

(1) SeSU,Y).

(2) The operator Ms : f+— S-f is a contraction from H; to H3,.
I _ *
(3) The kernel Ks(z,¢) = % is positive on D).
—z
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Let S: D — L(U,Y). The following are equivalent:

(1) SeSU,Y).

(2) The operator Ms : f+— S-f is a contraction from H; to H3,.
ly — 5(2)5(0)*

(3) The kernel Ks(z,¢) = R is positive on D).
—z
(4) The kernel Rs(z,g) = %Z?)CS(O is positive on D.
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Let S: D — L(U,Y). The following are equivalent:

(1) SeSU,Y).

(2) The operator Ms : f+— S-f is a contraction from H; to H3,.
ly — 5(2)5(0)*

(3) The kernel Ks(z,¢) = R is positive on D.

(4) The kernel Rs(z,g‘) = %22)25(() is positive on D.
[ ke Ss0)

(5) The kernel Ks(z,¢) = S(Z);:g(o* Retz, 0 is

positive on D.
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Let S: D — L(U,Y). The following are equivalent:

(1) SeSU,Y).

(2) The operator Ms : f+— S-f is a contraction from H; to H3,.
ly — 5(2)5(0)*

(3) The kernel Ks(z,¢) = R is positive on D.

(4) The kernel Rs(z,g‘) = %22)25(() is positive on D.
[ ke Ss0)

(5) The kernel Ks(z,¢) = S(Z);:g(o* Retz, 0 is

positive on D.

(6) There exists a Hilbert space H and a unitary (isometric,

. . . A B] [H H
coisometric, contractlve) operator U= |: C D :| : |:Z/{:| — |:y:|

such that | S(z) = D + zC(I — zA)"1B| (z € D).
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de Branges-Rovnyak coisometric realization

Let S € S(U,)) and let H(Ks) be the RKHS with RK
KS(27C)'
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de Branges-Rovnyak coisometric realization

Let S € S(U, ) and let H(Ks) be the RKHS with RK
Ks(z,¢). Define U = [A B] : [H(KS)] ~ [H(KS)] by

C D u Y
A: f(z)— 77‘—(2) ; f(O)’ B:uws 75(2) ; >(0) u,
C: f(z) — £(0), D: uw~— S(0)u.
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de Branges-Rovnyak coisometric realization

Let S € S(U, ) and let H(Ks) be the RKHS with RK
Ks(z,¢). Define U = [A B] : [H(KS)] ~ [H(KS)] by

C D u Y
A: f(z)— 77‘—(2) ; f(O)’ B:uws 75(2) ; >(0) u,
C: f(z) — £(0), D: uw~— S(0)u.

(1) U is a coisometry
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de Branges-Rovnyak coisometric realization

Let S € S(U, ) and let H(Ks) be the RKHS with RK
Ks(z, (). Define U = {A B] : [H(Z/l{<5)] . [H(J/fs)] by

C D
A: f(z)— 77‘—(2) ; f(O)’ B:uws 75(2) ; >(0) u,
C: f(z) — £(0), D: uw~— S(0)u.

(1) U is a coisometry and (C, A) is an observable pair, i.e.,
CA"f =0 forall n>0=— f=0.
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de Branges-Rovnyak coisometric realization

Let S € S(U, ) and let H(Ks) be the RKHS with RK
Ks(z,¢). Define U = [A B] : [H(KS)] ~ [H(KS)] by

C D u Y
A: f(z)— 77‘—(2) ; f(O)’ B:uws 75(2) ; >(0) u,
C: f(z) — £(0), D: uw~— S(0)u.

(1) U is a coisometry and (C, A) is an observable pair, i.e.,
CA"f =0 forall n>0=— f=0.

2) We recover S(z) as S(z) = D + zC(l — zA)"1B.
(2) (z) as S(2) ( )

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



de Branges-Rovnyak coisometric realization

Let S € S(U, ) and let H(Ks) be the RKHS with RK
Ks(z,¢). Define U = [A B] : [H(KS)] ~ [H(KS)] by

C D u Y
A: f(z)— 77‘—(2) ; f(O)’ B:uws 75(2) ; >(0) u,
C: f(z) — £(0), D: uw~— S(0)u.

(1) U is a coisometry and (C, A) is an observable pair, i.e.,
CA"f =0 forall n>0=— f=0.

(2) We recover S(z) as S(z) = D + zC(l — zA)"!B.
(3) K [AE]: (X¥aU)— (X dY) is another colligation matrix
with properties (1),(2), then there is a unitary U: H(Ks) — X

ae U OT[A Bl _[A BY[U ©
oMt pllc bl T ¢ Do k|
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de Branges-Rovnyak isometric realization

Let S € S(U,)) and let H(Ks) be the RKHS with RK
Ks(z,¢).
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de Branges-Rovnyak isometric realization

Let S € S(U,)) and let H(Ks) be the RKHS with RK

RS(Z,C). Define U = [?. g] : [H(Zfs)] — [H()lfs)] by

A*: f(z)Hif(z)tf(o), C*:y

B: s (b —S(2*S(0)u,  D:ur— SO)u.

S - s,

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



de Branges-Rovnyak isometric realization

Let S € S(U,)) and let H(Ks) be the RKHS with RK

Ks(z,¢). Define U = [é_ g] : [H(Zfs)] — [H(;ES)] by

A*: f(z)Hif(z)tf(o), C*:y

B: s (b —S(2*S(0)u,  D:ur— SO)u.

S - s,

(1) U is an isometry and (A, B) is a controllable pair, i.e.,
Vo RanA"B = H(Ks).

2) We recover S(z) as S(z) = D + zC(l — zA)"1B.
(2) (z) as S(2) ( )

(3) If [é/, B]: (X ®U)— (X @) is another colligation matrix
with properties (1),(2), then it is unitarily equivalent to U.
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de Branges-Rovnyak unitary realization

Let S € S(U4,Y) and let H(Ks) be the RKHS with RK
RS(Z,C)-
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de Branges-Rovnyak unitary realization

Let S € S(U4,) and let H(Ks) be the RKHS with RK

Ks(z,¢). Define U = {é g] : [H(L’{?S)] o [H(J’;(S)] b

20 s A S R —SEE)S*(?(S))J
c: [ggﬂ £(0), D: uis S(O)u.
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de Branges-Rovnyak unitary realization

Let S € S(U4,) and let H(Ks) be the RKHS with RK

Ks(z,¢). Define U = {é g] : [H(L’{?S)] o [H(J’;(S)] b

A [f(zg] [ [f(z) — f(0)]/z } By [ 5(2);5(0)u }

g(z 7g(z) = 5(2)"f(0)] (I = 5(2)"5(0))u
C: [ Eiﬂ f(0), D:u— S(0)u.

(1) U is unitary and closely connected:

\/ {Ran A"B, Ran A""C*} = H(Ks).
n>0

(2) We recover S(z) as S(z) = D + zC(I — zA)1B.
(3) F[AE]: (XaU)— (X&) is another colligation matrix
with properties (1),(2), then it is unitarily equivalent to U.

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},
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The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},

1 1 1
— — k = = =,
1-— C d(Z C) —<Z,C> 1—21(1—...—zdg“d

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},

1 1 1
Lk — _
T X A T
H _>H(kd)7 HZ%{%HU(kd)'

..—ZdCd'
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The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},

1 1 1
— — k = = =,
1-— C d(Z C) —<Z,C> 1—21(1—...—zdg“d

H? — H(ka), HZ — Hulka),
M, =M, =(M,,...,M,),
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The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},

1 1 1
— — k = = =,
1-— C d(Z C) —<Z,C> 1—21(1—...—zdg“d

H? _>H(kd)7 HZ%{%HU(kd)'
M —>MZ_(MZI,...,MZd),
f(z) — A
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The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},

1 1 1
— — k = = =,
1-— C d(Z C) —<Z,C> 1—21(1—...—zdg“d

H? — H(ka), HZ — Hulka),
M M, =(M,,,..., M),
 F(z) - 1O Mz = (v Mz,):

PR

f(z) — f(0) = 2a(MZ, f)(z) + ... + z4g(M;,f)(z) Vf e H(kq).
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The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},

1 1 1
——)k — — -,
1-— C d(Z C) —<Z,C> 1—21(1—...—zdg“d

H _>H(kd)7 Hg{%HU(kd)'
M —>MZ_(MZI,...,MZd)
() - T M = (M

PR

M3)):
f(z) = f(0) = (M F)(2) + ... + zg(M F)(z) VF € H(kd).

SU,Y) — Sqa(U,Y) — the class of L(U,))-valued functions S
analytic on BY and such that Ms: f(z) — S(z)f(z) defines a
contractive operator from Hy(ky) to Hy(kq),
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The unit ball setting

D—BY={z=(z,...,24) € C?: (z,2) < 1},
1 1 1
——)k Zg g — -,
1—2z¢ (2:6)= 1=(z,¢) 1-z1G—...—2z4Cd
H? — H(ka), HZ — Hulka),

M —>MZ_(MZI,...,MZd)

() - T M = (M

PR

M3)):
f(z) = f(0) = (M F)(2) + ... + zg(M F)(z) VF € H(kd).

SU,Y) — Sqa(U,Y) — the class of L(U,))-valued functions S
analytic on BY and such that Ms: f(z) — S(z)f(z) defines a
contractive operator from Hy(ky) to Hy(kq), or equivalently, the
class of L(U,Y)-valued functions S such that the kernel

by = 5(2)5(¢)"
1- <27 C>

is positive on B,

KS(Z7 C) =
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If S: BY — L£(U,)) belongs to Sy(U,)), then there is a unitary
colligation

Al B
. . d
T e B B 4

so that 5(z) can be expressed as

S(Z) =D + C(I — 21A1 — .. ZdAd)_l(ZlBl 4+ ...+ ded)



If S: BY — L£(U,)) belongs to Sy(U,)), then there is a unitary

colligation
A1 B
A B L X xd
U: = ° b B — 1
[C D} Ay By M [3’} M
c D

so that 5(z) can be expressed as

S(Z) =D+ C(/ —z1A1— ... — ZdAd)_l(lel + ...+ ZdBd)
=D+ C(ly — Zv(2)A) 1 Zy(2) B (z € BY) (2)
where Zy(z) := [zﬂX Zd/)(].

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



If S: BY — L£(U,)) belongs to Sy(U,)), then there is a unitary

colligation
A1 B
A B L X xd
U: = ° b B — 1
[C D} Ay By M [3’} M
c D

so that 5(z) can be expressed as

S(Z) =D+ C(/ —z1A1— ... — ZdAd)_l(lel + ...+ ZdBd)
=D+ C(ly — Zv(2)A) 1 Zy(2) B (z € BY) (2)
where Zy(z) := [zﬂX Zd/)(].

Conversely, if U of the form (1) is a contraction, then S of the form
(2) belongs to Sy4(U,Y) (Agler-McCarthy, Ball-Trent-Vinnikov).
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Minimality conditions

A1 B

o J
The colligation U = [’é g] — A:d B:d : [g} . [ﬂ;} <

c D
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Minimality conditions

A1 B

o J
The colligation U = [’é g] — A:d B:d : [Z} . [ﬂ;} <

c D

observable if C(lxy — Zx(2)A)"Ix =0 = x =0,
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Minimality conditions

A1 B
The colligation U = [é‘. g] = Afd de : m . [2;1 is
c D
observable if C(lxy — Zx(2)A)"Ix =0 = x =0,
X 0
controllable if B*(lya — Zy(z)*A*)~1 =0=— x=0,
0 X
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Minimality conditions

A1 B
The colligation U = [é‘. g] = Afd de : m . [2;1 is
c D
observable if C(lxy — Zx(2)A)"Ix =0 = x =0,
X 0
controllable if B*(lya — Zy(z)*A*)~1 =0=— x=0,
0 X

closely connected if ...
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Coisometric realizations
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Coisometric realization

A function S € S4(U,)) may not admit observable coisometric
realizations.
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Coisometric realizations

A function S € S4(U,)) may not admit observable coisometric
realizations. Example: an inner function S such that
UL:={uel: S(z)u=0}={0}.

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



Coisometric realizations

A function S € S4(U,)) may not admit observable coisometric
realizations. Example: an inner function S such that
U2:={uell: S(z)u=0} = {0}. However, observable
weakly-coisometric realizations always exist.
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Coisometric realizations

A function S € S4(U,)) may not admit observable coisometric
realizations. Example: an inner function S such that
U2:={uell: S(z)u=0} = {0}. However, observable
weakly-coisometric realization(sj always exist. The colligation
U= [?: g} =: [2{(] — [2;} is weakly-coisometric if U* is
isometric on the subspace Dc 4 © ) of X9 @Y where

Dea= \/  Zx(Q)(/—AZx(Q)) ' Cry c X9,
CeBY ycy
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Coisometric realizations

A function S € S4(U,)) may not admit observable coisometric
realizations. Example: an inner function S such that
U2:={uell: S(z)u=0} = {0}. However, observable
weakly-coisometric realization(sj always exist. The colligation
U= [?: g} =: [2{(] — [2;} is weakly-coisometric if U* is
isometric on the subspace Dc 4 © ) of X9 @Y where

Dea= \/  Zx(Q)(/—AZx(Q)) ' Cry c X9,
CeBY ycy

Equivalently, U is weakly-coisometric if for
S(z) = D+ C(lx — Zx(2)A)~1Zx(2)B,

Ks(z,¢) = % = C(lx—Zx(2)A)H(I-A*Zx(¢)") 2 C.
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Let H(Ks) be the RKHS with RK Ks.
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Let H(Ks) be the RKHS with RK Ks. We say that the contractive
operator-block matrix

o~[2 3 ][]

is a canonical functional-model colligation for S € S4(U, ) if
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Let H(Ks) be the RKHS with RK Ks. We say that the contractive
operator-block matrix

_|A B|. [H(Ks) H(Ks)
u-[2 8] 9]~ %
is a canonical functional-model colligation for S € S4(U, ) if
(1) The operator A solves the Gleason problem

d
f(z) = £(0) = > z(Aif)(z) forall feH(Ks).

Jj=1
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Let H(Ks) be the RKHS with RK Ks. We say that the contractive
operator-block matrix

_|A B|. [H(Ks) H(Ks)
u-[2 8] 9]~ %
is a canonical functional-model colligation for S € S4(U, ) if
(1) The operator A solves the Gleason problem

d
f(z) = £(0) = > z(Aif)(z) forall feH(Ks).

Jj=

[y

(2) The operator B solves the Gleason problem

S(z)u—S(0)u=>_z(Bju)(z) forall wel.

j=1
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Let H(Ks) be the RKHS with RK Ks. We say that the contractive
operator-block matrix

_|A B|. [H(Ks) H(Ks)
u-[2 8] 9]~ %
is a canonical functional-model colligation for S € S4(U, ) if
(1) The operator A solves the Gleason problem

d
f(z) = £(0) = > z(Aif)(z) forall feH(Ks).

Jj=

[y

(2) The operator B solves the Gleason problem
S(z)u—S(0)u=>_z(Bju)(z) forall wel.
j=1
(3) The operators C : H(Ks) — Y and D : U — Y are given by
C:.f—f(0), D:uw— S0)u.
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Theorem:

Given a function S € S4(U, ),
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Theorem:

Given a function S € S4(U, D),
(1) A canonical functional-model colligation for S exists.
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Given a function S € S4(U, D),
(1) A canonical functional-model colligation for S exists.

(2) Every cfm colligation U for S is weakly coisometric and
observable and furthermore,

5(2) =D+ C(I — ZH(KS)(Z)A)_lz’H(KS)(Z)B~
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Given a function S € S4(U, D),
(1) A canonical functional-model colligation for S exists.

(2) Every cfm colligation U for S is weakly coisometric and
observable and furthermore,

5(2) =D+ C(I — ZH(KS)(Z)A)_lz’H(KS)(Z)B~

(3) Any observable weakly coisometric colligation
A B

¢ D

equal S is unitarily equivalent to some cfm colligation U for S:

U=

[H HI] . L .
: [Z/{} — [y} with the characteristic function
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Given a function S € S4(U, D),
(1) A canonical functional-model colligation for S exists.

(2) Every cfm colligation U for S is weakly coisometric and
observable and furthermore,

5(2) =D+ C(I — ZH(KS)(Z)A)_lz’H(KS)(Z)B~

(3) Any observable weakly coisometric colligation
2 B ” r7d
/~4 B : H — H with the characteristic function
Cc D U Y

equal S is unitarily equivalent to some cfm colligation U for S:

there is a unitary operator U : H — H(Ks) such that

U=

A= UAU*, C=CU* B=UB (i=1,...,d).
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Nonuniqueness

By definition of K,

d

ZZjEjKS(Zv C) +hy= KS(zv C) + S(Z)S(C)*

j=1
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Nonuniqueness

By definition of Ks,

d

ZZjEjKS(Zv C) +hy= KS(zv C) + S(Z)S(C)*

Jj=1
or, in the inner product form as

<[ Zy(()*f;s(»C)y } 7 [ Zy(Z)*’;ls(wZ)y/ ]>H(Ks)d®y

(e | Y DH(KS)@M'
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Nonuniqueness

By definition of Ks,

d

ZZjEjKS(Zv C) +hy= KS(zv C) + S(Z)S(C)*

Jj=1
or, in the inner product form as

<[ Zy(()*f;s(»C)y } 7 [ Zy(Z)*’;ls(wZ)y/ ]>H(Ks)d®y

(e | Y DH(KS)@M'

Thus the map V: [ (O Ks (- )y } — [ KS("g)y ] extends
y 5(Q)y
to the isometry V: Dy — Ry where
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D=\ [Zy(C)*Ks('aC))/]’

CEBY, yey y
KS('»C)y
Rv=\/ [ K }
ceni. yey S(¢)y
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D=\ [Zy(C)*Ks('aC))/]’

CEBY, yey y
KS('»C)y
Rv=\/ [ K }
ceni. yey S(¢)y

Dy=De&Y, D= \/ Zy(()'Ks(-,Q)y.
CeBY yey
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D=\ [Zy(C)*Ks('aC))/]’

CEBY, yey Y
_ KS(',C)}/
re= VLY )
CEBI, yey
Dy=De&Y, D= \/ Zy(()'Ks(-,Q)y.
CEBI, yey
h
Dt =S h=|: | €eH(Ks)?: z1hi(2) + ... + zghg(z) =0
hq

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



y

D=\ [Zy(C)*Ks('aC))/]’

CeBY, yey

Rv=\/ [Ks(wo)/}

ceni. yey S(Q)'y

Dy=De&Y, D= \/ Zy(()'Ks(-,Q)y.

CeB, yey
h
Dt =S h=|: | €eH(Ks)?: z1hi(2) + ... + zghg(z) =0
hq
n_ |A Bl [H(Ks) H(Ks)?] .
Theorem.U_{C D}' { U }H{ Y is a cfm

colligation for S if and only U*[p, =V and [[U*|| < 1.
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y

D=\ [Zy(C)*Ks('aC))/]’

CeBY, yey

Rv=\/ [Ks(wo)/}

ceni. yey S(Q)'y

Dy=De&Y, D= \/ Zy(()'Ks(-,Q)y.

CeB, yey
h
Dt =S h=|: | €eH(Ks)?: z1hi(2) + ... + zghg(z) =0
hq
n_ |A Bl [H(Ks) H(Ks)?] .
Theorem.U_{C D}' { U }H{ Y is a cfm

colligation for S if and only U*[p, =V and [[U*|| < 1.

Thus the nonuniqueness is in [B*]

DL
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Commutative realizations

Let us call a realization
5(2) =D+ C(/ - 21A1 — .. ZdAd)_l(ZBl +...+ ZdBd)

commutative if the tuple A = (A, ..., Aq) is commutative.
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Commutative realizations

Let us call a realization
5(2) =D+ C(/ - 21A1 — .. ZdAd)_l(ZBl +...+ ZdBd)

commutative if the tuple A = (A, ..., Aq) is commutative.
Fact: There are functions in Sy(U,)) which do not admit
commutative contractive realizations.
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Commutative realizations

Let us call a realization

5(2) =D+ C(/ — ZlAl — ... ZdAd)_l(ZBl + ...+ ZdBd)
commutative if the tuple A = (A, ..., Aq) is commutative.
Fact: There are functions in Sy(U,)) which do not admit
commutative contractive realizations.
Theorem: A function S € S4(U4,)) admits a commutative weakly
coisometric realization if and only if the space H(Ks) is
M?-invariant and

d
D IME FFike) < I Iygy — IFO3 V£ € H(KS):
Jj=1
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Commutative realizations

Let us call a realization

5(2) =D+ C(/ — ZlAl — ... ZdAd)_l(ZBl + ...+ ZdBd)
commutative if the tuple A = (A, ..., Aq) is commutative.
Fact: There are functions in Sy(U,)) which do not admit
commutative contractive realizations.
Theorem: A function S € S4(U4,)) admits a commutative weakly
coisometric realization if and only if the space H(Ks) is
M?-invariant and

d
2 2 2
SOIME Fl2ey < IF ey — I3 ¥ £ € H(Ks).
j=1
In this case there exists a commutative cfm realization for S and for
any such a realization, the state space operators are

Aj =Mk (i=1,....d).

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



Characteristic function of a commuting row contraction

T:[Tl,,Td], Ii: X = 4X&
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Characteristic function of a commuting row contraction

T:[Tl,,Td], Ii: X = 4X&

Or(z) = [T+ Dr-(1 — Z(2) T*) ' Z(2)D]|p;: DT — D1+
where
Dt =(lys — T*T)Y2, Dy =RanDy C X7,
Dre = (ly — TT*)Y2, D7 =RanDp- C X,
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Characteristic function of a commuting row contraction

T:[Tl,,Td], Ii: X = 4X&

Or(z) = [T+ Dr-(1 — Z(2) T*) ' Z(2)D]|p;: DT — D1+
where
Dt =(lys — T*T)Y2, Dy =RanDy C X7,
Dy« =(ly — TT*Y2,  Dy. =RanD7- C X,
The colligation
oo %) 3] 3
Dy« —T| |Dr Dr-

is unitary.
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Characteristic function of a commuting row contraction

T:[Tl,,Td], Ii: X = 4X&

Or(z) = [T+ Dr-(1 — Z(2) T*) ' Z(2)D]|p;: DT — D1+
where
Dt =(lys — T*T)Y2, Dy =RanDy C X7,
Dy« =(ly — TT*Y2,  Dy. =RanD7- C X,
The colligation
sl 21 2] - oy
Dr« —T Dr D+
is unitary. Thus, 01 belongs to S(D1,D1+), admits a
commutative unitary realization and is pure:

|S(0)ul| = ||u|| forsome wveld = u=0.
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A commutative row contraction T = [T1,..., T4] is completely
non-coisometric <=
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A commutative row contraction T = [T1,..., T4] is completely
non-coisometric <= the pair (Dr+, T*) is observable.
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A commutative row contraction T = [T1,..., T4] is completely
non-coisometric <= the pair (Dr+, T*) is observable.

Theorem: A function S € S4(U,)) coincides with a characteristic
function f1 of a commutative c.n.c. row contraction T if and only
if S is pure, the space H(Ks) is M}-invariant,

d
D IME Fllysy = I Fisy — IFO)I Y F € H(Ks).
j=1
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A commutative row contraction T = [T1,..., T4] is completely
non-coisometric <= the pair (Dr+, T*) is observable.

Theorem: A function S € S4(U,)) coincides with a characteristic
function f1 of a commutative c.n.c. row contraction T if and only
if S is pure, the space H(Ks) is M}-invariant,

d
DM i) = IFIRyis) — IFOO)I3 Y F € H(Ks).
j=1
and dim KerA*|5. = dimU2, where
Mz, r(ks)

A= : , U2={uclU: S(z)u=0}.
Mz, Irks)
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A commutative row contraction T = [T1,..., T4] is completely
non-coisometric <= the pair (Dr+, T*) is observable.

Theorem: A function S € S4(U,)) coincides with a characteristic
function f1 of a commutative c.n.c. row contraction T if and only
if S is pure, the space H(Ks) is M}-invariant,

d
D IME Fllysy = I Fisy — IFO)I Y F € H(Ks).
j=1

and dim KerA*|5. = dimU2, where
MZ‘H(KS)
A= : , U2={uclU: S(z)u=0}.
Mz, (k)

Theorem: Two commutative c.n.c. row contractions T and R are
unitarily equivalent if and only if their characteristic functions 0
and O coincide (Bhattacharyya-Eschmeier-Sarkar).
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A contractive U = A Bl _. |4 — e is weakly-coisometric
~|c p| T |u Y Y

if U* is isometric on the subspace Dc o ® Y of X9 @Y where

Dea= \  Ze(Q)(I - AZx(C)) I CTy C X7,
CeBd ycy
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Cc D U Yy
if U* is isometric on the subspace Dc o ® Y of X9 a Y where

d
A contractive U = [A B] = [X} — [X } is weakly-coisometric

Dea= \  Ze(Q)(I - AZx(C)) I CTy C X7,
CeBd ycy

weakly isometric if U is isometric on the subspace 25,473 @ U where

Dag:= \/ Zx(Q)(—AZx(¢))'BucC X,
CeBY, ueld
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A contractive U = A Bl _. |4 — e is weakly-coisometric
~|c p| T |u Y Y

if U* is isometric on the subspace Dc o ® Y of X9 @Y where

Dea= \  Ze(Q)(I - AZx(C)) I CTy C X7,
CeBd ycy

weakly isometric if U is isometric on the subspace 25,473 @ U where

Dag:= \/ Zx(Q)(—AZx(¢))'BucC X,
CeBY, ueld

and weakly unitary if it is weakly isometric and weakly coisometric.
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Weakly isometric realizations

To construct a weakly isometric functional-model realization we
need a positive kernel

otz 0 U 50
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Weakly isometric realizations

To construct a weakly isometric functional-model realization we
need a positive kernel

otz 0 U 50

which is not positive.

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



Weakly isometric realizations

To construct a weakly isometric functional-model realization we
need a positive kernel

~ i — $(2)*5(¢)
Ks(z,() = —————=
&)=
which is not positive. We have instead a positive kernel
P11 ... Dy
o= : | BYx B — L)
q>d1 o e q>dd
such that
d d
hi —S(2)°S(Q) = > ®j(2,¢) = Y ZiG®iul(z,C).
j=1 if=1
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Weakly unitary realizations

If S € Sq(U,Y), then there exists a positive kernel

K5(27C) W]_(Z,C) \Ud(27C)

V(¢ z)* dri(z, o ©y(z,
K(z.0) = 1(C:, ) 11(_ ¢) 1d(. ()

Vy(C.2)" ®q1(z,¢) ... Pg4(z,Q)
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Weakly unitary realizations

If S € Sq(U,Y), then there exists a positive kernel

KS(27C) Wl(Z,C) \Ud(27C)
V(¢ z)* Pi1(z, o ©y(z,
K(z.0) = 1(C:, ) 11(: ¢) 1d(: ()
Vy(C,2)" ®g1(z,¢) - Paa(z,Q)
such that
lhy = 5(2)S(Q)" = (1 = (z,¢))Ks(z, C)
d
ha — Zq’u z,0) - Z ZiGe®ie(2, C),
if=1
d
= (5 — V(2. 0).
j=1
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The RKHS H(K) will serve as the state space for two-component
functional model colliagations associated with a fixed Agler
decomposition for S.

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multip



The RKHS H(K) will serve as the state space for two-component
functional model colliagations associated with a fixed Agler
decomposition for S. The elements of H(KK) are of the form

-
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The RKHS H(K) will serve as the state space for two-component
functional model colliagations associated with a fixed Agler
decomposition for S. The elements of H(KK) are of the form

f -1
F= [fj . BY [Jd} F—

f_d

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



The RKHS H(K) will serve as the state space for two-component
functional model colliagations associated with a fixed Agler
decomposition for S. The elements of H(KK) are of the form

f1
-] ee]
Let
Ks(z,¢) V;(z,¢)
o0 = | ko= | o1 g
Vy(¢,2)* Cde(.z,{’)
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The RKHS H(K) will serve as the state space for two-component
functional model colliagations associated with a fixed Agler
decomposition for S. The elements of H(KK) are of the form

f_1
[ e
— ‘.,
Let
Ks(z,¢) Vj(z,¢)
V(¢ z)* 0}
KO(Z> C) = I(CZ) s KJ(Z> ) = lj(_z’C) (./ =1, 7d)
V4(¢,2)" P4i(z,(Q)
Kl(z> )
and let T(z,¢) := : B9 x BY — LU, (Y dU)).
Kd(z7 C)
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Due to identities for Iy — S(2)S(¢)*, hy — S(2)*S(¢), S(z) — S(C)

written in the inner product form,
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Due to identities for Iy — S(2)S(¢)*, hy — S(2)*S(¢), S(z) — S(C)
written in the inner product form, the map

v [ 2O Kol Qy + T Qu } R [ Ko( )y + 2Ly G Qu
' y+S(Q)u S(Q)y+u

extends to the isometry V: Dy =D ® )Y — Ry =R & U where
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Due to identities for Iy — S(2)S(¢)*, hy — S(2)*S(¢), S(z) — S(C)
written in the inner product form, the map

v [Z(C)*Ko('aC)erT(wC)U } . [ Kol Oy + Xiy G (- c)u}

y+S(Qu S(O)*y+u
extends to the isometry V: Dy =D ® )Y — Ry =R & U where
D= \/{ (Qy, T(-,Q)u :CeBd,yey,ueu}cH(K)d,

R = \/{KO ,Q)ys ZCJ SQu:CeBY ye, ueu}CH( )-
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Due to identities for Iy — S(2)S(¢)*, hy — S(2)*S(¢), S(z) — S(C)
written in the inner product form, the map

v [Z(C)*Ko('aC)erT(wC)U } . [ Kol Oy + Xiy G (- c)u}

y+S(Qu S(O)*y+u
extends to the isometry V: Dy =D ® )Y — Ry =R & U where
D= \/{ (Qy, T(-,Q)u :CeBd,yey,ueu}cH(K)d,

\/ (-, Q)y ZC, SQu: eBd,yey,ueu}cH(K).

d
{g e H(K)? - Zz,g, =0 and Zg,-,_ﬂ-(z) = 0} ,
i=1

d
RY={fecH(K): f(z)=0 and Z?,-f_,,-(z) = 0} .
i=1
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Define two linear maps s : H(K) — H(Ks) and 5 : H(K)? — H(®)

d d
s: f—fi, s: g:@g;HZg;,_,;-
i=1 i=1
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Define two linear maps s : H(K) — H(Ks) and 5 : H(K)? — H(®)
d d
s: f— 1y, S: gZ@g;HZgi,—,i-
i=1 i=1

d
A contractive U = [é g] : [HZ(JK)} — [H(;If) ] will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if
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Define two linear maps s : H(K) — H(Ks) and 5 : H(K)? — H(®)
d d
s: f— 1y, S: gZ@g;HZgi,—,i-
i=1 i=1

d
A contractive U = [é g] : [HZ(JK)} — [H(;If) ] will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if

1. (sf)(z) — (sf)(0) sz Aif)i(z) forall feH(K),

Vladimir Bolotnikov and Joseph Ball Canonical functional-model realizations of contractive multiplie



Define two linear maps s : H(K) — H(Ks) and 5 : H(K)? — H(®)
d d
s: f— 1y, S: gZ@g;HZgi,—,i-
i=1 i=1

d
A contractive U = [é g] : [HZ(JK)} — [H(;If) ] will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if

1. (sf)(z) — (sf)(0) sz Aif)i(z) forall feH(K),

2. (38)(z) — (38)(0) = sz (A*g)_x(z) forall g H(K),
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Define two linear maps s : H(K) — H(Ks) and 5 : H(K)? — H(®)
d d
s: f— 1y, S: gZ@g;HZgi,—,i-
i=1 i=1

d
A contractive U = [é g] : [HZ(JK)} — [H(;If) ] will be called a

two-component canonical functional-model tcfm colligation
associated with a given Agler decomposition K for S if

1. (sf)(z) — (sf)(0) sz Aif)i(z) forall feH(K),

2. (38)(z) — (38)(0) = szAg K(z) forall g e H(K)Y,

3. C: f —(sf)(0), B*. g—>(sg)( ) and D:u— 5(0)u.
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Bolotnikov and Joseph Ball Canonical model realizal



Theorem:

Let K be a fixed Agler decomposition for S € Sy4(U,Y). Then
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Let K be a fixed Agler decomposition for S € Sy4(U,Y). Then

1. A colligation U = [é EB)] is a tcfm colligation associated with
K if and only if

U= [)g \ﬂ | [Dgy} N {Rgu}

where X : D+ — Rt is a contraction.
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Let K be a fixed Agler decomposition for S € Sy4(U,Y). Then

1. A colligation U = [é EB)] is a tcfm colligation associated with
K if and only if

ut— [X 0], pt] [ R
1o V| Doy RoU
where X : D+ — Rt is a contraction.

2. Every tcfm colligation U associated with K is weakly initary
and closely connected and furthermore,
S(Z) =D+ C(/ — ZH(K)(Z)A)_IZH(K)(Z)B.
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Let K be a fixed Agler decomposition for S € Sy4(U,Y). Then

1. A colligation U = [é EB)] is a tcfm colligation associated with
K if and only if

ut— [X 0], pt] [ R
1o V| Doy RoU
where X : D+ — Rt is a contraction.

2. Every tcfm colligation U associated with K is weakly initary
and closely connected and furthermore,
5(2) =D+ C(/ — ZH(K)(Z)A)_IZH(K)(Z)B.

3. Any weakly unitary closely connected colligation U with the
characteristic function equal S is unitarily equivalent to a tcfm
colligation U associated with some Agler decomposition K for

S.
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