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Background and first approach

The question.

Somewhat over a decade ago, R. Fefferman asked me the
following question: does the strong maximal operator Mg map
rectangular A, weights into rectangular A{?
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Background and first approach

Background: Maximal Functions

@ Recall the Hardy-Littlewood maximal function M, defined
on f € L} (R) by

Mf(x) = su /f )| d
095|0| flay.
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Background and first approach

Background: Maximal Functions

@ Recall the Hardy-Littlewood maximal function M, defined
on f € L} (R) by

Mf(x) = su /f )| d
095|0| flay.

@ The strong maximal function M; is defined on f € L} (IR?)
by

Mf(x) = sup,m/\fy)\dy
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Background and first approach

The class Ap, 1 < p < ¢

@ Recall a non-negative function w € L]
(o >1)if

loc 18 @n Ap weight

or (o) (o L)<
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Background and first approach

The class Ap, 1 < p < ¢

@ Recall a non-negative function w € L]
(o >1)if

loc 18 @n Ap weight

or (o) (o L)<

@ weAys(p>1) (“rectangular Ap”) if

w2 (i o) (G fpr o) e
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Background and first approach

The class Ap, 1 < p < ¢

Basics:
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Background and first approach

The class Ap, 1 < p < ¢

Basics:
@ Up1Ap = Ax.
@ There is a “best” A, class A1 C MpAp; viz., all w such that
Mw(x) < cw(x) a.e.
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Background and first approach

The class Ap, 1 < p < ¢

Basics:

@ There is a “best” A, class A1 C MpAp; viz., all w such that
Mw(x) < cw(x) a.e.

@ wc A, forsome p > 1if and only if w € RH;, for some
s > 1, i.e., satisfies some reverse Hblder inequality,

\ow/ <\O\/W>1/S \o\/

for all cubes Q c R".
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Background and first approach

M maps A, into A,

First approach: Johnson-Neugebauer
e Coifman-Rochberg ('80): given any f € L} (R), any
d€(0,1),
(Mf)° € Aq.
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Background and first approach

M maps A, into A,

First approach: Johnson-Neugebauer
@ Coifman-Rochberg ('80): given any f € L! (R), any

loc
6 €(0,1),
(Mf)’ € Ay.
@ Since for any weight w € RHs,
Mw ~ (Mw$)'/$,

we see Mw must be an Ay weight.
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Background and first approach

M maps A, into A,

First approach: Johnson-Neugebauer

e Coifman-Rochberg ('80): given any f € L} (R), any
6 €(0,1),
(Mf)? € Aq.

@ Since for any weight w € RHs,

Mw ~ (Mw$)'/$,

we see Mw must be an Ay weight.

@ The trouble: for Mg, however, Coifman-Rochberg fails
(counterexample, F. Soria).
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

Second approach: M: A — A4
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Trying to circumvent Coifman-Rochberg

Second approach: M: A — A4
@ Closely related fact: M : BMO — BLO, the functions of
bounded lower oscillation, i.e., all ¢ such that
sUpq ﬂ@ Jo o — infad < cc.
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Trying to circumvent Coifman-Rochberg

Second approach: M: A — A4
@ Closely related fact: M : BMO — BLO, the functions of
bounded lower oscillation, i.e., all ¢ such that
sUpq ﬂ@ Jo o — infad < cc.
@ (Recall log A., € BMO,
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

Second approach: M: A — A4
@ Closely related fact: M : BMO — BLO, the functions of
bounded lower oscillation, i.e., all ¢ such that
sUpq ﬂ@ Jo o — infad < cc.
@ (Recall log A, € BMO, log A; C BLO)
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

@ Modify the maximal operator M: consider the natural
maximal operator M? (introduced by C. Bennett), given by

Mif(x) = su /f
BJX’|B|

then
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

@ Modify the maximal operator M: consider the natural
maximal operator M? (introduced by C. Bennett), given by

Mif(x) = su /f
BJX’|B|

BLO = {¢| M"¢(x) < ¢(x) + C a.e.}.

then
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

M" commutes with the logarithm (on A.):
@ Any w € A, satisfies a reverse Jensen inequality

e|1ﬁ| Jqlogw < |10‘ w < AOO(W)e‘%lfQIOgW
Q
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

M" commutes with the logarithm (on A.):
@ Any w € A, satisfies a reverse Jensen inequality

Q

taking supremums and logarithms yields

0 < [log M* — M*log]w < log Aso (W),
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

M" commutes with the logarithm (on A.):
@ Any w € A, satisfies a reverse Jensen inequality

Q

)

taking supremums and logarithms yields

0 < [log M* — M*log]w < log Aso (W),

@ i.e., M? commutes with log on A...
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

We want to show MMw(x) < CMw(x):
@ Using the commutation twice, we get

eMMIOGW < MMW < Asg (W) Asg (M) MM log
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

We want to show MMw(x) < CMw(x):
@ Using the commutation twice, we get

eMMIOGW < MMW < Asg (W) Asg (M) MM log

MMw ~ eMuMh log w
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

We want to show MMw(x) < CMw(x):
@ Using the commutation twice, we get

eMMIOGW < MMW < Asg (W) Asg (M) MM log

i.e.,
MMw ~ eMuMh log w

The boundedness of M : BMO — BLO implies

< th Iog W+HMh |Og WHBLO
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Trying to circumvent Coifman-Rochberg

We want to show MMw(x) < CMw(x):
@ Using the commutation twice, we get

eMMIOGW < MMW < Asg (W) Asg (M) MM log

i.e.,
MMw ~ eMuMh log w
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Trying to circumvent Coifman-Rochberg

We want to show MMw(x) < CMw(x):
@ Using the commutation twice, we get

eMMIOGW < MMW < Asg (W) Asg (M) MM log

i.e.,
MMw ~ eMuMh log w

The boundedness of M : BMO — BLO implies

< gM*logw+[|[M*logwllgo ~, glIM*logwllso pppy
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Second approach: natural maximal function

Trying to circumvent Coifman-Rochberg

We want to show MMw(x) < CMw(x):
@ Using the commutation twice, we get

eMMIOGW < MMW < Asg (W) Asg (M) MM log

i.e.,
MMw ~ eMuMh log w

The boundedness of M : BMO — BLO implies

< gM*logw+[|[M*logwllgo ~, glIM*logwllso pppy

@ So M maps A into Ay again.
@ Trouble: we don’t know Ms : bmos — blos.
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Second approach: natural maximal function

Digression: Refined Jones Factorization

As a side bonus, commutation yields the following
characterizations:

we A < we A, nebo
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As a side bonus, commutation yields the following
characterizations:

we A < we A, nebo

w € RH,, < w ¢ e8Y0(= ¢ BLO)
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Second approach: natural maximal function

Digression: Refined Jones Factorization

As a side bonus, commutation yields the following
characterizations:

we A < we A, nebo

w € RH,, < w ¢ e8Y0(= ¢ BLO)

@ And these can be used to clarify a generalized Jones
factorization due to Cruz-Uribe and Neugebauer:
we AyNRHs <= w = wowy,

where wy € A N RHg and wy € AP N RH,
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Second approach: natural maximal function

Digression: Refined Jones Factorization

The crucial step in Cruz-Uribe—Neugebauer’s proof of the
generalized Jones factorization is the following.

o Lemma: w € A; <= w' P € A;N RHx.
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Second approach: natural maximal function

Digression: Refined Jones Factorization

The crucial step in Cruz-Uribe—Neugebauer’s proof of the
generalized Jones factorization is the following.
o Lemma: w € A; <= w' P € A;N RHx.
Proof:

we Ay
we A — we A ,nebo — P
1 % w!—P c eBUO — RH_
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Second approach: natural maximal function

Digression: Refined Jones Factorization

The crucial step in Cruz-Uribe—Neugebauer’s proof of the
generalized Jones factorization is the following.

o Lemma: w € A; <= w' P € A;N RHx.

Proof:
we Ay
we A <= we Anebo «— { WP ¢ gBUO _ RH.. }
— w'=P c A,
w'"Pe RHy, [~
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Second approach: natural maximal function

Digression: Refined Jones Factorization

@ Proof (of refined Jones factorization):
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Second approach: natural maximal function

Digression: Refined Jones Factorization

@ Proof (of refined Jones factorization):
w € Ap N RHs <= w® € Agp_1)+1
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Second approach: natural maximal function

Digression: Refined Jones Factorization

@ Proof (of refined Jones factorization):
w € Ap N RHs <= w® € Agp_1)+1

s W = v P

factorization)

= VoV, stp 1)(by original Jones
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Second approach: natural maximal function

Digression: Refined Jones Factorization

@ Proof (of refined Jones factorization):
w e Apﬂ RHs < wS ¢ As(p 1)+1
= ws = vpv, BT =) oy original Jones
factorization)
= w= Vo/ v11 Pvo, vy € Ar;

.
take wy = Vo/ w =v, .
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Second approach: natural maximal function

Digression: Refined Jones Factorization

@ Proof (of refined Jones factorization):
WEApﬂRHs<:> ws EAS(p 1)+1
— WS = v0v1 [s(p—1)+1] _

factorization)

<:>W:V0/ v11 Pvo, vy € Ar;

= VoV, stp 1)(by original Jones

take wy = Vo/ Wy = v11 P,
@ By the first line, wy € A1 N RHg; by the lemma,
wy € ApN RHL.
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Third approach: Bellman method

Getting back to the question of Ms : A, — Aq

Third approach: the Bellman method.
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Third approach: the Bellman method.

@ Bellman-type methods introduced by Burkholder in the
'80s then used with great effect by Nazarov, Treil, and
Volberg, starting in '95. Recently undergone great
evolution, starting with Vasyunin in ’'03 (and then Dindos,
Slavin, Stokolos, Vasyunin, Volberg, Wall, etc. to sharpen
various results)
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Third approach: Bellman method

Getting back to the question of Ms : A, — Aq

Third approach: the Bellman method.

@ Bellman-type methods introduced by Burkholder in the
'80s then used with great effect by Nazarov, Treil, and
Volberg, starting in '95. Recently undergone great
evolution, starting with Vasyunin in ’'03 (and then Dindos,
Slavin, Stokolos, Vasyunin, Volberg, Wall, etc. to sharpen
various results)

@ E.g., Vasyunin ('03), Dindos and Wall ('06) on A, and RH;;
Slavin, Stokolos, and Vasyunin ('08) used it to get sharp
bounds for M on LP(R).
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Third approach: Bellman method

The New Bellman Philosophy

Meta-observation: Many of the objects (“B”, say) of interest
depend on, or are relations between, “martingale variables,”
i.e., constructs V which satisfy a relation of the form

A

4
2
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Third approach: Bellman method

The New Bellman Philosophy

Meta-observation: Many of the objects (“B”, say) of interest
depend on, or are relations between, “martingale variables,”
i.e., constructs V which satisfy a relation of the form

A

4
2

Such objects/concepts themselves often also satisfy a
“pseudo-concavity” condition

B(V_)+ B(V,)

B(V)Z
)z 2
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Third approach: Bellman method

The New Bellman Philosophy

These two facts together force the constructs of interest to be
solutions of Monge-Ampére PDEs; further, such problems can
be solved for explicitly (via "Bellman foliations
(Vasyunin-Volberg)), yielding sharp results.
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Third approach: Bellman method

The New Bellman Philosophy

These two facts together force the constructs of interest to be
solutions of Monge-Ampére PDEs; further, such problems can
be solved for explicitly (via "Bellman foliations
(Vasyunin-Volberg)), yielding sharp results.

@ Hope: to use the Bellman approach to re-prove the
classical M : A, — Aj (in the dyadic case) without
Coifman-Rochberg. Then (if possible) generalize for M.
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Third approach: Bellman method

The New Bellman Philosophy

These two facts together force the constructs of interest to be
solutions of Monge-Ampére PDEs; further, such problems can
be solved for explicitly (via "Bellman foliations
(Vasyunin-Volberg)), yielding sharp results.

@ Hope: to use the Bellman approach to re-prove the
classical M : A, — Aj (in the dyadic case) without
Coifman-Rochberg. Then (if possible) generalize for M.
(Work in progress with Slavin)
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Third approach: Bellman method

Bellman Approachto M : A, — A

@ Let M denote the dyadic maximal operator

Mf(x) = sup(f)

M
I5x !

supremum of averages over all dyadic intervals | 5 x.
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Third approach: Bellman method

Bellman Approachto M : A, — A

@ Let M denote the dyadic maximal operator

Mf(x) = sup(f)

M
I5x !

supremum of averages over all dyadic intervals | 5 x.
@ w ¢ AJ_ means that for all dyadic intervals /,

(w), < 5e"°9").
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Third approach: Bellman method

Bellman Approachto M : A, — A

@ We hope to show Mw € Ay i.e., (Mw)
define the Bellman function

, < Cinf; Mw, so we

B(xq,X2,L) = sup 1,//\//W
we A i
<W>/ =X

(logw), = X
SUpR-> (W) = L
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@ We hope to show Mw € Ay i.e., (Mw)
define the Bellman function

, < Cinf; Mw, so we

B(xq,X2,L) = sup 1,//\//W
we A i
<W>/ =X

(logw), = X
SUpR-> (W) = L

(Q(; = {(X1,X2, L) : |Og(%1) < X2 < |Og X1;0 < x1 < L} is the
domain of B).
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Third approach: Bellman method

Bellman Approachto M : A, — A

@ We hope to show Mw € Ay i.e., (Mw)
define the Bellman function

, < Cinf; Mw, so we

B(xq,X2,L) = sup 1,//\//W
we A i
<W>/ =X

(logw), = X
SUpR-> (W) = L

(Q(; = {(X1,X2, L) : |Og(%1) < X2 < |Og X1;0 < x1 < L} is the
domain of B).
@ In the dyadic case, L = inf; Mw;
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Third approach: Bellman method

Bellman Approachto M : A, — A

@ We hope to show Mw € Ay i.e., (Mw)
define the Bellman function

, < Cinf; Mw, so we

B(xq,X2,L) = sup 1,//\//W
we A i
<W>/ =X

(logw), = X
SUpR-> (W) = L

(Q(; = {(X1,X2, L) : |Og(%1) < X2 < |Og X1;0 < x1 < L} is the
domain of B).

@ In the dyadic case, L = inf; Mw; so to show Mw € A¢, “all”
we must do is show that B(x1, xo, L) < CL.
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Third approach: Bellman method

Problem: how do we figure out what B is?
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Third approach: Bellman method

Simple observations about B

@ Homogeneity: If instead we take the supremum over
w=71w e A%, 7> 0, we see that

TB(X1,X2,L): B(TX1,X2+|Og7',TL).
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Simple observations about B

@ Homogeneity: If instead we take the supremum over
w=71w e A%, 7> 0, we see that

TB(X1,X2,L): B(TX1,X2+|OQ7‘,TL).

Differentiating with respect to = and setting = = 1 yields

X‘] BX1 + sz + LBL = B
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Third approach: Bellman method

Simple observations about B

@ Homogeneity: If instead we take the supremum over
w=71w e A%, 7> 0, we see that

TB(X1,X2,L): B(TX1,X2+|OQ7‘,TL).

Differentiating with respect to = and setting = = 1 yields

X‘] BX1 + sz + LBL = B

@ Boundary condition: On the boundary x» = log x; of Qs, w
must be constant; thus

B(xq,log xy, L) = L.
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Third approach: Bellman method

Key observation about B: pseudoconcavity

@ Pseudoconcavity: Fix L > 0, and choose x—, x™ such that
306 +xh) <L
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Third approach: Bellman method

Key observation about B: pseudoconcavity

@ Pseudoconcavity: Fix L > 0, and choose x—, x™ such that

S(x;” +x{") < L. Taking the supremum of

(Mw), = 5 (M), 5 (Mw)

over weights w € A%, such that ((w) ., (logw) . ) = x*,
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Third approach: Bellman method

Key observation about B: pseudoconcavity

@ Pseudoconcavity: Fix L > 0, and choose x—, x™ such that
S(x; +x;") < L. Taking the supremum of
1 1
(Mw), = E(MW>F + E(MW>I+
over weights w € A%, such that ((w) ., (logw) .. ) = x*, we

see that (since supg-q, (W), = max{supRDQ(w)R,x;—L}),

1
B(x~,max{L, x(})+§B(x+, max{L, x;"}).

N —

By (x +x*).1) >
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Third approach: Bellman method

Key observation about B: pseudoconcavity

@ Pseudoconcavity: Fix L > 0, and choose x—, x™ such that
S(x; +x;") < L. Taking the supremum of
1 1
(Mw), = E(MW>F + E(MW>I+
over weights w € A%, such that ((w) ., (logw) .. ) = x*, we

see that (since supg-q, (W), = max{supRDQ(w)R,x;—L}),

1
B(x~,max{L, x(})+§B(x+, max{L, x;"}).

N —

By (x +x*).1) >

@ The above is the key to getting that differential inequalities
that lead to a Monge-Ampére problem.
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Third approach: Bellman method

Getting differential inequalities

Notice that if, in the pseudoconcavity condition, we take
x~,x* € ws close enough to x, and such that x = J(x~ + x7).
then L+ = max{L, xf} = L and so pseudoconcavny becomes

concavity:
B(x,L) > %B(X_, L)+ %B(x*, L).

Ou Structure results on Ao



Third approach: Bellman method

Getting differential inequalities

Notice that if, in the pseudoconcavity condition, we take
x~,x* € ws close enough to x, and such that x = J(x~ + x7).
then L+ = max{L, xf} = L and so pseudoconcavny becomes
concavity:

B(x,L) > %B(X_, L)+ %B(x*, L).

This means that, everywhere in Q5 where B is sufficiently
differentiable, we must have negative semidefiniteness of the
Hessian of B,

dZB |: Bx1x1 Bx1x2 :| )

BX1 Xo BX2X2
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Third approach: Bellman method

Getting differential inequalities: Sketch

On the infinitesimal scale, the pseudoconcavity condition (plus
the fact that x; and x» are “martingale variables” forces (on the
boundary L = x4),

1 1
— S (BA0TEB(x,x1)(AX)+ 5Bux, x1)(x1 —x{ ) +0(| Ax|2) > 0.
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Third approach: Bellman method

Getting differential inequalities: Sketch

On the infinitesimal scale, the pseudoconcavity condition (plus
the fact that x; and x» are “martingale variables” forces (on the
boundary L = x4),

1 1
—g(Ax)TdiB(X, x1)(Ax)+§BL(x, x1)(x1 —x;")+o(]| Ax|]?) > 0.
The first term is non-negative and of the second order, while

the second term is non-positive (since B; > 0 and (wlog)
Xy < xi") and of the first order. Thus we must have

Bi(x,x1) = 0.
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Third approach: Bellman method

The Monge-Ampére Boundary Value Problem

@ Further, roughly speaking, the fact that the Bellman
function is the minimum of all candidates satisfying the
pseudoconcavity condition causes us to demand that the
Hessian be singular, i.e.,

_ 2
BX1 X1 BX2X2 - Bx1x2-

@ All together, we have the following Monge-Ampére
boundary value problem:

_ n2
BX1X1 BX2X2 - BX1X2) BX2X2 S 07

Bi(x,x1) =0, B(xi,logxy,L)=L
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Third approach: Bellman method

The Monge-Ampére Boundary Value Problem

@ Further, roughly speaking, the fact that the Bellman
function is the minimum of all candidates satisfying the
pseudoconcavity condition causes us to demand that the
Hessian be singular, i.e.,

_ 2
BX1 X1 BX2X2 - Bx1x2-

@ All together, we have the following Monge-Ampére
boundary value problem:

_ n2
BX1X1 BX2X2 - BX1X2) BX2X2 S 07

Bi(x,x1) =0, B(xi,logxy,L)=L

X1 BX1 + BX2 + LBL = B
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Third approach: Bellman method

Theorem (Vasyunin-Volberg)

Let Q be a plane domain and G = G(x1, x2) be a C? function
satisfying the homogeneous Monge—Ampére equation in 2 :

GX1 X1 GX2X2 - G)2(1 X0 (1 )

and such that either Gy, x, # 0 or Gy,x, # 0.
Then there are differentiable functions ty, t;, to of (x1, X2) such
that

G=Htx1+bxo+ 1y (2)

and t, are constant on each integral trajectory generated by the
kernel of the Hessian d°>G. Moreover, these integral trajectories
are straight lines given by

X1adty + xodty + dty = 0. (3)
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Third approach: Bellman method

Xo :X1/L—1 —|Og(L/6)

X2 = log(x1/6)
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Third approach: Bellman method

@ Solving for the Bellman candidate in the lower region, it
turns out to be

( f)g/m—e) (x4 —a6) L.
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Third approach: Bellman method

@ Solving for the Bellman candidate in the lower region, it
turns out to be

1 £/(1-¢)
B =< (7)) “n-a)+L,

£

where ais the xy coordinate of the tangent point
(a,log(a/d)) of the line of foliation

o tern(d),
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Third approach: Bellman method

@ Solving for the Bellman candidate in the lower region, it
turns out to be

1 §/(1-¢)
é) (X1 - aé.) + L?

B(X):§<L

where ais the xy coordinate of the tangent point
(a,log(a/d)) of the line of foliation

o tern(d),

and ¢ the lesser root of the equation € — log¢ = 1 + log 6.
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Third approach: Bellman method

@ Solving for the Bellman candidate in the lower region, it
turns out to be

1 §/(1-¢)
é) (X1 - aé.) + L?

B(x) = ¢ ( :
where ais the xy coordinate of the tangent point
(a,log(a/d)) of the line of foliation

_x a
Xo = = 1+Iog(5>,
and ¢ the lesser root of the equation € — log¢ = 1 + log 6.

@ We also have an expression for the Bellman candidate in
the upper region, and the bound C appears to be % (Still
not finished: need to check various points.)
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Third approach: Bellman method

@ Solving for the Bellman candidate in the lower region, it
turns out to be

1 §/(1-¢)
é) (X1 - aé.) + L?

B(X):§<L

where ais the xy coordinate of the tangent point
(a,log(a/d)) of the line of foliation

o tern(d),

and ¢ the lesser root of the equation € — log¢ = 1 + log 6.

@ We also have an expression for the Bellman candidate in
the upper region, and the bound C appears to be % (Still
not finished: need to check various points.)

@ Trouble: would this work for Ms?
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Thank you for your attention.
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