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-
Benchmark Case: One Agent

v

CRRA representative agent with risk aversion 7;

v

dividend following a geometric Brownian motion with volatility o”;

then, the market price of risk is given by A = yo;

v

the stock price volatility is 0 = o;

v

the optimal portfolio is myopic, equal to ﬁ

\4
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]
The model

> risk-free asset with r =0

» one stock with terminal dividend D7, such that

D7 YdD; = uP(Dy)dt + oP(Dy)dBy;

» K agents, agent k is initially endowed with 1 > 0 shares of stock;

» agent k chooses 7y, the portfolio weight at time ¢ in the risky asset,
as to maximize the expected utility

E [up(Wi)]
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R ——
Equilibrium
» optimal terminal wealth
Wir = Ip(ye M) where I = (u/)7!
with

» equilibrium SDF M solves

K
Iy(yy M) = D;
k=1

> @ is the equilibrium risk neutral measure,

B Et[MX]
B2IX] = AR
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Representative Agent’s Utility U

» Equilibrium SDF has to satisfy

M = U'(D); (1)
> aggregate risk aversion is
vy . zU"(z)



Rate of Macroeconomic Fluctuations

e v 1
F(x) = / ————dy.
o

yol(y)
Then, for Ay = F(D;) we have

dA, = —C(A)dt + dB,

» We call ¢(D;) = C’'(A;) the rate of macroeconomic fluctuations.

» Can be shown
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Properties of the Rate of Macroeconomic
Fluctuations

Proposition

> if D; = g(Dy) then

» ¢(D;) = b is constant if and only if there exists a one-to-one function
g such that D; = g(A;) where

dA; = (a—bAy)dt + oAdB,.
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R ——
Equilibrium Market Price of Risk

Theorem

is given by . ; T b
M= EP [77(D)oP(D)em I AP

Corollary Under the equilibrium risk neutral measure, the drift of the
equilibrium market price of risk is always equal to ¢(D;).
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-
Discounted Volatility

» We denote by
O'D(t,T) d;f = ST e(Ds) ds O'D(DT)
the discounted volatility.

» The market value of discounted volatility is defined as

oePie EtQ [O’D(t, T)]
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]
Risk Aversion and Market Price of Risk

Let
inf sup

Ve > 7]9

denote the infinum and supremum of the relative risk aversion of agent k,

Proposition The equilibrium market price of risk satisfies

o At
min ’)/}Cnf < — < max ;.
A o yopic k
t
Special case: CRRA agents, lognormal dividend: o;7°"“ = o
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-
Cyclicality of the Market Price of Risk

Proposition We have
» if yY(x)oP(z) is countercyclical and ¢(Dy) is procyclical, then ); is
countercyclical;

» if YY(z)oP(z) is increasing and ¢(Dy) is countercyclical, then )
procyclical.
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-
Equilibrium Stock Volatility

Theorem The equilibrium stock price volatility is given by

S myopic
o = O +
t t EtQ [ D

Furthermore, S; is always procyclical and af > 0 almost surely.
With constant 4V, o”, ¢ = b,

oS — o—b(T—1) D
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-
Excess Volatility

Proposition

> if the relative risk aversion vV (z) > 1 is decreasing, the volatility
oP(D) is countercyclical and the rate ¢(Dy) is procyclical, then

myopic
o > opvore,

> if the relative risk aversion ¥ > 1 is increasing, the volatility
oP (D) is procyclical and the rate c(D;) is counter-cyclical, then

< g yopic

S
Oy t .
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R ——
Example: The Gaussian Case

dlog(Dy) = (a—blog(Dy))dt + o dBy.

In that case, c” =0, ¢ = b,

Proposition Suppose that vV is decreasing. Then,

» market price of risk is counter-cyclical and satisfies

o At
min y}ﬁnf < —— < max YT

» price volatility is larger than the discounted (or, appreciated, if b < 0)
volatility,

S

oy > =T 5D

Special case: CRRA agents, b = 0: 0 < 07 < o(1 + max 7 — min ).
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]
Risk-Return Tradeoff

myopic
Mo d
Ch myopic nonmyopic °
Gt O—t + O—t

Prediction: variation of the risk-return tradeoff is explained by
fluctuations in non-myopic (excess) volatility
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R ——
Optimal Portfolios and the Log-Optimal Portfolio

Log-optimal portfolio is
At
M = —.
ogt 0'29

Proposition If v (x) > 1 for all z, then
Tt < Tlogt

and the inequality reverses if, for all z, vx(z) < 1.
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Monotonicity in Risk Aversion

Definition (Ross (1981)) Agent k is more risk averse than agent j in the
sense of Ross if

inf y,(v) > sup;(w).
r T
In this case we write v, >g ;.

Proposition

» suppose that vV (z) P (x) is decreasing and c is procyclical. Then,
Yk >R 7 = 1 implies
T < Tt
» suppose that 7Y (x) 0P (z) is increasing and c is countercyclical.
Then, 1 > 74, >g ; implies

Tt < Tt .
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-
Myopic Portfolio

Uke(x) = sup By [ux(Wyr) | Wi = x|

denotes the value function of agent k;

z U, (W)
U, (Wy) -

denotes the effective relative risk aversion of agent k at time ¢;

Vet = —

» Define myopic portfolio as

myopic dgf )\t
kt - :
Vet 0F
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-
Hedging Portfolio

We will denote
hedglng myopic
Tkt = Tkt = Ty

Aty 7) Yo I eD)ds

Theorem We have

hed in 1 Q
T o= mcovt (A, T), Wekr — R(Wyr) )

ef A A
myopcht d:f tR ;= tEQ [RkT]
O'

t
where R(z) = x/~(x) is absolute rlsk tolerance.
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-
The Sign of the Hedging Portfolio

u/// (ﬂf)

Ty ) = @)

Pk(x) = —

denote the absolute prudence and absolute risk tolerance of agent k.

Proposition
> If Y (z) 0P () is decreasing and c is procyclical, then

mi >0 if sup (Py(a) Bi()) < 2
T S <0 if inf (Pu(e) Ri(a)) > 2
Reason why:
- d
%Rk(aj) = —1 4+ Py(z) Ri(z).
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-
Increasing Relative Risk Aversion

Corollary Suppose that 74 (z) > 1 and is increasing. Then,
» if YV (2) 0P (z) is decreasing and ¢ is procyclical, then

hedgi
rhedsing > (5)

> | x) o (x) is increasing and c is countercyclical, then
f AV D g and tercyclical, th

mesdEne <, (6)
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Constant Relative Risk Aversion

Corollary Suppose that =, = const. Then,

(1) if vY(x) oP () is decreasing and c is procyclical, then

hedgi .
Ty o8 >0 if > 1 )
hedgin, .

Ty o8 <0 if e <15

(2) if yY(x) o (x) is increasing and c is countercyclical, then

hedgi .
T o8 >0 if e <1 ®)
hedgi .

aledsis < pa > 1

Cvitanic, Malamud Complete Market Equilibrium with Heterogeneous Agents 23



Conclusions |I.

» the market price of risk is determined by the aggregate (relative) risk
aversion multiplied by dividend volatility discounted at the rate we
call the “rate of macroeconomic fluctuations”;

» the stock price volatility = excess component + fundamental
component. The fundamental component is given by the market
value of discounted dividend volatility, myopic volatility;

> excess volatility is given by a volatility risk premium, whose sign is
determined by the co-movement of the dividend with the market price
of risk;
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Cuvitanic,

Conclusions |l.

excess volatility is positive when risk aversion and discounted volatility
are counter-cyclical;

the non-myopic (hedging) component of an agent's portfolio is given
by a portfolio risk premium, whose sign is determined by the
co-movement of agent’s wealth and risk tolerance with the market
price of risk;

when market price of risk is counter-cyclical, hedging component is
positive for CRRA agents with v > 1.
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-
Survival of CRRA agents

Theorem The agent 0 whose risk aversion is closest to 1 dominates in the
long run:
4
lim —L =
T—oo Wor

for all k # 0.
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Relative Extinction

Definition (KRWW (2006)): agent i experiences extinction relative to
agent j if

. Wip
tliglo WjT =0

Theorem. Even if agent i experiences extinction relative to agent j,
adding a third agent k to the economy may reverse the situation and force
the agent j to experience extinction relative to agent <.
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]
Global Bounds for the Price

Proposition

reen) BIDT) o ey BlD T
Et[D_'Ymax] - - Et[D_'Ymin]

Related to:

» bubbles and crashes (Cao and Ou-Yang (2005));
» Harrison and Kreps (1978).
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I
Large population limit

Assumption. Risk aversions densely cover an interval [1,T].



I
Long run dynamics

Definition. Given a random process X;, ¢t € [0, T], we define
X(/\) = lim X)\T
T—o00

for A € (0,1).



I
Long run drift and volatility

Theorem

r+ (1+AH)262, A>T -1)7!
pA) = 2 2 ~1

r+ I“0°, A r—-1)

and (9)

14+ A1t A>T -1t
o(\) = o1+ ) = .

ol A r—-1



R ——
The special role of risk aversion two

If I' > 2 then, for t ~ T, volatility is two times larger,
oy ~ 20.
The market price of risk

t — T
K ~ 20
ot

is determined by the agent with risk aversion 2
and not by the log agent!
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-
Volatility and MPR are Decreasing

Corollary In the limit T" — oo, the instantaneous drift, the volatility and
the market price of risk of the stock are monotone decreasing in ¢t = AT.
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I
Long run myopic portfolios

Proposition )
meopic A) = =
FTPE(N) 5

is independent of .



I
Long run hedging portfolios

Theorem. We have
» if A > (I — 1) then

> if A < (I'— 1)~ then

C-D(+A(G-1) - (—1)

() = v+ (y-1) Ty (1+A(y—1)



R ——
Monotonicity properties

Proposition. Let A\ > (I'—1)7!. Then,

» the hedging portfolio .
,n_’lyledgmg()\)

is monotone decreasing in A for each fixed ~;

> for each fixed A, m5°!8™€(\) is monotone increasing in 7 for

v < 1+ A71/2

and is monotone decreasing for v > 1+ A~1/2.
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Cuvitanic,

Conclusions

With more then two agents, agents impact relative extinction of each
other;

Long run volatility is two times larger than dividend volatility and the
long run market price of risk is determined by the agent with risk
aversion two;

Hedging demand never vanishes and may exhibit unexpected patterns
in terms of risk aversion;

Close to t = T, agent with risk aversion two has the highest hedging
demand.
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Intertemporal Consumption

Joint with E. Jouini and C. Napp.
Heterogeneous beliefs, and CRRA agents:

dDy = p; Dydt + o DidW;
joLl [/ e Pitu; (cr) dt]
0
Denote ¢; = (u; — i) /o and introduce Survival Index:

o2
—pPi — %’(Hi 9

12
)= 5%
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Results: SDF and market price of risk

- In the long run, SDF is determined by the agent with highest survival
index, who also dominates in terms of consumption shares.

- In very bad (good) states the SDF is determined by the agent associated
with the highest (lowest) market price of risk, who also dominates in terms
of consumption shares.

- Market price of risk is a (moving) weighted average of “individual”
market prices of risk. This is not the case for the short rate. Asymptotics
are as above.

- Market price of risk is always decreasing in aggregate wealth.
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Results: short rate and volatility

- The short rate converges to the one corresponding to the highest survival
index, while the long-term yield converges to the lowest individual short
rate. At other horizons, other agents determine the asymptotic driving
marginal discount rate, in accordance with Preferred Habitat Theory.

- Even in the long-run, the price of an asset is not necessarily equal to the
price corresponding to the highest survival index.

- The stock volatility is given by

Et [ﬁoo(et - QT)MTDTdT]
Ey[[;° M.D; dr]

os(t) =0+
converges to o, and satisfies
o +min 0; —max6; < of <o+ max#; — min b
(2 (2 7 (2

- The asymptotic stock price long run return rate is not necessarily equal
to the one corresponding to the surviving agent.
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R ——
Results: Optimal portfolios

The optimal portfolio is given by, with b; = 1/7;,

Ly [J;eoo(bz‘ési + (b; — 1)97)MTCdeT]
E¢ [ Mrcirdr]

oyt = 0 +

In particular,

min 9]' + mln(bzél + (bl — 1)(9]) <o < ma,ng + max(bzéz + (bz — 1)93)
J J J J

If we further assume that v; > 1, for all ¢, then, with Ix being the highest

survival index,
0; + '911(

lim 7 =
t—o00 o7i
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Thank you for your patience

:))
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