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Outline

1. Convex duality in a discrete-time framework

2. BS∆Es with random walk noise

3. BSDEs in the continuous-time limit
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Ingredients

• filtered probability space (Ω,F , (Ft)
T
t=0, P)

• a group of finitely many agents A

• agent a ∈ A is endowed with an uncertain payoff Ha ∈ L∞(FT )

• liquid asset (St)
T
t=0 satisfying (NA)

• structured product in net supply n with final payoff R ∈ L∞(FT )

• at time t agent a invests in such a way so as to optimize a preference

functional

Ua
t : L∞(FT ) → L∞(Ft)
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We assume Ua
t satisfies the following properties:

(N) Normalization Ua
t (0) = 0

(M) Monotonicity

Ua
t (X) ≥ Ua

t (Y ) for all X, Y ∈ L∞(FT ) such that X ≥ Y

(T) Translation property

Ua
t (X + Y ) = Ua

t (X) + Y for all X ∈ L∞(FT ) and Y ∈ L∞(Ft)

(C) Ft-Concavity

Ua
t (λX + (1 − λ)Y ) ≥ λUa

t (X) + (1 − λ)Ua
t (Y )

for all X, Y ∈ L∞(FT ) and λ ∈ L∞(Ft) such that 0 ≤ λ ≤ 1

(TC) Time-consistency Ua
t+1(X) ≥ Ua

t+1(Y ) implies Ua
t (X) ≥ Ua

t (Y )

⇔ Ua
t (X) = Ua

t (Ua
t+1(X))
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Examples

1) Ua
t (X) = −1

γ logE
[

e−γX | Ft

]

2) Ua
t (X) = (1 − λ)E [X | Ft] − λE

[

(X − E [X | Ft])
2 | Ft

]

3) Ua
t (X) = (1 − λ)E [X | Ft] − λρt(X)

where ρt is a conditional convex risk measure
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Definition of equilibrium

An equilibrium consists of an adapted process (Rt)
T
t=0 satisfying the

terminal condition RT = R together with trading strategies (ϑ̂a
t )

T
t=1

such that the following conditions hold:

(i) individual optimality

Ua
t



Ha +
T
∑

s=1

ϑ̂a,1
s ∆Ss + ϑ̂a,2

s ∆Rs





≥ Ua
t



Ha +
t
∑

s=1

ϑ̂a,1
s ∆Ss + ϑ̂a,2

s ∆Rs +
T
∑

s=t+1

ϑa,2
s ∆Ss + ϑa,2

s ∆Rs





for every t and all possible strategies (ϑa
s)

(ii) market clearing
∑

a∈A ϑ̂
a,2
t = n
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The “representative agent”

Set Ha
T = Ha and Ha

t+1 = Ua
t+1

(

Ha +
∑T

s=t+2 ϑ̂
a,1
s ∆Ss + ϑ̂

a,2
s ∆Rs

)

would like to define the representative agent by

ess sup
ϑa ∈ L∞(Ft)

2
∑

a∈A ϑa,2 = n

∑

a∈A

Ua
t

(

X

|A| + Ha
t+1 + ϑa,1∆St+1 + ϑa,2∆Rt+1

)
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The “representative agent”

Set Ha
T = Ha and Ha

t+1 = Ua
t+1

(

Ha +
∑T

s=t+2 ϑ̂
a,1
s ∆Ss + ϑ̂

a,2
s ∆Rs

)

would like to define the representative agent by

ess sup
ϑa ∈ L∞(Ft)

2
∑

a∈A ϑa,2 = n

∑

a∈A

Ua
t

(

X

|A| + Ha
t+1 + ϑa,1∆St+1 + ϑa,2∆Rt+1

)

But Rt is not known yet.
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The “representative agent”

Set Ha
T = Ha and Ha

t+1 = Ua
t+1

(

Ha +
∑T

s=t+2 ϑ̂
a,1
s ∆Ss + ϑ̂

a,2
s ∆Rs

)

would like to define the representative agent by

ess sup
ϑa ∈ L∞(Ft)

2
∑

a∈A ϑa,2 = n

∑

a∈A

Ua
t

(

X

|A| + Ha
t+1 + ϑa,1∆St+1 + ϑa,2∆Rt+1

)

But Rt is not known yet. So define

Ût(X) := ess sup
ϑa ∈ L∞(Ft)

2
∑

a∈A ϑa,2 = 0

∑

a∈A

Ua
t

(

X

|A| + Ha
t+1 + ϑa,1∆St+1 + ϑa,2Rt+1

)

and

ût(x) := Ût(xRt+1) , x ∈ L∞(Ft).

Ût and ût are Ft-concave
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For the static case, see:

Jouini, Schachermayer and Touzi (2008)

Filipovic and Kupper (2008)

...
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Convex dual characterization of equilibrium

Theorem A bounded, adapted process (Rt)
T
t=0 satisfying

RT = R together with trading strategies (ϑ̂a
t )

T
t=1, a ∈ A, form an

equilibrium ⇐⇒ for all t:

(i) Rt ∈ ∂ût(n)

(ii)
∑

a∈A Ua
t (Ha

t+1 + ϑ̂
a,1
t+1∆St+1 + ϑ̂

a,2
t+1Rt+1) = ût(n)

(iii)
∑

a∈A ϑ̂
a,2
t+1 = n
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Existence of equilibrium

Assumption (A)

For all t = 0, . . . , T − 1, V a ∈ L∞(Ft+1), W ∈ L∞(Ft+1),

there exist ϑ̂a
t+1 ∈ L∞(Ft)

2, a ∈ A, such that

∑

a∈A

ϑ̂
a,2
t+1 = 0

and

∑

a∈A

Ua
t

(

V a + ϑ̂
a,1
t+1∆St+1 + ϑ̂

a,2
t+1W

)

= ess sup
ϑa

t+1 ∈ L∞(Ft)
2

∑

a∈A ϑ
a,2
t+1 = 0

∑

a∈A

Ua
t

(

V a + ϑ
a,1
t+1∆St+1 + ϑ

a,2
t+1W

)

.

Theorem Under assumption (A) an equilibrium exists
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Definition

Ua
0 is sensitive to large losses if

lim
λ→∞

Ua
0(λX) = −∞

for all X ∈ L∞(FT ) such that P[X < 0] > 0.

Theorem

If all Ua
0 are sensitive to large losses,

then condition (A) is satisfied and an equilibrium exists.
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Idea of the proof

Consider two agents a and b in a one time-step model

Assume S0 = S1 = Ha
1 = Hb

1 = 0

Consider the convolution

sup
ϑ∈R

Ua(ϑR1) + Ub(−ϑR1)

= sup
ϑ∈R

Ua(ϑ(R1 − E [R1])) + Ub(−ϑ(R1 − E [R1]))

Under sensitivity to large losses it will be attained for some ϑ̂.

12



Differentiable preferences

We say that Ua
t satisfies the differentiability condition (D) if for all

X, Y ∈ L∞(Ft+1), there exists Z ∈ L1(Ft+1) such that

lim
k→∞

k

(

Ua
t

(

X +
Y

k

)

− Ua
t (X)

)

= E[Y Z | Ft].

If such a Z exists, it has to be unique, and we denote it by ∇Ua
t (X).
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Differentiable preferences

We say that Ua
t satisfies the differentiability condition (D) if for all

X, Y ∈ L∞(Ft+1), there exists Z ∈ L1(Ft+1) such that

lim
k→∞

k

(

Ua
t

(

X +
Y

k

)

− Ua
t (X)

)

= E[Y Z | Ft].

If such a Z exists, it has to be unique, and we denote it by ∇Ua
t (X).

Theorem Assume all Ua
t satisfy (D). Then there can exist at most one

equilibrium price process (Rt)
T
t=0, and if the market is in equilibrium,

then Ût satisfies (D) at X = nRt+1 with

∇Ût(nRt+1) =
1

|A|
∑

a∈A

∇Ua
t

(

Ha
t+1 + ϑ̂

a,1
t+1∆St+1 + ϑ̂

a,2
t+1Rt+1

)

,

and

dQ

dP
=

T
∏

t=1

∇Ût

(

nRt+1

)

defines probability measure on (Ω,F , P) such that

St = EQ [ST | Ft] and Rt = EQ [RT | Ft] for all t .
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Random Factors and BS∆Es

Fix h > 0 and N ∈ N

Denote T = {0, h, . . . , T = Nh}

b1t , . . . , bd
t d independent random walks with P [∆bi

t+h = ±
√

h] = 1/2

bd+1
t , . . . , bD

t 2d − (d + 1) random walks orthogonal to b1t , . . . , bd
t

Every X ∈ L∞(Ft+h) can be represented as

X = E[X | Ft] + πt(X) · ∆bt+h

for

πt(X) · ∆bt+h =
D
∑

i=1

πi
t(X)∆bi

t+h and πi
t(X) =

1

h
E
[

X∆bi
t+h | Ft

]

.
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Ua
t (X) = Ua

t

(

E [X|Ft] + πt(X) · ∆bt+h

)

= E[X | Ft] − fa
t (πt(X))h

for the Ft-convex function fa
t : L∞(Ft)

D → L∞(Ft) given by

fa
t (z) := −1

h
Ua

t (z · ∆bt+h) .

Assume condition (A) is satisfied and all Ua
t satisfy the differentiability

condition (D).

Then there exists ∇fa
t (z) ∈ L∞(Ft)

D such that

lim
k→∞

k
(

fa
t (z + z′/k) − fa

t (z)
)

= z′ · ∇fa
t (z)

15



For given St+h, Rt+h, Ha
t+h denote

ZS
t+h := πt(St+h)

ZR
t+h := πt(Rt+h)

Za
t+h := πt(H

a
t+h)

Zt+h = (ZS
t+h, ZR

t+h, Za
t+h, a ∈ A) .

and define the function ft : L∞(Ft)
(3+|A|)D → L∞(Ft) by

ft(v, Zt+h) = ess inf
ϑa ∈ L(Ft)

2
∑

a∈A ϑa,2 = 0

∑

a∈A

fa
t

(

v

|A| + Za
t+h + ϑ

a,1
t+hZS

t+h + ϑ
a,2
t+hZR

t+h

)

−
ϑ

a,2
t+h

h
E
[

∆St+h | Ft

]

.
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Set

gR
t (Zt+h) := ZR

t+h · ∇vft(nZR
t+h, Zt+h)

ga
t

(

Zt+h

)

:= fa
t

(

Za
t+h + ϑ̂

a,1
t+hZS

t+h + ϑ̂
a,2
t+hZR

t+h

)

−ϑ̂
a,1
t+h

1

h
E
[

∆St+h | Ft

]

− ϑ̂
a,2
t+hgR

t (Zt+h).

Theorem The processes (Rt) and (Ha
t ) satisfy the following

coupled system of BS∆Es

∆Rt+h = gR
t (Zt+h)h + ZR

t+h · ∆bt+h , RT = R

∆Ha
t+h = ga

t

(

Zt+h

)

h + Za
t+h · ∆bt+h , Ha

T = H.
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Example (discrete time)

Let (bS
t )t∈T, (bR

t )t∈T, (ba
t )t∈T, a ∈ A, be independent random walks with

P [∆bS
t = ±

√
h] = P [∆bR

t = ±
√

h] = P [∆ba
t = ±

√
h] = 1/2 .

Assume that the price of the standard asset is given by

St+h = St + µSth + σSt∆bS
t+h , S0 = s

and

RT = r(bR
T ) , Ha = ha(bS

T , bR
T + ba

T )

for bounded Lipschitz functions r, ha.

Suppose that agent a’s preference functional is

Ua
t (X) = − 1

γa
logE [exp(−γaX) | Ft] for some γa > 0 .

Then

Ua
t (X) = E [X | Ft] − fa

t (πt(X))h

for

fa
t (z) =

1

hγa
logE

[

exp(−γaz · ∆bt+h)
]

.
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Neglect the random walks bd+1, . . . , bD

and use the approximation

1

hγa

d
∑

i=1

log cosh
(√

hγazi
)

≈ γa

2

d
∑

i=1

(zi)2

Then the BS∆E of the last theorem yields ...
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... the recursive algorithm

Rt = E
[

Rt+1 | Ft

]

− gR
t h , RT = R

Ha
t = E

[

Ha
t+1 | Ft

]

− ga
t h , Ha

T = Ha ,

where

gR
t =

1

cSS

[

cRSµSt + γ
(

n
{

cSScRR − cSRcSR
}

+ cRAcSS − cSRcSA
)]

ga
t =

γa

2

∥

∥

∥Za
t+h + ϑ̂

a,1
t+hZS

t+h + ϑ̂
a,2
t+hZR

t+h

∥

∥

∥

2

2
− ϑ̂

a,1
t+hµSt − ϑ̂

a,2
t+hgR

t

ϑ̂
a,1
t+h =

µSt

γacSS
+

cSRcRa − cSacRR

cSScRR − cSRcSR
− cSR

cSS

γ

γa

(

n +
cSScRA − cSRcSA

cSScRR − cSRcSR

)

ϑ̂
a,2
t+h = n

γ

γa
+

cSRcSa − cRacSS − γ
γa

(

cSRcSA − cSScRA
)

cSScRR − cSRcSR

for

γ := (
∑

a
(γa)−1)−1

cSS := ZS
t+h · ZS

t+h, cSR := ZS
t+h · ZR

t+h, cSA := ZS
t+h ·

∑

a
Za

t+h, ...
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Example (continuous time)

Let BS
t , BR

t , Ba
t , a ∈ A, be independent Brownian motions

dSt = µStdt + σStdBS
t , S0 = s

and

RT = r(BR
T ) , Ha = ha(BS

T , BR
T + Ba

T )

for bounded Lipschitz functions r, ha.

Suppose that agent a’s preference functional is

Ua
t (X) = − 1

γa
logE [exp(−γaX) | Ft] for some γa > 0 .
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The BSDE corresponding to the above BS∆E is

dRt = gR
t dt + ZR

t · dBt , RT = R

dHa
t = ga

t dt + Za
t · dBt , Ha

T = Ha ,

where

gR
t =

1

cSS

[

cRSµSt + γ
(

n
{

cSScRR − cSRcSR
}

+ cRAcSS − cSRcSA
)]

ga
t =

γa

2

∥

∥

∥Za
t + ϑ̂

a,1
t ZS

t + ϑ̂
a,2
t ZR

t

∥

∥

∥

2

2
− ϑ̂

a,1
t µSt − ϑ̂

a,2
t gR

t

ϑ̂
a,1
t =

µSt

γacSS
+

cSRcRa − cSacRR

cSScRR − cSRcSR
− cSR

cSS

γ

γa

(

n +
cSScRA − cSRcSA

cSScRR − cSRcSR

)

ϑ̂
a,2
t = n

γ

γa
+

cSRcSa − cRacSS − γ
γa

(

cSRcSA − cSScRA
)

cSScRR − cSRcSR

for

cSS := ZS
t · ZS

t , cSR := ZS
t · ZR

t , cSA := ZS
t ·

∑

a
Za

t , ...
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