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Outline

1. Convex duality in a discrete-time framework

2. BSAEs with random walk noise

3. BSDEs in the continuous-time limit



Ingredients

e filtered probability space (2, F, (F1)]_q,P)

e a group of finitely many agents A

e agent a € A is endowed with an uncertain payoff H* € L*>°(Fp)
e liquid asset (S;)7_, satisfying (NA)

e structured product in net supply n with final payoff R € L°°(Fr)

e at time ¢t agent a invests in such a way so as to optimize a preference
functional

U+ L%(Fp) — L™ (Ft)



We assume Uy satisfies the following properties:

(N) Normalization U#(0) =0

(M) Monotonicity

UMX) > UMY) for all X,Y € L°°(Fr) such that X > Y

(T) Translation property

UMX +Y)=UXX)+Y for all X € L°°(Fr) and Y € L>(F)

(C) F-Concavity
UF(AX + (1 = A)Y) > AUHX) + (1 — MUHY)
for all X, Y € L°°(Fp) and X\ € L°°(F;) such that 0 < A <1

(TC) Time-consistency 7fL_H(X) > t“+1(Y) implies U#X) > UfY)
& UfX) = Ug(U4 (X))



Examples
1) UH(X) = —210gE |77 | 7y
2) UM(X) = (1-NE[X | F] - E[(X —E[X | A]? | F]

3) Uf(X) = (1 = NME[X | F] — Ape(X)

where py is a conditional convex risk measure



Definition of equilibrium

An equilibrium consists of an adapted process (Rt)fzo satisfying the
terminal condition Ry = R together with trading strategies (ﬁf})thl
such that the following conditions hold:

(i) individual optimality

T
U} (H“ + Y 9%tas + ﬁg’zARS)

s=1

t T
> U (H“ + Y 98IAS, + 92 AR+ Y 9Y2ASs + ﬁg’zARS>
s=1 s=t+1
for every t and all possible strategies (9%)

(i) market clearing S aeh 3?’2 =n



The “representative agent”

[a,1 {a,2
Set H$ = H% and H{ ; = U, (H*+ I, , 98" ASs + 992 ARs)

would like to define the representative agent by

X
esssup Z U/ (K + H,?+1 + an,lASt_H —+ Qc,la,QARHl)
9% € L®(F1)? ach A

ZaGA 19%2 —n



The “representative agent”

qa,1 30,2
Set H¢ = H® and H{, ; = U2, (H*+ X1, 0¢ ASs + 09 ARs)

would like to define the representative agent by

X
esssup Z U/ (K + H,?+1 + ﬁa,lASH_l —+ ﬁa,QARt+1>
9% € L®(F1)? ach A

ZaEA 19%2 —n

But R; is not known yet.



The “representative agent”

1 30,2
Set HY = H® and Hf , = Ul (H*+ X1, 05" ASs + 9¢° ARs)

would like to define the representative agent by

esssup Z Uy ( A -+ Ht+1 + 9% ASH_l + 9% ARH_l)
9® € L®(F)? acA A

ZaEA v 2 = — n

But R; is not known yet. So define

U:(X) = esssup Z U/ < A + Ht_l_1 + 9% ASt_I_l + 9% Rt_|_1>
99 € LO(F)2 aca  \A
2_ach 942 =0

and

u(z) ;= U(xRy41), x € L™(F).

U; and 4, are F;-concave
7-b



For the static case, see:

Jouini, Schachermayer and Touzi (2008)

Filipovic and Kupper (2008)



Convex dual characterization of equilibrium

Theorem A bounded, adapted process (Rt)tT o Satisfying

R = R together with trading strategies (19@) _1, a € A, form an
equilibrium <= for all t:

(i) Rt € dug(n)
(“) ZaeA Uta( _|_1 + ﬁt_i_lASt—l—l + 19754_1Rt—|—1) — ut(n)

UD DI ﬁH—l =n



EXxistence of equilibrium

Assumption (A)
Forallt=0,...,T—1, Vé& L®(F11), W € L®(F11),
there exist 0§ ; € L>®(F)?, a € A, such that
30,2 __
Z ﬁt+1 =0
a€A
and

SOUR (Ve A+ 05 AS 1 + 055 W)
acA

T € LZO(ft)Q acA
2 aeh 19?4-1 =0

Theorem Under assumption (A) an equilibrium exists

esssup > Uf <V“ -+ ﬁ?i1A5t+1 -+ 19;‘_flw) .

10



Definition

Ug IS sensitive to large losses if
lim U§(AX) = —
A—00

for all X € L°°(Fr ) such that P[X < 0] > 0.

Theorem
If all Ug are sensitive to large losses,

then condition (A) is satisfied and an equilibrium exists.

11



Idea of the proof

Consider two agents a and b in a one time-step model
Assume Sg = S1 = H} = H? =

Consider the convolution

sup U%(YR1) + UP(—9R1)
-
= sup UY(9(Ry — E[R1])) 4+ U(=9(Ry — E[R1]))

Under sensitivity to large losses it will be attained for some 9.

12



Differentiable preferences

We say that UZ satisfies the differentiability condition (D) if for all
X,Y € L®(F;11), there exists Z € L1(F;y1) such that

im k (Ut“ (X + %) - Ut“(X)) —E[YZ|F]

k— 00

If such a Z exists, it has to be unique, and we denote it by VUta(X).

13



Differentiable preferences

We say that U/ satisfies the differentiability condition (D) if for all
X,Y € L®(F;11), there exists Z € L1(F;y1) such that

im k (Uta (X + %) - U{L(X)) —E[YZ|F]

k— 00

If such a Z exists, it has to be unique, and we denote it by VU,?(X).

Theorem Assume all U# satisfy (D). Then there can exist at most one
equilibrium price process (Rt)tT:O, and if the market is in equilibrium,
then U, satisfies (D) at X = nR;1; with

1

VU(nRyy1) = A

ja,l 30,2
> VUi (Hf;tl + 00 AS 1+ 19?+1Rt+1) :
achA
and

aQ L __
d—P — tl;Il VUt (nRt_|_1>

defines probability measure on (2, F,P) such that

St = EQ [ST | .7‘_75] and Ry = EQ [RT | .7'_75] for all t.

13-a



Random Factors and BSAEs

Fix h>0and N € N
Denote T = {0,h,...,T = Nh}

bi,...,b¢ dindependent random walks with P[Ab, , = +Vh] =1/2

pitt . bP 24— (d+ 1) random walks orthogonal to b},...,b¢

Every X € LOO(]-"H_h) can be represented as
X =E[X | F] + m(X) - Abyyp,

for

D
1.
m(X) - Dby, = Y 7l(X)Abl,, and 7i(X) = . E | XAby, | 7.
1=1

14



UH(X) = U (E [X|F] 4 m(X) - Abyyy) = E[X | F] — f{(m (X))

for the F;-convex function f&: L®(F)P — L°(F;) given by

1
fta(Z) = —EUta(Z’ . Abt—l—h) .

Assume condition (A) is satisfied and all U? satisfy the differentiability
condition (D).

Then there exists Vf(z) € L>(F;)” such that

Nim & (fi(z 4 2'/k) = [{(2)) = - Vf{(2)

15



For given Syyp, Ryyp, HjY ) denote

Zig—l—h — 7T75(St+h)
Zﬁ_h = m(Ryyp)
irn = m(Hiyy)
and define the function f; : LO(F,)BFHADD _, 1oo(F,) by
: v 1 .S a,2 R
ft(v, Zepn) = essinf > ft <— + 2 + 0 D + 0 th—|—h>
99 € L(F)?  sen \IA] + +
ZaEA 992 = 0
ﬁa,Q

_ t;rhE DS | F

16



Set

9t (Ziwn) = Ziy,- vvft(nZiih, Ziyn)
a (7 + 90t 758, + %2 7
9t ( t—l—h) It ( t+h T Vi pZitn T Vi —|—h)

~a,1 1
_19?+hEE [Ast—l—h | ft] - ﬁt+h9ﬁ(Zt—|—h)-

Theorem The processes (R;) and (H{) satisfy the following
coupled system of BSAEs

ARy, = gf(Zign)h+ Zi% ), - Abiyy, Ry =R
AHYy, = 68 (Zegn) b+ Zi4y, - Dby, HE=H.

17



Example (discrete time)

Let (07) e, (BF) e, (b)) e, a € A, be independent random walks with
P[AbY = £Vh] = P[AbY = £Vh] = P[AW = +Vh] = 1/2.
Assume that the price of the standard asset is given by
St—l—h — St —|— ,LLSth —|— O'StAth_I_h, SO — S
and
Rp=r(b%), H*= h*(b3, bt + b%)
for bounded Lipschitz functions r, h“.
Suppose that agent a’'s preference functional is

1
UMNX) = ~a log E [exp(—*X) | 7] for some ~%>0.

Then
Uf(X) =E[X | Ft] = fi'(m(X))h
for
1
fi(2) = 55109 E [exp(=y"2 - Abiyp)|

18



Neglect the random walks pd+1 . pP

and use the approximation

1 .
o 2 log cosh (\/ﬁvazz) ~

a d
2 )2
2 2@

1

Then the BSAE of the last theorem vyields ...

19



. the recursive algorithm
Ry =E|Ryy1|F|—gfth, Rr=R
H{ =E|H%,|F|—gfh, H{=H",

where

o = Csis [CRSMSt + (n {CSSCRR B CSRCSR} 4 RALSS CSRCSAH

_ 3a,1 S 502 LR |2 _ sa,1 30,2 R
9% = 5 HZ?Jrh + O Zin, + 19?+th+hH2 — 0 St — 9,94
R

gt pSy | Ofieha — Sachlt (S u 9 chtA — SHeSA
— — —(n
t+h ~acSS T oSSeRR _ (SRcSR - oSS ~ya SS.RR _ .SR.SR
o ~ SReSa _ (RaoSS (CSRCSA _ cSScRA)
Vitn = "a T oSS.RR _ .SR.SR
for
. — —~1y-1
v o= QLGMT)
a

. S S SR ._ ,S R SA._ S
77 = Zg Zipn =2y Dk, 0= 2 ) 2
a
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Example (continuous time)

Let BY, Bft, B¢, a € A, be independent Brownian motions

dS; = pSidt + 0S4 dBy,  Sp = s
and
Ry =r(B®, H®=h%(BZ, BE + B%)
for bounded Lipschitz functions r, h®.

Suppose that agent a’s preference functional is

1
UMX) = o log E [exp(—“X) | 7] for some ~%>0.

21



The BSDE corresponding to the above BSAE is

dRy = gftdt+ Z[*-dB;, Ry =R

dH,? :gfdt—I—Zta-dBt, H%:Ha,
where
1
gﬁ = [cRS,uSt + ~ (n {CSSCRR B CSRCSR} i CRACSS B CSRCSA)}
C
a - /ya' Za _I_ ,{gaa]—ZS _I_ ,IlgaHQZR 2 ,{9\0'71 S ,{9\0172 R
9t = S|4t t “t t “t|o Ve MOt =V Gt
o 1Sy ¢SReRa _ SacRR - (SR N SS.RA _ .SR.SA
— — mn
t 7a,CSS cSS-RR _ .SR.SR oSS @ SSecRR _ .SR-SR

—~ 2 ’7 ,ya
9y = n—+
t ~a oSS RR _ .SR.SR

SRS (RagSS _ 7 (SReSA _ (S5 :RA)

”=zp . zp, APi=zp .zl A=z 7,
a
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