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Large Market Movements

1. Occasional extreme movements accompanied with big
chunks of fresh information

2. Other seemingly unrelated or exaggerated movements,
especially during “crises episodes,” are attributed by
observers and the press to

• the herd mentality of the financial market participants, or
to

• the fickleness and irrationality of speculators who
seemingly switch between fear and overconfidence in a
purely random fashion, and whose fear feeds on itself in a
contagious fashion.
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• Close cousins of:

• confidence,
• overreactiveness,
• fear and
• liquidity

• But how can it be that human beings are risk averse one
day, in a perfectly coordinated fashion, selling their risky
holdings across the board and reinforcing the crisis, only
to become contagiously risk loving not too long
thereafter, pushing prices back to the pre-crisis levels?

• Surely they do not all together feel compelled to look
right and left ten times before crossing the street one day
while blindly crossing the next? But that’s how it appears
to an outside observer.
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Beliefs and Preferences

Beliefs Preferences

Actions

To outside observer,
beliefs and preferences

appear to be linked
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• Sometimes markets gather momentum from the
endogenous and coordinated responses of the market
participants themselves, rather like a tropical storm or the
Millenium Bridge.

• As financial conditions worsen, the willingness of market
participants to bear risk seemingly evaporates in response
to the deteriorating conditions. They curtail their
risk-taking activities by cutting exposures and leverage.
The prudent and conservative actions of one market
participant entails negative spillover effects on others ⇒
further declines in the prices of those assets etc.

• Fallacy of Composition.
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• Endogenous risk is over and above the traditional domino
model of contagious default, it captures the price and
leverage spirals created by the anticipatory and reactive
actions of the market participants and the double-edged
nature of prices (prices as signals and as imperative to
act)

• See Brunnermeier and Petersen (RFS, 2009), Danielsson
and Zigrand (2008), Geanakoplos (NBER, 2009), Shin’s
“Risk and Liquidity” 2008 Clarendon Lectures in Finance,
many others.

• Such spirals are pro–cyclical due to risk-sensitive
constraints and regulations, time–varying vols, adverse
selection and mark–to–market accounting ⇒ as if market
participants had lost their risk appetite simultaneously
due to mtm accounting and similar risks and risk models.
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• Separate risk aversion/tolerance from risk appetite.
coefficient of effective relative risk aversion

= coeff. of innate utility-based relative risk aversion

+ Lagrange multiplier on the VaR constraint

• When the constraints bind tightly, the traders shed risky
exposures, giving the outward appearance of a trader who
has become more risk-averse, even though the underlying
preferences may not have changed at all.

• Since by mtm and similar risk systems they do this
together, it would appear as contagious herding or
ganging-up ⇒ upward sloping demands.
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Demand Function from Model Simulation
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• Default need not occur for these spirals to occur.

• In Hyun Shin’s words (no pun intended, this quote
predates the Greek Crisis):

Rather like a Classical Greek tragedy, it is the
actions taken by the actors who want to avoid a
bad outcome that precipitates disaster.

So regulating with a view of reducing counterparty risk
may be commendable and reduce feedbacks, but will not
eliminate the crisis spirals.
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Wish List

Construct a simple model (ideally one or two factors), that

• could be calibrated and manipulated easily for practical
applications, that

• generates procyclical risk appetite and leverage that goes
hand in hand with:

• countercyclical stochastic volatility (without having any
such features in the driving processes),

• countercyclical (and largely convex) risk premia (Black’s
“mean reversion”), Sharpe Ratios, vols of vols, and
correlations (despite no such relationships hard-wired),
and

• a countercyclical IV index (such as VIX) and the usual IV
surface.
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Model

• Financial institutions (FIs) face VaR constraint: cannot
hold securities whose VaR is larger than the capital of the
FI

• Time indexed by t ∈ [0,∞).

• N > 0 non-dividend paying risky securities (date t price of
ith risky security is P i

t)

• One risk-free bond (B0 = 1, dBt = rBtdt, with r
constant)

• Two types of traders

• Active traders (risk–neutral traders with VaR constraints)
• Passive traders (residual demand/supply curves that

close the model)
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• Posit equilibrium of form:
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•
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W i

t

}
independent Brownian motions (fundamental

shocks enter via passive traders’ demands)
• Scalars

{
µ

i
t

}
and 1 × N vectors

{
σ

i
t

}
are as yet

undetermined coefficients to be solved in equilibrium
• Solve for rational expectations equilibrium (REE) with

respect to active traders’ beliefs
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• D i
t is dollar holding of i th security at t

Vt is trader’s capital (notice no superscript for trader, due
to aggregation result, to follow)

• Balance sheet identity

btBt = Vt −
∑

i

D i
t

• Evolution of capital

dVt =
[
rVt + D⊤

t (µt − r)
]
dt + D⊤

t σtdWt

D⊤ is transpose of D, σt is the N × N diffusion matrix,
r = (r , . . . , r)⊤.
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• Expected capital gain:

Et [dVt ] = [rVt + D⊤

t (µt − r)]dt (1)

Variance of capital:

Vart(dVt) = D⊤

t σtσ
⊤

t Dtdt (2)

• Short horizons. So no investment-opportunity-set
hedging. Trader maximizes (1) subject to VaR constraint,
where VaR is α times forward-looking standard deviation
of return on equity.
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• Assuming trader is solvent (Vt > 0) maximization
problem is

max
Dt

rVt+D⊤

t (µt−r) subject to α
√

D⊤
t σtσ⊤

t Dt ≤ Vt

• First-order condition

µt − r = α(D⊤

t ΣtDt)
−1/2γtΣtDt

where γt is Lagrange multiplier for VaR constraint, and

Σt := σtσ
⊤

t .

Dt =
1

α(D⊤
t ΣtDt)−1/2γt

Σ−1
t (µt − r)
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• Constraint binds due to risk-neutrality (provided µt 6= r)

Vt = α
√

D⊤
t ΣtDt (3)

Therefore

Dt =
Vt

α2γt

Σ−1
t (µt − r)

• “As if” preferences. Optimal portfolio is similar to
mean-variance optimal portfolio where the Lagrange
multiplier

α2γt

appears like a relative risk-aversion coefficient.
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Substitute into (3) to solve for Lagrange multiplier

γt =

√
ξt

α
;where ξt := (µt − r)⊤Σ−1

t (µt − r)

Lagrange multiplier γt is

• proportional to generalized Sharpe ratio
√
ξ

• does not depend directly on equity Vt

CRRA is α2γt = α
√
ξt .

Interpretation. Additional unit of capital relaxes VaR
constraint by multiple α of standard deviation, raising
expected return by risk-premium on the portfolio per unit of
standard deviation
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• Finally, solve for optimal portfolio:

Dt =
Vt

α
√
ξt

Σ−1
t (µt − r)

• Optimal portfolio is homogeneous of degree one in equity
Vt ⇒
Aggregation result. Portfolio depends on Vt , total capital
of active trading (dealer?) sector, not on profile of
individual equity capital.

⇒ Take aggregate capital, Vt , as state variable
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Closing the Model
• A passive investment sector subject to positive demand or

valuation shocks z i
t , here assumed dzt = σzdWt ∈ R

N .

• Passive traders in aggregate have the following
vector-valued exogenous demand schedule for the risky
assets, yt = (y 1

t , . . . , y
N
t ) with

yt = Σ−1
t






...
δi
(
rt + ηz i

t − lnP i
t

)

...






• Roughly standard optimal mean-variance demand, where
investors expect the spread between their perceived “true”
long term shadow price Pshadow,i

t := ert+ηz i
t (their NPV)

and the actual price lnP i
t to close over time. Like

following a value-strategy.
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Market Clearing

• Imposing the market-clearing condition Dt + yt = 0,

P i
t = exp

(
Vt

αδi
√
ξt

(µ̄t − r) + rt + ηz i
t

)

; i = 1, . . . ,N

• We solve the fixed point problem by solving for (µ̄t , σ̄t) in
the equation: [

µ̄t

σ̄t

]

=

[
µt(µ̄t , σ̄t)
σt(µ̄t , σ̄t)

]

• Get drift, and especially diffusion (can always solve by
Sherman-Morrison, 2 fundamental theorems):

σt = Vt [rank 1 matrix]σ̄t − ησz
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Single Risky Security, N = 1

• Equilibrium simplifies to ln Pt = rt + ηzt +
σtVt

αδ
.

• Solve for REE diffusion and drift, by Itô:

V 2
t

∂σ

∂Vt

= α2δ(σt − ησz)− Vtσt

• The generic solution to this ODE is given by

σ(Vt) =
1

Vt

e−
α

2
δ

Vt

[

−α2δησz

∫
∞

−
α2δ
Vt

e−u

u
du

]
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• Equilibrium drift µt

µt = r+
σt

2αησz

{

ασ2
t − ησz + (σt − ησz)

[

2α2r +
α2δ

Vt

− 2

]}

• Sharpe ratio:

µt − r

σt

=
1

2αησz

{

ασ2
t − ησz + (σt − ησz)

[

2α2r +
α2δ

Vt

− 2

]}
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Why this hump in vol for low capital

basis?

• The mere presence of FIs increases volatility quite
dramatically, endogenous risk.

• The reason for this lies in the interaction of REE and the
wealth-VaR constraints of FIs. Recall that equilibrium is
(setting α = δ = 1) lnPt = rt + ηzt + σ̃tVt . Itô’s Lemma:

σt = ησz + σ̃t × (diffusion of Vt)
︸ ︷︷ ︸

vol due to FI’s wealth-VaR effect

+Vt × (diffusion of σ̃t)
︸ ︷︷ ︸

vol due to changing beliefs

= ησz + Vt

[

σ̃t + Vt

∂σ̃

∂Vt

]

since the actual diffusion term of wealth is Vt . Solving for
σt = σ̃t is the REE ODE.
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• So start at V = 0 and trace it out: a bit of equity means
FIs enter the market, and the variability of their capital
and of their beliefs feeds back into the one of prices at
low levels.

• After some maximal vol, vol must come down with yet
higher V , for else LHS=σt and

RHS=ησz + Vt
︸︷︷︸

large

[

σ̃t + Vt
︸︷︷︸

large

∂σ̃t

∂Vt
︸︷︷︸

>0

]

≫ σ̃t .

• So FI beliefs cannot be confirmed unless FIs expect their
influence on vol to be towards reducing it as their capital
base increases and therefore their VaR constraints
slackening.
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• In reverse, if capital is lowered from a normal level, that
means VaR constraints bind more, so FIs sell across the
board, but that feeds back into lower and more volatile
prices, which feeds back into a stricter VaR constraint
and a lower level of risk tolerance, and here we go again.

• For high capital levels, the VaR constraints are binding
less, and the risk-neutral nature of traders appears more
and more.

• In paper we also formally characterize drift, ie risk premia,
Sharpe Ratio etc. The shapes do not dependent on any
particular parameter constellation, within reason.



Risk Appetite and Endogenous Risk

Introduction Model Plots Connections and future

Endogenous Risk and Wealth
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Endogenous Risk and Wealth
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Lessons: Leverage and Capital

• Leverage is pro-cyclical. Capital matters.

• Leverage in the leading model is simply
assets
capital

= Dt

Vt
= 1

VaRt
where VaRt = ασt .

• Leverage is procyclical and builds up in quiet booms
where VaR is low and unwinds in violent busts, without
requiring any exogenous increases in haircuts during
crises.

• FIs have experienced increased haircuts in the recent
crisis, reinforcing the feedback loops further through this
second channel of forced delevering, see Adrian and Shin
(2009) and Brunnermeier and Pedersen (2009).
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• During sufficiently well capitalised episodes, FIs allow the
absorption, diffusion and transformation of risk, resulting
in calmer and more liquid markets than could otherwise
be achieved.

• Financial crises and strong destabilising feedback effects
naturally occur if and only if capital levels are too low.

• Once a crisis hits and risk-aversion and all the other
factors peak, it will take time for risk-aversion to come
down. This is borne out in the data as well (see Coudert
et al (2008)). Financial sector capital needs to be
replenished, and can be sped up by emergency capital
injections and bail outs.
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Implied Volatility and Time Horizon
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VIX

• In the model, ATM IVs (VIX) across various capital levels
are counter-cyclical

• An economy with higher capital levels has a relatively
lower VIX. This is a well-established empirical fact, so
much so that the VIX is also referred to as the “investor
fear gauge.”
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Many Risky Assets

Special case of N risky securities case can be solved using
ODE solution from the single risky asset case.
Assumption (Symmetry)

1. Diffusion matrix for z is σ̃z IN where σ̃z > 0 is a scalar and
IN is the n × n identity matrix.

2. δi = δ for all i .

Let σij
t be coefficient giving effect of change in demand shock

of jth security on price of ith security.
From assumption of symmetry, we only need to solve for one
diffusion variable, σii

t = σ11
t , since for i 6= j the cross effects

are tied down by σij
t = σ12

t = σ11
t − ησ̃z .

Define xt ≡ x(Vt) the solution to the ODE for single risky
asset with η replaced by η

N
.
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Endogenous Correlation
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Related Literature

• Two strands coming together

• Competitive equilibrium models of crashes: Leland
(1990), Genakoplos (1997) and Geanakoplos and Zame
(2003)

• Corporate finance elements: Shleifer and Vishny’s
(1997), Holmström and Tirole (2001), He and
Krishnamurthy (2007)...

• Portfolio constraints: Basak and Croitoru (2000),
Chabakauri (2008), Aiyagari and Gertler (1999), Gromb
and Vayanos (2002), Brunnermeier and Pedersen (2007),
Rytchkov (2008), Pavlova et al (2008)
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• Wealth effects: Kyle and Xiong (2001). Xiong (2001)
solves for fixed point numerically.

• Lagrange multipliers associated with VaR constraints:
Danielsson, Shin and Zigrand (2004), Brunnermeier and
Pedersen (2008), Danielsson and Zigrand (2008),
Oehmke (2008).

• Asset pricing taking account of balance sheet constraints:
Adrian, Etula and Shin (2009) [for exchange rates], Etula
(2009) [commodities], Adrian, Moench and Shin (2009)
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Discussion so far

• The single unifying mechanism why this one-factor
construction works is the channel of endogenous
risk-appetite (the “risk-aversion gauge”).

• In downturns the VaR constraints bind harder, inducing
feedbacks as asset sales beget asset sales, delevering
begets delevering, and forcing the FIs to become ever
more risk-averse.

• Also, our model predicts: once a crisis hits and
risk-aversion and all the other factors peak, it will take
time for risk-aversion to come down as the capital basis
of FIs replenishes to more normal levels.
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There will always be strong procyclical

forces

• FIs will still allocate capital to traders according to a VaR
formula (moral hazard).

• Central clearing houses will impose daily settlement and
contribute to procyclicality.

• Net derivative positions will still be at least partly delta
hedged, implying reinforcing feedback effects (on top of
the VaR induced feedback effects) if delta hedgers are net
short gamma.

• Haircuts are naturally procyclical.
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Implication for Capital — I
Dual role of capital

1. buffer against loss

2. constraint against excessive asset growth

“The received wisdom is that risk increases in recessions and
falls in booms. In contrast, it may be more helpful to think of

risk as increasing during upswings, as financial imbalances
build up, and materialising in recessions.”

Andrew Crockett in 2000:
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Implication for Capital — II
The monster builds up quietly when we cannot see it

• Prepare for build–up a systemic build up

• Countercyclicality

• Capital requirements that depend on the rate of growth
of various assets on a bank’s balance sheet

• May be a short cut for systemic measures that look at the
system on the whole

• Capital a function of the bank’s growth of certain asset
classes as well as a function of the overall banking
industry’s growth of those asset classes
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Questions and Research Direction

• Contagion

• From one asset to another (e.g. correlations)
• From one institution to another

• Minsky moments — history–dependence

• Long period of stability creates conditions for instability
• Having Vt as sole state variable would helpas single state

variable cannot take account of history-dependence (add
mean-reverting factors to z?)

• Under what market conditions does speculative trading
increase/decrease market stability

• Is harmonization ( and higher quality) of risk management
systems beneficial — competing risk systems

• Estimation
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