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The theme of this paper

@ Intuition: Jumps “appear” to be small in a noisy environment.
@ Econometric formalization of this view: local asymptotic model.

@ Study the asymptotics of the pre-averaging estimator in the local
model.
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The benchmark (non-local) model

@ The price or log price

X, — x0+/ bds+/05dW

\—V—/
drift Brownian
+51{|5‘§1} * (V — V)t + (51{|(5‘>1} * ]’lt'
Jumps
J# : jump measure, vV : compensator, J : jump size

@ Data are discretely sampled: Xy, Xa, Xon, ..., A — 0
@ High frequency data is noisy: Z = X+noise.
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The “local to continuity” model

@ The true price at stage n:

t t
Xr = Xo+/ bsds—i—/ 7o dW,
0 0

+ ¢, AX
! Jumps of Ito semimartingale
0 source of jumps

controlling the “direction”
in which price deviates from continuity

@ The observed process Z" = X" + noise.
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Summary of results

@ Asymptotics for the ‘ preaverging estimator‘ in the local-to-continuity
model

o Convergences in IP and in law (stably).

@ Asymptotics depend on the rate at which ¢, — 0.
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@ Nearly continuous case: (jump size \ 0 fast)

@ Same rate of convergence as in the continuous case
@ Non-central limiting law

@ Small jump case: (jump size \,0 slow)

©® Weak identification problem in the estimation of (small) jumps
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Pre-averaging estimator

o Noise-robust estimation (LLN) and inference (CLT) for

t . )
Jo o8 ds  when X is continuous
, for even p.

Ys<t |AXs|P when X jumps.

@ The design

e Shrink noise by smoothing
e Bias correction

@ The pre-averaging estimator V (g, kn, p)

e g :smoothing kernel

e kp : smoothing window

o p:asin [ 0P dsor Yooy |AXs|P
. 0Ys s<t s
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Motivating the local model: An numerical example

@ To fix idea, let p = 4.
@ Under the standard asymptotics (Jacod, Podolskij and Vetter 2009),

o When X is continuous

— P T 4
V(g k) 2 G (g) /0 o[ * ds,

o When X jumps

- P
A},/2V(g, kn) — G (g) Z |AXS|4'
s<T

@ Heuristically, combine the above

_ T
Vg k)~ Glg) [ lool ds+8,2C(g) ¥ IAX.I*.
0 N~

s<T

Vv —00
negligible asymptotically
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o Left—Right: no jump — 1 very large jump

Decomposition of V(g,4)

0 10 20 30 50 100
Jump Size, in terms of the diffusive increment over D
I Continuous Component
[ ]Jump Component
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The Relative Bias

Jump Size Standard Preaveraging
(xoAY2, A =5 sec) (benchmark model)
10 39183%

20 2502%

30 515%

50 75%

100 %

Table: Relative bias for estimating s« 7 [AXs|*.

Jia Li Department of Economics & Bendhein Local to Continuity April 24, 2010



@ Assumptions

@ Theorems

@ Applications
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Assumptions
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Summary of Assumptions

e X is an Ito semimartingale with regular (i.e. cadlag or caglad) and
locally bounded coefficients.

@ 0 is also an Ito semiartingale with regular and locally bounded
coefficients.

@ Conditional on X, noise is, IID, mean 0, and locally bounded.
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Assumption 1: The underlying

t t
Xe = Xo+/ bsds+/ osdW,
0 0
+01qps1<1) * (n—v), + 01551} * My

a) The process (b;) is optional and locally bounded;

b) The process (0;) is cadlag (i.e., right-continuous with left limits) and
adapted;

c) The function J is predictable, and there is a bounded function - in
IL2(E, &, A) such that the process sup,.g (|6(w®, t,2)| A1) /y(2) is
locally bounded;

d) We have almost surely fot 02ds > 0 for all t > 0.
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Assumption 2: The volatility

We have Assumption 1 and o is also an Ité semimartingale which can be
written as

t t
U't:()'o—l—/o bsd5+/0 65dWS+Mt+ZA0—Sl{|AUS|>v}v

s<t

where M is a local martingale orthogonal to W and with bounded jumps
and (M, M), = fot asds, and the compensator of } i< 1(jas,|>v) iS

fot agds, and where Bt, a, and a’t are optional locally bounded processes,
and &; is optional and cadlag, as well as b;. Furthermore, we suppose that
the processes Z)t, as, a’t are locally bounded, whereas the processes b; and
0+ are left-continuous with right limits.
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Assumption 3: The noise

For each g > 0 there is a sequence of (Ft(o))—stopping times (Tq,n)n>1
increasing to o0, such that [ Q:(w!®), dz)|z|? < n whenever
t < Tyn(w®). We write

@) = [ Q@@ )zt w = /B2,

and we assume that the processes a and B(3) are cadlag, and that
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Theorems
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Nearly continuous case

11
Let p > 2 be an even integer. Let c, = A, **. Assume that jump process

has finite variation. The standardized process

& n 1 — O n t
V(e p)i = s (BP0 (2Pl - G o) [ ol o).

converges stably in law (in functional sense) to the process

M+ G (g) ) 1AX]P,

s<t

where M, is an F-conditional centered Gaussian martingale with known
variance.
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The small jump case: LLN

11
Let p> 4. Let c, = A, **. We have

AL
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The small jump case: CLT

Theorem

1_ 1

Let p > 4. Let c, = A, *°. The variables

_1 P _ n t
A, % (A,l, V(2" g p)" -G (g)/o oPds— G (g) Y ]AX5|”)

s<t

converge stably in law to a F-conditional centered Gaussian variable with
JF-conditional variance

Y |AX PP | €L o+ Coo? + Cla?_ + Cla?

s<t

Due to vol Due to noise

Remark: joint convergence available for multiple g's.
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Applications
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Application 1: The nearly continuous asymptotics

e Ait-Sahalia, Jacod and Li (2010) proposes a noise-robust jump test
based on the pre-averaging method

@ Compute local power under the continuous null

@ Provide a guideline for choosing smoothing parameters (to maximize
local power)
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Application 2: The small jump asymptotics

o Estimate Y., |AX;|”, for p > 4

@ The preaveraging estimator V (g, ks, p) is biased.
@ Bias correction using multiple weighting functions

@ The “small jump” LLN

_ y t
V(zZ"g); LN G (g)/o o ds+ G (g) ZlAXsV’,

s<t

t
vz'n'E o (h)/o v ds+ G (h) Y |AX:]P

s<t
@ Solving the 2 x 2 system,

(cmg) Cz(g)>_1(\:/(2”,g)?)ﬂ< Ji ot ds )

G (h) G (h) Yt [AXS]”
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More simulation

results

Jump Size Corrected Preaveraging Standard Preaveraging
(XUAI/Z) (motivated by local model) (motivated by non-local model)
A =5 sec Number of Jumps Number of Jumps

1 3 5 10 1 3 5 10
20 -9% -3% -1% -1% 2502% 894% 567% 327%
30 -3% -1% -2% -1% 515% 195% 132% 85%
50 -2% -2% -1% -1% 75% 33% 25% 19%
100 -1% -1% -1% -1% 7% 5% 4% 4%

Table: Relative bias for estimating s« 7 [AXs|*.
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@ Generalization

_ t
V(Zne)] % Glg) [ 2ds+Goler) L IAXI7,

s<t

_ t
V(2" &) 5 G () /0 0% ds+ Gy () Y |AXs]P

s<t

_ n t
V(Zen) 2 G <gm)/0 o7 ds+ Gy (gm) Y |AX]"

s<t
@ Overidentified system =-OLS/GLS/Minimum Distance.

o CLT available from joint convergence of (V/ (Z”,gj):)1<j<m
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Conclusion

@ It is useful to introduce local asymptotics to study the behavior of the
preaveraging estimators.
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Thanks!
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Relative importance of continuous and jump components

@ Simulation:
Zy = oW+ Jump Size * 1{t > T} + Noise;
Noise; i scale factor X ty5 (very heavy tail)
@ Relative magnitude: continuous part V.S. jump part

Decomposition of V(g .4)

05r

0 10 20 30 50 100
Jump Size.in terms ofthe diffusive incrementoveb

[l Continuous Componert
[_JJump Component
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More simulation results

Jump Size Corrected Preaveraging Standard Preaveraging
(X(TAI/Z) (motivated by local model) (motivated by non-local model)
A =5 sec Number of Jumps Number of Jumps

1 3 5 10 1 3 5 10
10 -121% -49% -41% -19% 39183% 13283% 8121% 4230%
20 -9% -3% -1% -1% 2502% 894% 567% 327%
30 -3% -1% -2% -1% 515% 195% 132% 85%
50 -2% -2% -1% -1% 75% 33% 25% 19%
100 -1% -1% -1% -1% % 5% 4% 4%

Table: Relative bias for estimating Yo 1 |AX;]*.
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