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N —
Introduction

West Nile virus:

@ West Nile virus (WNV) is a mosquito-borne disease.

@ The life cycle of the virus circulates between mosquitoes and birds.

@ The virus is transmitted
to humans by
mosquitoes, but, cannot < ;
be transmitted back to "ok (A / 2 SR 2
mosquitoes due to the X
low concentration of the
virus in human body.
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Introduction

Forward bifurcation and Backward bifurcation:
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Review and Comparison

Model Mosquitos Birds Backward
bifurcation
Wonham et al. 2004 Constant | Constant No
Bowman et al. 2005 Logistic | Logistic Yes [7]
Lord and Day 2001 Logistic Logistic ?
Cruz-Pacheco et al. 2005 | Constant | Logistic 7
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Question:

o If the backward bifurcation can occur for the model of
Cruz-Pacheco et al. and Lord and Day 7

@ When will the backward bifurcation happen in the compartmental
models for WNV 7
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Dynamical analysis of the Cruz-Pacheco’'s Model

State variables:

State variables Mosquito Bird

Susceptible Sy Sk
Infectious Iy Ir

Recovered Rr
Total adults Ny Ng
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-
Dynamical analysis of the Cruz-Pacheco’'s Model

Parameters:
Parameters in the models Vector Reservoir
Per capita birth rate by
Recruitment rate AR
Proportion of births that are infected p
Natural death rate Hy UR
Disease-induced death rate QR
Recovery rate YR
Biting rate b
Transmission probability (from vectors to birds) Br

Transmission probability (from birds to vectors) [y
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Dynamical analysis of the Cruz-Pacheco’'s Model

Model:
( dSR

dt
dirg

dt
dRp

dt
dSy

dt
dly

dt

b
=NAg — %IVSR — 1RSR,
R
b
= %IVSR — (v + pr + ar)lr,
R
= YrIr — LR RR, (1)

)
= puvSv + (1 = pluviy — bﬁvN—’st — uySv,

/
= puvly + bﬁvNi5v — pvly,
R

where Sy + Iy = Ny and Sg + Igr + Rg = Ng are the total number of
mosquitoes and birds respectively.
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-
Dynamical analysis of the Cruz-Pacheco’'s Model

Variable change:

Sy = SR Iy = _lr

a /\R HR; a AR/MR’

- fr o _Ne (2)
a /\R/NR7 a /\R/MR’

P— Sv i = I

v NV’ v NV
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Dynamical analysis of the Cruz-Pacheco’'s Model

( ds,
dt
di,
dt
diy,
dt
dn,
dt

_ Ny
M= Arfue: T TN
disease-free equilibrium.
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-
Dynamical analysis of the Cruz-Pacheco’'s Model

Existence of equilibria:

The disease-free equilibrium Py(1,0,0,1) always exists.

For any positive equilibrium IAD(§3,73,?V, f15), its coordinates satisfy the
following relations

s, = MR- (YR + 1R + aR)/a7 ()
KR
ﬁa _ /’LR - CkRIa’ (5)
KR
. bBvi

(bBvur — ar(l — p)uy)is + (1 — p)uviur
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Dynamical analysis of the Cruz-Pacheco’'s Model

i-coordinate must be a positive root of the quadratic polynomial

(i) = Ai? + Bi, + C, (7)
in the interval i, € (0, Mﬁ), where
o
A = [bBvir—ar(l— p)uv]ﬁ, (8)
B = 2agr(l— p)uy — bBvur — mb*BrPBy, 9)
C = ur(l—p)uv(R3 —1), (10)

and Ry¢ is the basic reproduction number.
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-
Dynamical analysis of the Cruz-Pacheco’'s Model

Theorem

For existence of equilibria of the model (3), we have the following:
@ The boundary equilibrium, the disease free equilibrium Py(1,0,0,1)
always exists.
@ IfRgg > 1, there exists a unique positive equilibrium P*.
© IfRgg = 1, then there exists a positive equilibrium provided A < 0
and B > 0, otherwise there is no positive equilibrium.

Q /fRQG <1 and
@ if A> 0, there is no positive equilibrium;
@ if A <O, the system (3) has two positive equilibria Py and P, if and

only if A >0 and 0 < E—f < Mﬁ And these two equilibria
coalesce if and only if 0 < g—f < m and A = 0; otherwise there

is no positive equilibrium.

v
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Dynamical analysis of the Cruz-Pacheco’'s Model

Stability of equilibria:

Theorem

The disease-free equilibrium Py is stable iff Rogg < 1.
For positive equilibria,

Q@ ifRog > 1, then the unique positive equilibrium P* is locally
asymptotically stable.
@ ifRo¢ < 1 and conditions

B
A<0, 0<-—— < HR _  snd A=B%2_4AC>0.
2A " pr+9rR+arg

(11)

are satisfied, then the positive equilibrium Py is a saddle point and P,
is locally asymptotically stable.

v
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-
Dynamical analysis of the Cruz-Pacheco’'s Model

Backward bifurcation:

When Rog < 1, (ag: disease-induced death rate, yg: recovery rate)
@ with the assumption ag > g, model (1) has no positive equilibrium
which implies the forward bifurcation occurs at Rog = 1 [4].
@ with the assumption ag > 7R, by our analysis, there can be at most
two positive equilibria which implies the backward bifurcation occurs
at Rog = 1.
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-
Dynamical analysis of the Cruz-Pacheco’'s Model

Backward bifurcation diagram:

We describe the backward bifurcation condition

B PR

Rogg <1, A<O0, 0<-— <
oe 2A BR + YR + QR

and A >0. (12)

in the (v, ugr)-plane.
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-
Dynamical analysis of the Cruz-Pacheco’'s Model

Co:Rog =1, Ci:2urA+ (ur +vr + ar)B =0,
Ch:A=0,Cg:B=0.
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N —
Simulation

Let (uv, ur) = (0.6,0.13). Note that Rog = 0.9959 < 1. The initial data
is (55(0), i»(0), i, (0), n»(0)) = (0.38,0.15, 0.05, 0.58).
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(a) The time course of s,

(b) The time course of i,
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(¢) The time course of i,

(d) The time course of n.

Although the basic reproduction number smaller than unity, the disease
can still spread persistently.
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N —
Simulation

The time course of i, with the same parameter values but different initial
states.
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(0.38,0.15,0.05,0.58). (0.989, 0.00015, 0.00011, 0.999).

In the case backward bifurcation occurs, different initial states may induce
different transmission results.
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Conclusion
Model Mosquitos Birds Backward
bifurcation
Wonham et al. 2004 Constant | Constant No
Bowman et al. 2005 Logistic | Logistic Yes [7]
Cruz-Pacheco et al. 2005 | Constant | Logistic Yes
Lord and Day 2001 Logistic Logistic Yes

(For the model of Lord and Day, it is non-autonomous, if we ignore the seasonal
effect and do not distinguish birds as juvenile and adult and consider all
parameters as constant, one can follow the analysis in Section 3 to analyze the

simplified version of the model and prove the existence of the backward

bifurcation.)
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Conclusion

@ The backward bifurcation is an intrinsic property for compartmental
model of WNV if bird population satisfies logistic type growth and
disease-induced death rate is big enough.
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N —
Conclusion

@ The backward bifurcation is an intrinsic property for compartmental
model of WNV if bird population satisfies logistic type growth and
disease-induced death rate is big enough.

o If the backward bifurcation occurs,
the basic reproduction number is not enough to describe whether the
disease will prevail of not. In this case, a subthreshold condition value
Ry is needed and we should also pay more attention to the
initial states.

Hui Wan (York University) Backward bifurcation in WNV models May 14, 2010 22 /23



The project is supported by:

o Early Research Award
Ontario Ministry of Research and Innovation .

@ Clean Air Canada: Climate and Health
Pilot Project of Public Health Agency of Canada .

o MITACS/NSERC/CODIGEOSIM .

@ MOHLTC: Ministry of Health and Long-Term Care MOHLTC,
Vector-Borne Disease Team of Peel Region

Hui Wan (York University) Backward bifurcation in WNV models May 14, 2010

23 /23



[@ S. Baqar, C. G. Hayes, J. R. Murphy and D. M. Watts, Vertical
transmission of West Nile Virus by Culex and Aedes species
mosquitoes. Am. J. Trop. Med. Hyg. 48 (1993), 757-762.

[] C. Bowman, A. B. Gumel, J. Wu, P. van den Driessche and H. Zhu, A
mathematical model for assessing control strategies against West Nile
virus. Bull. Math. Biol. 67 (2005), no. 5, 1107-1133.

[@ L. G. Campbell, A. A. Martin, R. S. Lanciotti and D. J. Gubler, West
Nile Virus. The Lancet Infect. Dis. 2 (2002), 519-529.

ﬁ Gustavo Cruz-Pacheco, Lourdes Esteva, Juan Antonio
Montafo-Hirose and Cristobal Vargas, Modelling the dynamics of
West Nile virus. Bull. Math. Biol. 67 (2005), no. 6, 1157-1172.

ﬁ O. Diekmann, J. A. P. Heesterbeek and J. A. J. Metz, On the
definition and the computation of the basic reproduction ratio Ry in

models for infectious diseases in heterogeneous populations. J. Math.
Biol. 28 (1990), 365-382.

Hui Wan (York University) Backward bifurcation in WNV models May 14, 2010 23 /23



[
[
B

C. G. Hayes, West Nile virus: Uganda, 1937, to New York City, 1999.
Ann. N. Y. Acad. Sci., 951 (2001), 25-37.

J. Jiang, Z. Qiu, J. Wu and H. Zhu, Threshold Conditions for West
Nile Virus Outbreaks. Bull. Math. Biol. 71 (2009), no. 3, 627-647.

V. M. Kenkre, R. R. Parmenter, |I. D. Peixoto and L. Sadasiv, A
theoretical framework for the analysis of the West Nile virus epidemic.
Math. Comput. Modelling 42 (2005), no. 3-4, 313-324.

N. Komar, S. Langevin, S. Hinten, N. Nemeth, E. Edwards, D.
Hettler, B. Davis, R. Bowen and M. Bunning, Experimental infection
of North American birds with the New York 1999 strain of West Nile
Virus. Emerg. Infect. Dis. 9 (2003), no. 3, 311-322.

R. S. Lanciotti, J. T. Rohering, V. Deubel, J. Smith, M. Parker, K.
Steele, B. Crise, K. E. Volpe, M. B. Crabtree, J. H. Scherret, R. A.
Hall, J. S. MacKenzie, C. B. Cropp, B. Panigrahy, E. Ostlund, B.
Schmitt, M. Malkinson, C. Banet, J. Weissman, N. Komar, H. M.
Savage, W. Stone, T. McNamara and D. J. Gubler, Origin of the West

Hui Wan (York University) Backward bifurcation in WNV models May 14, 2010 23 /23



B

Nile Virus responsible for an outbreak of Encephalitis in the
Northeastern United States. Science 286 (2003), no. 5448, 2333-2337.

M. Lewis, J. Renclawowicz and P. van den Driessche, Traveling waves
and spread rates for a West Nile virus model. Bull. Math. Biol. 68
(2006), no. 1, 3-23.

M. Lewis, J. Renclawowicz, P. van den Driessche and M. Wonham, A
comparison of continuous and discrete-time West Nile virus models.
Bull. Math. Biol. 68 (2006), no. 3, 491-509.

R. Liu, J. Shuai, J. Wu, and H. Zhu, Modeling spatial spread of West
Nile virus and impact of directional dispersal of birds. Math. Biosci.
Eng. 3 (2006), no. 1, 145-160.

C. C. Lord and J. F. Day, Simulation Studies of St. Louis Encephalitis
and West Nile Virues: the Impact of Bird Mortality, Vector Borne and
Zoonotic Diseases, 1 (2001), no. 4, 317-329.

D. E. Swayne, J. R. Beck and S. Zaki, Pathogenicity of West Nile
virus for turkeys. Avian Diseases 44 (2000), 932-937.

Hui Wan (York University) Backward bifurcation in WNV models May 14, 2010 23 /23



ﬁ K. C. Smithburn, T. P. Hughes, A. W. Burke and J. H. Paul, A
neurotropic virus isolated from the blood of a native of Uganda. Am.
J. Trop. Med. 20 (1940), 471-492.

[ D. M. Thomas and B. Urena, A model describing the evolution of
West Nile-like Encephalitis in New York City, Math. Comput.
Modelling, 34 (2001), 771-781.

[@ P. van den Driessche and J. Watmough, Reproduction numbers and
sub-threshold endemic equilibria for compartmental models of disease
transmission. Math. Biosci. 180 (2002), 29-48.

[§ M. J. Wonham, T. de-Camino-Beck and M. Lewis, An epidemiological
model for West Nile virus: invasion analysis and control applications,
Proc. Royal Soc. London, series B, 1538 (2004), 501-507.

[§ Centers for Disease Control and Prevention (2003a), West Nile virus:
fact sheet, http://www.cdc.gov/ncidod/dvbid/westnile/wnv
factSheet.htm

Hui Wan (York University) Backward bifurcation in WNV models May 14, 2010 23 /23



[ West Nile Virus Monitor -West Nile Virus Surveillance
Information.West Nile Virus - Public Health Agency of Canada
http://www.phac-aspc.gc.ca/wn-no/index-e.html

Hui Wan (York University) Backward bifurcation in WNV models May 14, 2010 23 /23



