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Outline

⋄ A general model for vector borne diseases.

⋄ Analytical results about bifurcation and oscillations.

⋄ Case study for West Nile virus

⋄ Numerical simulations



1. Mosquito-born Diseases:
1.1 The flow diagram
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1.2 Main parameters

⋄ For vectors:
⋆ dv is the natural death rate.

⋆ rv is the production rate.

⋆ q ∈ [0, 1] is the vertical transmission rate.

⋄ For Hosts:
⋆ µ is the disease induced death rate

⋆ ν is the recovery rate

⋄ Interaction parameters:
⋆ βv is the contact transmission rate from hosts to vectors.

⋆ βh is the contact transmission rate from vectors to hosts.



1.3 The Model
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dVs(t)

dt
= rv(V (t− τv))

(

Vs(t− τv) + (1− q)Vi(t− τv)

)

e
−dvτv

−dvVs(t)− βv(V (t),H(t))Vs(t)Hi(t),

dVi(t)

dt
= qrv(V (t− τv))Vi(t− τv)e

−dvτv
− dvVi(t)

+βv(V (t),H(t))Vs(t)Hi(t),

dHs(t)

dt
= rh(H(t))H(t)− βh(V (t),H(t))Vi(t)Hs(t)− dhHs(t),

dHi(t)

dt
= βh(V (t), H(t))Vi(t)Hs(t)− (µ+ ν + dh)Hi(t),

dHr(t)

dt
= νHi(t)− dhHr(t),



1.2 Model for mosquitoes

⋄ The total vectors V (t) satisfies

dV (t)

dt
= rv(V (t− τv))V (t− τv)e

−dvτv − dvV (t) (1)

⋄ The disease has no impact on the total mosquitoes.

⋄ Take rm(V (t− τv)) = rme−αV (t−τv).

⋄ There exists τ2 > τ1 so that

0 τ 2τ 1

V  g.a.s V=0  g.a.sHopf is possible *



⋄ If we let V = Vs + Vi, then
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dV (t)

dt
= rv(V (t− τv))V (t− τv)e

−dvτv
− dvV (t)

dVi(t)

dt
= qrv(V (t− τv))Vi(t− τv)e

−dvτv
− dvVi(t)

+βv(V (t),H(t))(V (t)− Vi(t))Hi(t),

dHs(t)

dt
= rh(H(t))H(t)− βh(V (t),H(t))Vi(t)Hs(t)− dhHs(t),

dHi(t)

dt
= βh(V (t),H(t))Vi(t)Hs(t)− (µ+ ν + dh)Hi(t),

dHr(t)

dt
= νHi(t)− dhHr(t),

(2)



2. Analysis of the model:
2.1 Linearization at equilibria

⋄ Assume that (2) has at least one positive equilibrium denoted

as E∗ = (V ∗, V ∗

i
, H∗

s , H
∗

i
, H∗

r ).

⋄ The characteristic equation evaluating at E∗ is

(−dv − λ+ (r′vV + rv)e
−(λ+dv)τv )F(λ) = 0

⋄ The characteristic equation is a product of the characteristic of

total vectors and F(λ), which is given in the following page.

⋄ This means that the full system may undergo a Hopf

bifurcation if the model for total vectors has a Hopf bifurcation.



⋄

F(λ) = βhHs(dh + λ)
(

µ ∂βv

∂H
VsHi + βvVs(rh + r′hH − dh − λ)

)

+

(

(rh + r′hH − dh − λ)(λ+ (µ+ ν + dh) + βhVi)(dh + λ)

+(rh + r′hH − dh − λ)νβhVi − µ(dh + λ)(βhVi +
∂βh

∂H
ViHs)

)

·

(

−dv − λ− βvHi + qrve
−(λ+dv)τv

)

⋄ It is also possible that the full model undergoes a Hopf

bifurcation due to F(λ) = 0 has a pair of pure imaginary roots

cross the imaginary axis.

⋄ Ongoing work: ???Hopf-Hopf bifurcation or double Hopf???



3. A case study for West Nile virus:
3.1 The model
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dNm(t)

dt
= rmNm(t− τ)e−djτe−αNm(t−τ)

− dmNm(t)

dMi(t)

dt
= qrmMi(t− τ)e−djτe

−αNM (t−τ)
− dmMi(t)

+βm
(Nm−Mi(t))κBi(t)

Nb(t)
,

dBs(t)

dt
= rb −

κβbMi(t)Bs(t)
Nb(t)

− dbBs(t),

dBi(t)

dt
= κβbMi(t)Bs(t)

Nb(t)
− (µ+ ν + db)Bi(t),

dBr(t)

dt
= νBi(t)− dbBr(t),

(3)

⋄ For total mosquitoes, there exists N∗

m = 1
α
ln
(

rm

dme
djτ

)

> 0 if

τ < τ2 = 1
dj

ln
(

rm

dm

)

.



3.2 Hopf bifurcation

⋄ The characteristic equation at N∗

m

λ+ dm − dm

(

1− ln

(

rm

dmedjτ

))

e−λτ = 0. (4)

⋄ Assume that 0 6 τ < τ1(=
1
dj

(

ln
(

rm

dm

)

− 2
)

) and define

ω(τ) = dm

√

ln

(

rm

dmedjτ

)(

ln

(

rm

dmedjτ

)

− 2

)

,

θ(τ) = arccos





1

1− ln
(

rm

dme
djτ

)



 ,

⋄ Functions θ(τ) + 2nπ and τω(τ) has an intersection on [0, τ1].

⋄ They are not tangent to each other at the intersection, there is

a Hopf bifurcation (see Beretta and Kuang 2002)



3.3 Determine the critical delay values



Oscillations in total mosquitoes
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Oscillations due to vectors’ forcing

⋄ Nm, Mi:
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Oscillation in birds

⋄ Bs, Bi, and Br:

900 920 940 960 980 1000
1200

1250

1300

1350
Su

sc
ep

tib
le

 H
os

ts

900 920 940 960 980 1000

460

480

500

520

In
fe

ct
io

us
 H

os
ts

900 920 940 960 980 1000
5270

5280

5290

5300

Re
vo

ve
re

d 
Ho

st
s



The project is supported by

⋄ Early Research Award
Ontario Ministry of Research and Innovation

⋄ Clean Air Canada: Climate and Health
Pilot Project of Public Health Agency of Canada

⋄ MITACS/NSERC/CODIGEOSIM

⋄ MOHLTC: Ministry of Health and Long-Term Care

MOHLTC, Vector-Borne Disease Team of Peel Region


