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Y’ =z" + k,

y’ = z(z" + k),
Y =a"+k,
Yy’ = z(z" + k),

y" ="+ k, m > 4.



The system of equations
uf——AlT:ug—A2T=u§—A3T=u§—A4T

has infinitely many solutions (uy,u2, u3, us, T) in the field Q(A;1, Az, Az, Ay).

Proof. The system is equivalent to
- _ - -}
A — A, Ag — Az Az — Ay ’

which implies the following equations:

ui(Az — As) + u(As — A1) = ud(Az — A)),
U%(A4 — Az) -+ ug(Al — A4) = UZ(AI — A2)

In projective space with coordinates u;, ug, us, us over the field Q(A1, A2, As, Ay),
we have the intersection of two quadrics, and thus an elliptic curve C since it
contains the eight points at (1, £1, £1,1).

Specify the origin of the group law to be the point P, = (1,1,1,1), and set

PO = (11 lylyl)a Pl = (—17—171)1)7 P2= (—17]-,—1) l)a P3 = (11 —17—1)1)7

P=(11,1,-1), B=(,1,-11), P=(1,-1,1,1), Pr=(-11,1,1).

Then Fy, P, P, P; are torsion points on C, giving the group Z/27Z x Z/2Z;
and P; is a point of infinite order (with Pyy; = P4+ P;, i = 1,2,3). We now ob-
tain infinitely many points on C defined over Q(A1, A2, A3, Ay) by considering
multiples of P;. O



The elliptic curve:
'U/%(AQ — A3) + ug(A3 — Al) = ug(Az — Ai),
ui(Ag — As) + ud(Ar — Ag) = u2(A4; — 4y).
has point of infinite order
Py=(1,1,1,-1).

The point 2Py corresponds to (u1, us, us3, u4) equal to:

(=342 + 241 Ay + AH241 A5 — 24,45 + A2
+ 2A, A4 — 2A9A4 — 2A3A4 + AZ,

AT+ 24147 — BAZ—2A, A5 + 245 A5 + A2
— 2A,A4+ 2A5A4 — 2A3A, + AZ,

A} — 241 As + AZH2A1 A3 + 245 A5 — 343
— 2A1As — 245 A4 + 24344 + A2,

AT — 24145 + AJ—2A1 A3 — 245 A5 + A2
+ 2A144 + 2A2A4 + 2A3A4 — 3A2),



yY¥=z"+k, nodd

Set 1
zi=aT, y=uT7
giving
/T =u? —alT, i=1,2,3,4.

We deduce the four pairs of points (z;, +y;) =

(‘8as(af + o — af ~ ap)(af - a +of - af)(af — af — a3 +a2),

8 (af + af ~ af — a])"F (o — 0 + af — a})"F (6 — 0§ — 0 + a]) *F'uy)
where (u1, ug, us, u4) =

(—3a?" + 2a7a} + a2" + 20703 — 20503 + af" + 2a%al — 20307 — 2aja} + a2",
ai” + 2a%a} — 32" — 2a%a3 + 2a5a% + a3 — 2aTa? + 2a5a; — 2a3a} + a2",
ai" — 2a%al + a2" + 2ata3 + 20303 — 3a3" — 2a7al — 2a50% + 2a%a} + a2",

a2 — 2a%al + a2 — 20703 — 2a5a% + a3 + 2a%a? + 2a3ay + 2a5a} — 3a2™)

?

on the curve

v =z"+k

n
2

k= (8(af +of — af — a)(af —af + af — a})(af ~ 0} — af +a2))"* [[(af +af £l £a}).



Without loss of generality, we may take the parameters a; to satisfy
a1 > ag > ag > aq4 > 0,
and then can force k < 0 by demanding
a2%+a3%—a§ < al% < a§+a§+a§.

If we take (a1,a9,a3,a4) = 2m +2, 2m — 2, m+ 1, m — 1), then
it is straightforward to check that the above inequality is satisfied for
sufficiently large m.

In the case n = 5, for example, we require m > 20, and there re-
sults (on removing tenth powers) the curve

y2=:135——k

k=283 11* . m*(m* + 10m? 4 5)%(128m® — 24665m® — 94820m°
— 106990m* — 18580m? — 1089),"

containing the 8 points (z, +y):

(264m(m £ 1)(m* + 10m? +5),
17424m*(m*+10m2+5)2(64m® £ 165m* + 640m® & 330m? + 320m =+ 33)),

(132m(m £ 1)(m* + 10m? + 5),
17424m*(m* + 10m® + 5)%(2m® £ 165m* + 20m® + 330m? + 10m =+ 33)).




3 =z" +k, (n,3)=1

Take positive integers a, 3, such that
na—30=1.

Suppose that

Y — o7 =95 — 25 =95 — 2§ =k,
and set
z;=a; T  y;=bTP i=1223.
Then
W¥—a’T=k/T%,  i=1,23.
Now
b3 _ b3 b3 _ b3
H-b _%-8%  p
1 2 2 3
so that

(a5 — a3)bi + (a§ — a})b} + (af — a3)b3 = 0.

Set (a1,as,a3) = (s*°,°r%,7%s%). Then this elliptic curve becomes

7,3n(s3n _ t3n)b? + s3n(t3n _ ,’,Sn)bg + tan(,r3n _ s3n)bg — 0’

which contains the point

(blyb2;ba) — (sntn(_z,rSn + sSn + tSn)’ tn,rn(,an _ 23371 + t3n), ,rnsn(,r.Sn + SSn . 2t3n)) .

<R



The corresponding value of T is given by

T = (b~ b3)/(a] —a3) =
(™ + s" +17)
(,,.2n 4 s2n + t2n A tn,rn) (,,.21; + S2n + t2n 4 277" — sm — tn,rn) .
(r2n + s?n + t2n — g™ 4 257" — t"’f'n) (T2n + S2n + t2n — g™ — ™M™ 2tn,rn) .
This gives

k(r,s,t) = T — a7T)

= —9 T3ﬂ (’I‘St)3n (,,.611 + 3611 + t6‘n _ ,’,.3ns3n . s3nt3n _ tSn,’,Bn) ,
and we now have the three points
(zi, 1) = (@T*,b:T7)

(three pairs of points if 7 even) on the curve y® =™ + k(r, 8,t).



y®=z(z"+k), n=2modS3.

From
3 n+1 3 n+1
yl —Uu _ y2 —v (__: k’)
U v
results
vyd — uys = vu™t —w™t

The only obvious point is (y1,Y2) = (uﬁ’i’i, 'U'T%_l) which we take as zero

point, and obtain an elliptic curve with Weierstrass cubic model

Y2 = X% — 432utvt (v — o)

This curve possesses a point of infinite order, namely

_ 4(u? — ™" +0™) 4w + o) (ut — 207)(2u” — ")
(X, Y) B ( ('u,'u):z;(n—2) ’ (’U,’U)n_2 ) ’

which corresponds to

_ uF (U — 207) (U 4 10uP — 120%™ + 4u™™ — 20%)

Y1 = (un + ,Un)(u4n _ ]_4u3n,vn + 24u2n,02n _ 14’1,1,“’03"' + ,U4n)

’

B v (2u™ — v™)(2u? — 4udm™ + 120 *" — 10u™y?" — vin)

V2= (u? + v (udr — 1dudro™ + 24wy — 14umv3n + ")




We now deduce

k :gun,vn(u2n — u"" + ,U2n)(u4n _ 5u3n,vn + 15u2n,u2n _ 5un,u3n + ,U4n)
(T — 14u3™™ 4 6uP™*" + u™" + v (U + W + 6ut -

14u™0% + 7o) / ((u"+0™) (u — 140" 2407 — 14w ™)) 5

and the curve y® = z(z™+ k) has point at (0, 0) together with the two
points (two pairs of points if n even) at (z,y) = (u,%1), (v, y2)-



ym=z"+k, m=>4

In the case that (m,n) = 1, then we may apply previous arguments
to obtain the following Theorem.

There exist infinitely many curves as in the title, (m,n) = 1, with at
least two finite rational points (four, if m or n is even).

Similarly, we may treat y™ = z(z" + k) and obtain infinitely many k
for which the curve has at least two points.

In the instance that m, n are not coprime, it is difficult to make much
progress. We restrict attention to the following case.

Let N be a fixed odd integer. Then there exist infinitely many curves
yt =2 + k

with at least two quadruples (£z, £y) of finite rational points.



