
Some parameterizations of rational points on y2 == xn + k
and related curves

Andrew Bremner (Tempe), Maciej VIas (Krakow)





/

The system of equations

uI - AIT = u~- A2T = u~- A3T = u~- A4T

has infinitely many solutions (UI, U2,U3,U4,T) in the field Q(AI, A2, A3, A4).

Proof. The system is equivalent to

which implies the following equations:

U~(A2 - A3) + U~(A3 - AI) = U~(A2 - AI),
U~(A4 - A2) + U~(AI - A4) = U~(AI - A2).

In projective space with coordinates Ub U2,U3,U4 over the field Q(AI, A2, A3, A4),
we have the intersection of two quadrics, and thus an elliptic curve C since it
contains the eight points at (±1, ±1, ±1, 1).
Specify the origin of the group law to be the point Po = (1, 1, 1, 1), and set

Po = (1,1,1,1), PI = (-1, -1, 1, 1), P2 = (-1,1, -1, 1), P3 = (1, -1, -1,1),

P4 = (1,1,1, -1), Ps = (1,1, -1, 1), P6 = (1, -1, 1, 1), P7 = (-1,1,1,1).
Then Po, PI, P2, P3 are torsion points on G, giving the group Z/2Z x Z/2Zj
and P4 is a point of infinite order (with P4+i = P4+Pi, i = 1,2,3). We now ob-
tain infinitely many points on G defined over Q(AI, A2, A3, A4) by considering
multiples of P4• 0



The elliptic curve:
2 2 2'uI(A2 - A3) + u2(A3 - AI) = u3(A2 - AI),

ui(A4 - A2) + U~(AI - A4) = U~(AI - A2).
has point of infinite order

P4 = (1, 1, 1, -1).

(-3Ai + 2AIA2 + A~+2AIA3 - 2A2A3 + A~
+ 2AIA4 - 2A2A4 - 2A3A4 + A~,

Ai - 2AIA2 + A~+2AIA3 + 2A2A3 - 3A~
- 2AIA4 - 2A2A4 + 2A3A4 + A~,

Ai - 2AIA2 + A~-2AIA3 - 2A2A3 + A~
+ 2AIA4 + 2A2A4 + 2A3A4 - 3A~),



n-lYi = UiT-2-

k/Tn-1 = U~ - a"!T
t t'

We deduce the four pairs of points (Xi, ±Yi) =

( Sai(a1 + a2 - a3 - a4)(al- a2 + a3 - a4)(al- a2 - a3 + a4),

Sn2l (al + a2 - a3 - a4)n2l (al- a2 + a3 - a4)n2l (al- a2 - a3 + a4t21ui)

(-3a~n + 2a~a2 + a~n + 2a~a3 - 2a2a3 + a~n + 2a?a4 - 2a2a4 - 2a3a4 + a~n,
a~n + 2a?a2 - 3a~n - 2a~a3 + 2a2a3 + a~n - 2a?a4 + 2a2a4 - 2a3a4 + a~n,
a~n - 2a?a2 + a~n + 2a~a3 + 2a2a3 - 3a~n - 2a?a4 - 2a2a4 + 2a3a4 + a~n,
a~n - 2a?a2 + a~n - 2a?a3 - 2a2a3 + a~n + 2a?a4 + 2a2a4 + 2a3a4 - 3a~n),



Without loss of generality, we may take the parail1eters ai to satisfy

and then can force k < 0 by demanding
n n n n n n n

a? + aN - aX < al < a? + aX + ale

If we take (aI, a2, aa, a4) = (2m + 2, 2m - 2, m + 1, m - 1), then
it is straightforward to check that the above inequality is satisfied for
sufficiently large m.

In the case n = 5, for example, we require m > 20, and there re-
sults (on removing tenth powers) the curve

y2 = x5 - k

k = 28 .34 . 114 . m4(m4 + 10m2 + 5)4(12.8mlO - 24665m8 - 94820m6

- 106990m4 - 18580m2 - 1089), .

containing the 8 points (x, ±y):

(26411~(m ± 1)(11~4+ 10m2 + 5),
1742411~2(m4+1011~2+5?(6411~5± 165m4 + 64011~3± 33011~2+ 320m ± 33)),

(132rn(m ± 1)(11~4+ 1011~2+ 5),
17424m2(11~4+ 10rn2 + 5)2(2m5 ± 165m4 + 2011~3± 33011~2+ 10m ± 33)).



(n,3) = 1 I

b~- a1?T = kjT3/3~ ~ ,

.•
(a~ - a3)b~ + (a3 - a~)b~ + (a~ - a~)b~ = o.

r3n(S3n _ t3n)b~ + S3n(t3n _ r3n)b~+ t3n(r3n _ s3n)b~ = 0,

which contains the point



T = (b~ - b~)/(a~ - a~) =
(rn + sn + tn).
(r2n + s2n + t2n _ rnsn _ sntn _ tnrn) (r2n + s2n + t2n + 2rnsn _ sntn _ tnrn) .
(r2n + s2n + t2n _ rnsn + 2sntn _ tnrn) (r2n + s2n + t2n _ rnsn _ sntn + 2tnrn) .

k(r, s, t) = T3/3(b~ - a~T)
= _9T3/3 (rst?n (r6n + s6n + t6n _ r3ns3n _ s3nt3n _ t3nr3n) ,



n = 2 mod 3. I

Y3 _ Un+1 y3 _ Vn+1
1 = 2 (= k)

u v

vyr - uy~ = VUn+1 _·uvn+1•

The only obvious point is (Yl' Y2) = (u~, v nt1
) which we take as zero

point, and obtain an elliptic curve with Weierstrass cubic model

y2 = X3 _ 432u4v4( un _ Vn)2.

This curve possesses a point of infinite order, namely

x y = (4(U2n - unvn + v2n) 4(u.n + vn)(un - 2vn) (2un - Vn))
( , ) (uv)iCn-2)' (uv)n-2 '

which corresponds to

v~(2un - vn)(2u4n - 4u3nvn + 12u2nv2n - 10unv3n _ v4n)
Y2 = ---------------------.

(un + vn)(u4n - 14u3nvn + 24u2nv2n - 14unv3n + v4n)



/

k =9unvn(u2n - unvn + v2n) (U4n _ 5u3nvn+ 15u2nv2n _ 5unv3n + V4n)
(7u4n _ 14u3nvn + 6u2nV2n + UnV3n + v4n) (U4n + U3nVn + 6u2nV2n_

14unv3n + 7v4n) / ((Un +Vn) (u4n -14u3nvn +24u2nV2n -14unv3n +v4n)) 3

and the curve y3 = x(xn + k) has point at (0, 0) together with the two
points (two pairs of points if n even) at (x, y) = (u, Yl), (v, Y2).



In the case that (m, n) = 1, then we may apply previous argun1ents
to obtain the following Theorem.

There exist infinitely many curves as in the title, (m, n) = 1, with at
least two finite rational points (four, if m or n is even).

Similarly, we may treat ym = x(xn + k) and ,obtain infinitely many k
for which the curve has at least two points.

In the instance that m, n are not coprime, it is difficult to make much
progress. We restrict attention to the following case.

Let N be a fixed odd integer. Then there exist infinitely many curves

y4 = X2N~+ k

with at least two quadruples (±x, ±y) of finite rational points.


