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Forward Credit Default Swaps

Forward Credit Default Swaps
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Forward Credit Default Swaps

Hazard Process Set-up

Terminology and notation:
@ The default time is a strictly positive random variable  defined on the
underlying probability space (22, G, P).

@ We define the default indicator process H; = 1;,<; and we denote by
H its natural filtration.

© We assume that we are given, in addition, some auxiliary filtration F and
we write G = H V F, meaning that §; = o (3, ;) for every t € R..

© The filtration F is termed the reference filtration.
© The filtration G is called the full filtration.
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Forward Credit Default Swaps

Martingale Measure

The underlying market model is arbitrage-free, in the following sense:

@ Let the savings account B be given by

B,:exp(/trudu), VteRy,
0

where the short-term rate r follows an F-adapted process.

© A spot martingale measure Q is associated with the choice of the
savings account B as a numéraire.

@ The underlying market model is arbitrage-free, meaning that it admits a
spot martingale measure Q equivalent to P.

© Uniqueness of a martingale measure is not postulated.
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Forward Credit Default Swaps

Hazard Process

Let us summarize the main features of the hazard process approach:

@ Let us denote by
Gi=Q(r > t|F)

the survival process of + with respect to the reference filtration F.
We postulate that Go = 1 and Gy > 0 for every ¢ € [0, T].

@ For any Q-integrable and Fr-measurable random variable Y, the
following classic formula is valid

Eo(L(r<ry Y [G0) = Litary Gy 'Eo(GrY | F).
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Forward Credit Default Swaps

Forward Credit Default Swap

Definition

A forward CDS issued at time s, with start date U, maturity T, and recovery §
at default is a defaultable claim (0, A, Z, 7) where

dAt = —FL]I]U,T](t) dl_t, Zt = (5:]1[U7T](t).

@ An Fs-measurable rate « is the CDS spread.
@ An F-adapted process L specifies the tenor structure of fee payments.
@ An F-adapted process ¢ : [U, T] — R represents the protection amount.

The value of the forward CDS equals, for everyt € [s, U],

91) —KBt]EQ( B, 'dL,
JtAU,TAT]

Si(x) = B Eqg <]1{U<Tgr} B 'z,

1)
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Forward Credit Default Swaps

Valuation of a Forward CDS

The value of a credit default swap started at s, equals, for every t € [s, U],
g,) |

Note that §t(m) = 1<~} St(x) where the F-adapted process S(x) is the
pre-default value. Moreover

Si(k) =P(t,U, T)—kA(t,U,T)

1U.7]

- T
St(l{) = 1{1<7—} % EQ (/U B,j1§u dGu — K BJ1 Gu dl_u

where
@ P(t, U, T) is the pre-default value of the protection leg,
@ A(t, U, T) is the pre-default value of the fee leg per one unit of .
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Forward Credit Default Swaps

Forward CDS Spread

@ The forward CDS spread is defined similarly as the forward swap rate for
a default-free interest rate swap.

Definition
The forward market CDS at time ¢ € [0, U] is the forward CDS in which the
Fi-measurable rate « is such that the contract is valueless at time t.

The corresponding pre-default forward CDS spread at time ¢ is the unique
Fi-measurable random variable (¢, U, T) that solves the equation

Si(k(t, U, T)) = 0.

@ Recall that for any F;-measurable rate x we have that

Si(k) =P(t,U, T)—kA(t,U,T).
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Forward Credit Default Swaps

Forward CDS Spread

Forevery t € [0, U],

iTt> 7M7IP

k(U T)=

(t _
(t,U,T) ]E@(f]UﬂBjGudLu

P
A 3",) M

u,T) _ EoJy Bi'udGy
u,T

where the (Q, F)-martingales M” and M* are given by

)
5).

.
MP = —E@(/ B; "6, dGy
U

and

ME = EQ( B; Gy dLy
1U,T]
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Forward Credit Default Swaps

Martingale Measure

Define an equivalent probability measure Qon (2, Fy) by setting

dQ _ M

a0 W, Q-a.s.

The forward CDS spread (k(t, U, T), t < R) is a (Q, F)-martingale.

The forward swap measure corresponds to the choice of the pre-default swap
annuity A(t, U, T) as a numéraire.

Definition

The probability measure Q is called the forward swap measure.
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Credit Default Swaptions

Credit Default Swaptions
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Credit Default Swaptions

Credit Default Swaption

Definition

A credit default swaption is a call option with expiry date R < U and zero
strike written on the value of the forward CDS issued at time 0 < s < R,
with start date U, maturity T, and an Fs-measurable rate k.

The swaption’s payoff Cr at expiry equals Cr = (§R(f<;))+.

For a forward CDS with an Fs-measurable rate k, for every t € [s, U],

Si(k) = Lpen AL, U, T)(5(t, U, T) — k).

Hence N
Cr=1{rer AR U, T)(k(R, U, T) — x)*.

A credit default swaption is equivalent to a call option on the forward CDS
spread with strike . This option is knocked out if default occurs prior to R.
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Credit Default Swaptions

Credit Default Swaption

The price at time t € [s, R] of a credit default swaption equals

B;

Ci=1ycrny G

Eo <%’: AR, U, T)(x(R, U, T) — x)* ‘ 3,) :

Recall that the probability measure Q on (92, Fg) is given by

dQ  MA 1 Gg

—~=_0=__ T ARUT
d@ M(,)q M(,)q BR A( 7U7 )7 Qas

Proposition

The price of the credit default swaption equals, for every t € [s, R,

at = I[{t<T}A(t, U, T) E@((I{(H, U, T) - Ii)Jr | Sr[) = ﬂ{t<T}Cz.

The forward CDS spread (x(t, U, T), t < R) is a (Q, F)-martingale.
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Credit Default Swaptions

Brownian Case

@ Let the filtration F be generated by a Brownian motion W under Q.
@ Since M” and M* are strictly positive (Q, F)-martingales, we have that

aMf = Mf ol aws,  aM} = Mo aw,
for some F-adapted processes ¢ and o”.

The forward CDS spread (x(t, U, T), t € [0, R]) is (Q, F)-martingale and

dr(t, U, T) = s(t, U, T)oy dW,

where o* = oF — o* and the (Q, F)-Brownian motion W equals

_ t
W,:Wt—/aﬁ‘du, vte[o,R]
0
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Credit Default Swaptions

Market Formula for Credit Default Swaptions

Proposition

Assume that the volatility o = o — o of the forward CDS spread is
deterministic. Then the pre-default value of the credit default swaption
with strike level k and expiry date R equals, for every t € [0, U],

Ci = A,(m N(d; (e, U — 1)) — 5 N(d— (st U — t)))
where k: = k(t, U, T) and A: = A(t, U, T). Equivalently,
Ct = P:N(d:(kt, t, R)) — 1 Ay N(d_ (s, t, R))
where P; = P(t, U, T) and
In(se/w) & § (0" (1))*

dj:(lih t, R) = =
Ji (e (u))? du
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Market Models for CDS Spreads
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Market Models for CDS Spreads

Notation

@ Let (Q,5,F,Q) be afiltered probability space, where F = (Ft)icp, 7] IS @
filtration such that F is trivial.

@ We assume that the random time 7 defined on this space is such that
the F-survival process G = Q(7 > t| J;) is positive.

The probability measure Q is interpreted as the risk-neutral measure.
LetT={To<Th <---<Tp}andletag =T, — Ti_1.

We denote a; = a;/(1 — §;) where §; is the recovery rate if default occurs
between T;_y and T;.

We denote by 3(t, T) the default-free discount factor for [t, T].
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Market Models for CDS Spreads

Notation

@ We consider a stylized forward CDS starting at 7; and maturing at T.
@ The pre-default value at time t € [0, T;] of the defaultable annuity equals

5).

@ The pre-default value at time t € [0, Tj] of the protection leg equals

?t) )

where §; € [0, 1) is the constant protection payment if default occurs
between T;_; and T,.

@ The pre-default forward CDS spread equals

k
A=Y &G Eo (Bl TN a1y

j=it1

k
P =" §G Eqg (ﬂ(t, 7, <r<Ty

j=i+1

‘ pi-k
ik Tt -
Ky = A,t'ykv te [07 TI]
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Market Models for CDS Spreads

One-Period and Co-Terminal CDS Spreads
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Market Models for CDS Spreads

Bottom-Up Approach: Forward CDS Spreads

@ Fori=0,...,n— 1, the one-period forward CDS spread with start date
T; and maturity Ti.1 equals

i i P
kpo=r =L Vte[0, T
@ Fori=0,...,n— 1, the co-terminal forward CDS spread with start date
T; and maturity T, equals
i,n

, , P
K=k =-—, Vte[0,T].
Ay

Note that x] " = &} ".

The following equalities hold, fori =0,...,n—1 andt € [0, T},

i+1,n ~i i iyi+1 ~i+1 i
A Ry — Kt AT R — Ry
in T it i’ in T it i
A Ky — Ky Af Ky — Ky
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Market Models for CDS Spreads

Bottom-Up Approach: Martingale Measures

@ The process 7\?’” .= GiB;"A”" is a positive (Q, F)-martingale and thus it
defines the probability measure P° on (Q, Fr,).

@ We define a family of probability measures P fori=0,...,n— 2 and
P'fori=0,...,n—1,suchthat x' is a (P, F)- martmgale and K'isa
(P, F)-martingale.
~ =3 -~ i) pn— = pn— =
Q da IP’O dP ]Pﬂ dP o dpn ]P’n_z dp ]P)n—1 _ IP’"_1
ﬂ ap! apn—2
o0 obT o2
= =
PO dP! ]P1 dP L dpn ]P)n—Z ol Pn—1
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Market Models for CDS Spreads

Martingale Measures

@ We obtain the following family of the Radon-Nikodym densities, for every
i=0,...n—1andevery t € [0, To],

9 A R
dBolo T AN TR

ﬂ B Ai,i+1 B A;,/+1 A/t',n B Riﬂ —E’} i—1 Ejt o li/t'
d@o 5, = A(t),n - A/;,n A?,n - EI{'—H . HIII 0 /’%j['+1 _ K]t..

@ It is now not difficult to derive the joint dynamics under PP of processes

K, .,k Tand R,... R"2.
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Market Models for CDS Spreads

Top-Down Approach: Postulates

We are given a filtered probability space (2, G, F,P) and we postulate that:
@ The initial values of processes x°,...,x"2and ®°,...,®"" are given.

Q Forevery i=0,...,n— 1, the process Z%1 which is given by the
formula (by the usual convention, Z*° = 1)

i—1

J J
A0 o~ Ky — K
ZP =] =5—+. vtelo, To],
1 ElJr — Kl
j=0 "t t

is a positive (P, F)-martingale and ¢; is a constant such that Zg‘" =1.

© Foreveryi=0,...,n—2,the process Z"', which is given by the formula
. it i
zZr = C,M zZF vtelo, Tol,
K — K}

is a positive (P, F)-martingale and ¢; is a constant such that Z(f” =1.

©Q Foreveryi=0,...,n—2,the process k' isa (]I”’, [F)-martingale, where
the Radon-Nikodym density of P’ with respect to P equals Z*'.
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Market Models for CDS Spreads

Top-Down Approach: Postulates

@ Foreveryi=0,...,n— 2, the process «' satisfies
K = K} +/ k5L N,
(0,1

where N' is an R¥-valued (P, F)-martingale and &' is an R-valued,
F-predictable, N'-integrable process.

© Foreveryi=0,...,n— 1, the process #'is a (P, F)-martingale, where
the Radon-Nikodym density of P’ with respect to P equals Z*'.

© Foreveryi=0,...,n—1, the process ' satisfies

R=Rot [ FG-,
70,1

where N' is an Ri-valued (P', F)-martingale and ¢’ is an R¥-valued,
F-predictable, N'-integrable process.
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Market Models for CDS Spreads

Top-Down Approach: Joint Dynamics

o letk=ky+ -+ kyo+lo+ -+ lh_y. There exists an R¥-valued
(P, F)-martingale M such that for every i = 0,...,n — 2, the _
(P', F)-martingale «' admits the following representation under P'

K’; = Ké) +/ mg,aé . d\IJ"(M)S7
(0,1

1....,0"%) is an R¥-valued, F-predictable process

where o' = (0"
extending '

e The (P, F)-martingale %' has the following representation under P/, for
everyi=0,...,n—1,

Rl=7)+ / RLCL- dW(M)s,
0,1

where ¢' = (¢"',...,¢"*) is an R¥-valued, F-predictable process, which
extends (.
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Market Models for CDS Spreads

Top-Down Approach: Joint Dynamics

@ The R¥-valued (P', F)-martingale W'(M) satisfies, for every I =1,... k,

\Ui MI t:Mi(* L Zn,i c’MI,c . 1 ZRIAMI
t

0<s<t ZN z
@ The R*-valued (P, F)-martingale W(M) satisfies, for every I = 1,... k,

V(M) = M — [L(Z5, ] — e AZF AM.,
t

Rl
0<s<t =S

@ Note that P = P° and thus W°(M) = M. Consequently, the forward CDS
spread ° satisfies

n?_nﬁ/ 700 M,
(0,1

This agrees with the fact that F° is the martingale measure for °.
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Market Models for CDS Spreads

Top-Down Approach: Joint Dynamics

The semi-martingale decomposition of the spanning (P', F)-martingale W'(M)

under the probability measure P = P° is given by, foreveryi=0,...,n—2,
. A/ _ A/+1 c c
VM) = M- Z / e e Jiget dW L Z / e Al
0,6 (Rs ms)( R — 01 R’h—kl
— E/+1</+1 ~d[MC]s 1 .
+ / e e — AZ' AMs.
,-:Zo O A o;sgzs”” °
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Market Models for CDS Spreads

Top-Down Approach: Joint Dynamics

The semi-martingale decomposition of the spanning (P', F)-martingale W'(M)
under the probability measure P = F° is given by, forevery i =0,...,n—1,
. _ iy i I+1 c i c
VM), = M- / (Ks ’: s) Ks : - d[M°]s / KgOg * 1 d[M Is
00 (R - “s)(AH —RE) 1 (Re" —xk)

_/ RicL-dMY)s < / (" — #5") whol - dIMC]s
(0,4 (0,1]

PR I — —
Rs _“Is j=it1 (s / NIs)('ﬁls *"‘s)
n ~f+1 -j+1
_ Z / “s s MC]S Z / Rs G- dIMO)s
=~ A+1
et RU (X L — wl; et R (X ALl
- Z AZ“’AMS
0<s<t
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Market Models for CDS Spreads

Top-Down Approach: Joint Dynamics

Under the martingale measure P = PP, for everyi=0,....,n—2

k it k
) o &R o
drj =" rj_oy' dMf - T 2 ap'¢i T dM’e, M),
=1 Ky = Kt |, m=1
i k i1 k
KK i i KK i i
tht iyl -i,m l,c pgm,c te il -i+1,m l,c pgm,c
toa > of ¢ AMY e MO Y T oy dMe, M,
Rr+1 _Ri N/+1 _ Kl
t t I,m=1 t t I,m=1
R?”; d il _i,m l,c pqm,c . N’t/’%jt 4 il ~j,m l,c pgm,c
P ; ooy d[MYE M™C — Py Z o G dM>E, M
Kt = Rt | m=1 j=0 Kt = Kt 1,m=1
=1 i K il / A « i\ 1 /
vt 1, ,m ,C m,c tvt Ll -+1,m ,C m,c
2 g 2 oM AME M+ Y i Y oG d MY, M
j=0 Kt = Kt 1,m=1 j=0 Kt T Kt I m=1
i—1 iJ k i k
72 KRt Z ol hm d[M”C M™e], — - AZR”Zai*’AM’
Py j t 9t ) t ZRi t t t
j=0 Rt T Rt Im=1 t =1
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Market Models for CDS Spreads

Top-Down Approach: Joint Dynamics

andforeveryi:O,A..7n—1
i~
Ay I 'f’“jr M e pame
Z”t—Cz t Z ¢l dIm’e, It
j=0 “t Ht I,m=1
i—1 R’nj
+ZA t ZCIIU] d[MIC Mmr:]

/o“t "””rlnm

i—1 A:A]-H
j+1, /, s
+ZA, = Z ¢l amte, mme),
j=0 "it — Kt 1,m=1
i—1 %,K/
N
AI+1 t Z C; OJ d[M/C MM C]
j=0 * tlm 1

=i k
- :, AZFTST ¢ A
Z =1
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Market Models for CDS Spreads

Construction of Default Time

Weset, fori=1,...,n—1,
i 1+/a\/fﬁlt

The process a;x' is positive and stopped at T;_; for all i and thus MTT/_" is
decreasing in i

Tiq
A T _ T _ .
M= —=_ <M’ vi=1,...n
! 1+a,',‘£'-,—i i—1

This allows for canonical construction of = with values in Ty,. .., T, such that
i

P (r > T Fr) =My =]

j=1

1

W=,
1+ajlij7—l_

3

Since M"i is a martingale under P'~'

P e > T F) =M, vi=1,....n
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Market Models for CDS Spreads

Towards Generic Swap Models
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Market Models for CDS Spreads

Assumptions

Let (2, G, F,P) be a filtered probability space. We postulate that the
F-adapted processes «',...,x"and Z', ..., Z" satisfy the following
conditions, forevery i=1,....n

@ the process Z' is a positive (P, F)-martingale with Ez(Z}) = 1,
@ the process «'Z' is a (P, F)-martingale,

© the process Z' is given as a function of some subset of the family
&', ..., &"; specifically, there exists a subset {x™,...,x"} of
{k',...,x"} and a function f; : R" — R of class C? such that

Z' = f(s™, .. k).
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Market Models for CDS Spreads

Comments

@ Assumptions 1 and 2 yield the existence of a family of probability
measures P', ..., P", equivalent to P on (Q, ¥7) for some fixed T > 0,
such that the process «' is a (P', F)-martingale for every i = 1,...,n.
This in turn implies that «' is a (P, F)-semimartingale.

@ Assumption 3 implies that the continuous martingale part of Z' has the
following integral representation

zi° = zo+z/ O W) A
J

where /¢ stands for the continuous martingale part of «/.
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Market Models for CDS Spreads

Volatilities

@ The semimartingale decomposition of «/ can be uniquely specified under
P by the choice of the initial values, the volatility processes and the
driving martingale, which is, as usual, denoted by M.

@ For the purpose of an explicit construction of the model for processes

x',..., k", we select an R¥-valued (P, F)-martingale M = (M", ... M¥)

and we define the process ' under P' as follows, forevery i =1,...,n
K= rot [ ol v (M
0,1]

where o' is the R*-valued volatility process and the (P, F)-martingale
V(M) equals

. 1 . 1 :
V(M) = My — /(0 \Z d[Z°, M)s — > S AZAM.

ZI
0<s<t =S
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Market Models for CDS Spreads

Volatility-Based Modelling

Foreveryi=1,...,n the dynamics of the forward CDS spread ' are

k
i_ i il /
dk; = g Kt_0y daM;
I=1

1 ot

k
m ny; i i, _nj,m l,c m,c
7 E ({7 o000 6" ) g Kiky of o d[MBE, MTC],

N n .
filke's k') = 9% 1,m=1
i k
K . .
t— i il !
2 AZ; E oy AM;.
t =il
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Market Models for CDS Spreads

Admissibility of Market Models

Further issues that should be addressed in the context of top-down models:

@ construction of a default time consistent with the dynamics of a given
family of forward CDS spreads,

@ positivity of forward CDS spreads given by the model,

© positivity of prices of zero-coupon defaultable bonds implicit in forward
CDS spreads,

© monotonicity of prices of zero-coupon defaultable bonds with respect to
maturity date,

@ positivity of other forward CDS spreads computed within a model.
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Admissibility of Market Models
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