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In many models for credit risk, it is implicitly assumed that the intensity contains
all the needed information. Our goal is to present a more general setting.
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Mathematical Model

Mathematical Model

A filtered probability space (2, A,F,P) is given, as well as a random time 7. The
default process is H; = 1<, the associated filtration is H = (H; = o(t A7), > 0).
The filtration G is defined as G, = F; VV H;. The G-intensity of 7 is the process \©
such that

t
Mt = Ht — / )\SdS
0
is a G-martingale. There exists an F-adapted process A such that

tAT
Mt = Ht — / )\Eds
0
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such that
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Mt = Ht — / )\Eds
0
is a G-martingale. There exists an F-adapted process A such that

tAT
Mt = Ht — / )\Eds
0

If X € .;ET, and Gt = ]P)(T > t|Ft), then

1
Gy
One can think that the knowledge of A and G will allow us to have the knowledge

E(X1r<-|G;) = L1, =—E(XGr|F)

of the conditional law of 7. We shall show that this is not the case.
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Intensity models

Models with a given intensity are constructed as follows.
Let A be a given F-adapted positive process and © a random variable independent

of F., with unit exponential law. Then

¢
T = inf{t : / Asds > O}
0

has intensity equal to A.
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Intensity models

Intensity models

Models with a given intensity are constructed as follows.
Let X\ be a given F-adapted positive process and © a random variable independent
of Fo, with unit exponential law. Then

t
T = inf{t : / Asds > O}
0
has intensity equal to A.
In that model, P(7 > u|F;) = E(e *«|F;) and immersion property holds:
P(r > t|F) = P(r>t|Fs)=e
E(X|F) = E(X|G), VX € Fu

Under immersion property, one has
pe(u)du = P(1 € du|F,) = E(Aye | F)du

and we note that p;(u) = py(u),Vt > u.
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Intensity models

We now construct probabilities Q equivalent to IP such that 7 has intensity A, and

where immersion does not hold, hence, for ¢ > u, the density p(t@(u) is not

determined in terms of the intensity.
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Intensity models

We now construct probabilities Q equivalent to IP such that 7 has intensity A, and

where immersion does not hold, hence, for ¢t > u, the density p(t@(u) is not

determined in terms of the intensity.

Let pi(u)du = P(7 € du|F;) and z(u) a family of processes such that
(i) (2¢(u),t > u) are positive F-martingales.
Define, for z positive F-adapted process
ZF = Ztll{7.>t} -+ Zt(T)ﬂ{Tgt}
and let
t
2 = B(ZEIF) = 2o+ | a(pi(u)du
0

be its F-projection (where Gy = P(7 > t|F;)). Assume that
(ii) Z" is a F-martingale.
Then, Z© is a positive G-martingale.
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Intensity models

Proof: (we assume here that G is continuous.) Let s < t.

E(ng@‘gs) — E(zt]l7'>t|gs) =+ E(zt(T)ﬂs<T§t‘gs) + E(Zt(T)]lT§5|gs) — Il + 12-
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Intensity models

Proof: (we assume here that G is continuous.) Let s < t.

E(Zg‘gs) — E(zt]l7'>t|gs) =+ E(Zt(T)ﬂs<T§t‘gs) + E(Zt(T)ﬂTgslgs) — Il + 12'

For I;, we apply the standard formula

1 1
Il — ]17'>3G— E(Zth‘FS) + ]17'>8G— E(Zt(T)]lS<T§t’fs)a

For I, we obtain

12 — E(Zt(T)ﬂTgs‘gs) — ]ngsE(Zt(u”fs)u:T — HTSS(ZS(U))'LL:T — ]17'§szs(7_)7

where the first equality holds under the immersion hypothesis and the second
follows from (i). It thus suffices to show that I} = z51 ;<.
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Intensity models

It thus suffices to show that [y = z;1,.~s Where

1 1
Il — ]17'>8G— ]E(Zth|fs) + ]17'>3G— E(zt(T)ﬂs<T§t|Fs)a

Condition (ii) yields
E(2:Ge|Fs) + E(ze (7)1 < | Fs) — E(2s(7) M r<s5|Fs) = 25Gs.

Therefore,

1
I = Losum (26 + E((2(7) = 2(M) Lol 7)) = 26l

where the last equality holds since

E((2s(7) = 2¢(7)) Lr<s|Fs) = Lr<sB((2s (1) — 2e(w))| Fs)u=r = 0.

For the last equality in the formula above, we have again used condition (i).
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Intensity models

We assume (w.l.g.) that Z§ = 1.
Let Q be the probability measure defined on G; by dQ = ZEdP.

We assume that z;(t) = z; (so that the RN density has no jump at time 7).
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Intensity models

We assume (w.l.g.) that Z§ = 1.
Let Q be the probability measure defined on G; by dQ = ZEdP.
We assume that z;(t) = z; (so that the RN density has no jump at time 7).
Then, for t > 6,
z(0)
zZy

and the (Q-conditional survival process is defined by

pi(0) = p:(0)

QT > t|F) = e % — Né@e_At
t

(in particular, the Q-intensity and the P-intensity are the same.
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Intensity models

Proof: For t > u,

1
t
E(Zég]lu<7“7:t) — ]E(ZéG]]'t<T’Ft) -+ E(ZéG]lu<T§t|Ft) = 2:Gy + E(Zt(T)]lu<T§t’~7'—t)

t
= zth—l—/ zi(v)pe(v)dv

P (1) )

and the density follows by differentiation. The form of the intensity (A\F = Pl

follows.
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Intensity models

Proof: For t > u,

1
t
E(Zf]lu<7“7:t) — E(ZFHKT’]'}) -+ E(ZéG]lu<T§t|ft) = 2:Gy + E(Zt(T)]lU<T§t’Ft)

t
= zth—l—/ zi(v)pe(v)dv

pf(t))
Gy
follows. Indeed, if G; = u; — A; is the Doob-Meyer decomposition of the survival

probability, A; = f(f pu(u)du and the intensity is A\;dt = dét.

and the density follows by differentiation. The form of the intensity (A¥ =
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Intensity models

Construction of a random time with given conditional law

Let p(u) a family of positive F-martingales such that

/ pe(u)du =1, Vt
0

One can construct (on an extended space) a probability Q and a random time 7
such that

Qlr, = Pl
Q(r € du|Fy) = pi(u)du

as follows:
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Let p(u) a family of positive F-martingales such that
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Intensity models

Construction of a random time with given conditional law

Let p(u) a family of positive F-martingales such that

/ pe(u)du =1, Vt
0

One can construct (on an extended space) a probability Q and a random time 7
such that

Qlr, = Pl
Q(r € du|Fy) = pi(u)du

as follows:
- Construct Q* and 7 such that 7 is independent from F, and Q(7 € du) = pg(u)du

- Set dQ|7,vo(r) = (P:e(7)) " dQ*| £,vo(r)
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Intensity models

Construction of a random time with given Conditional Survival
Probability

Construct (on an extended space) a probability Q and a random time 7 such that

Qlr, = Plg
Q(T > t|ft) = Gt

where G is a given F-supermartingale.
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Intensity models

Construction of a random time with given Conditional Survival
Probability

Construct (on an extended space) a probability Q and a random time 7 such that

Qlr, = Plx
Q(T > t|ft) = Gt

where G is a given F-supermartingale.

One recall that any supermartingale admits a multiplicative decomposition
decomposition as Gy = N;D; = N;e~ ¢ where D (resp. A) is decreasing (resp.

increasing)
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Intensity models

Construction of a random time with given Conditional Survival
Probability

Construct (on an extended space) a probability Q and a random time 7 such that

Qlr, = Plx
Q(T > t|ft) = Gt

where G is a given F-supermartingale.

One recall that any supermartingale admits a multiplicative decomposition
decomposition as Gy = N;D; = N;e~ ¢ where D (resp. A) is decreasing (resp.

increasing)

In what follows, we assume that G is continuous, and 0 < G; < 1 for t > 0.
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Intensity models

Construction of a random time with given Conditional Survival
Probability

Let us start with a model in which P(7 > t|F;) = e~ ¢, where A; = fot Asds and let
N be an F-local martingale such that 0 < Nie M < 1.
There exists a G-martingale L such that, setting dQ = LdP

(1) Qlr. =Plr.

(ii) Q(7 > t|F;) = Nye
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Intensity models

Conditional Survival Probability

Let us start with a model in which P(7 > t|F;) = e~ ¢, where A; = f(f Asds and let
N be an F-local martingale such that 0 < Nie M < 1.
There exists a G-martingale L such that, setting dQ = LdP
(i) Qlr, =Plx,
(i) Q(1 > t|F;) = Nye M
The G-adapted process L

Ly =0l r + 0o (7)1 <4

is a martingale if for any u, (¢;(u),t > u) is a martingale and if E(L;|F;) is a

F-martingale.
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Intensity models

Conditional Survival Probability

Let us start with a model in which P(7 > t|F;) = e~ ¢, where A; = f(f Asds and let
N be an F-local martingale such that 0 < Nie M < 1.
There exists a G-martingale L such that, setting dQ = LdP

(i) Qlr. =Plr,
(i) Q(1 > t|F;) = Nye M
The G-adapted process L

Ly =0l r + 0o (7)1 <4

is a martingale if for any u, (¢;(u),t > u) is a martingale and if E(L;|F;) is a

F-martingale. Then, (i) is satisfied if
t
1 = E(Li|F) = bre™™ +/ O (u)Aye M du
0

and (ii) implies that £ = N and ¢.(t) = ¢;.
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Intensity models

It remains to find a family of martingales ¢(u) such that
lu(u) = Ny

t
1 = Nte_At+/ le(u) Ape M du
0
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Intensity models

It remains to find a family of martingales ¢(u) such that
lu(u) = Ny

t
1 = Nte_At—i—/ U () Ape M du
0

We choose
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Intensity models

It remains to find a family of martingales ¢(u) such that
lu(u) = Ny

t
1 = Nte_At—i—/ U () Ape M du
0

We choose

Nu ! Gs
l(u) = = Gu(l — Gy) exp (—/u —a. )\Sds)

Then, Q[r < u|F;] = M} for 0 < u <t < oo where

{
M;‘:(l—Gt)eXp(—/ 1_GSG )\Sds> 0<u<t<oo,

One can also construct other martingales M* which give a solution (i.e., families of

[0, 1]-valued martingales such that u — M} is decreasing and M} =1 — Gy).
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Intensity models

Cox processes

Let A be a strictly positive F-adapted process, and A; = fg Agds.

Let © be a strictly positive random variable whose conditional distribution

w.r.t. F admits a density w.r.t. the Lebesgue measure, i.e., there exists a family
of F; ® B(R4)-measurable functions 7;(u) such that P(© > 0|F;) = [, v (u)du.

Let 7 =inf{t > 0: Ay > O}.
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Intensity models

Cox processes

Let A\ be a strictly positive F-adapted process, and A; = fot Agds.

Let O be a strictly positive random variable whose conditional distribution

w.r.t. ' admits a density w.r.t. the Lebesgue measure, i.e., there exists a family
of F; ® B(R)-measurable functions 7;(u) such that P(© > 0|F;) = [, v (u)du.

Let 7 =inf{t > 0: Ay > O}.
Then 7 admits the density

pe(0) = Aoy (Ag) if t >0 and pe(0) = E[Xgvo(Ag)|F] if t < 0.
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Intensity models

Proof: By definition and by the fact that A is strictly increasing and absolutely
continuous, we have for ¢t > 6,

oo

P(r > 0|F,) = P(© > Ag|F) = /

%(U)dUZ/ %(Au)dAUZ/ Ve (Ay) Ay du,
Ao 0 9

which implies p;(0) = Ag:(Ag). The martingale property of p gives the whole
density.
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Intensity models

Conversely, if we are given a density p, and hence an associated process
A = fot Agds with Ay = pa—(s), then it is possible to find a threshold © such that 7

has p as density.
We denote by A~! the inverse of the strictly increasing process \.

We let A; = £ P:(8) g5 and © = A.. Then © has a density v with respect to F given
0 G,

by
t\/AQ 0 )\

0

7.
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Intensity models

Proof: We set ©® = A, and compute the density of © w.r.t. FF

P(@ > 9|ft)

P(A; > 0|F) =P(r > t,Ar > 0|F:) +P(r <t,A; > 0|F)

o0 t
= E[—/ ]1{Au>e}dGu|ft]+/O Iin,>01pe(u)du
t
t

— E[/ ]1{Au>g}pu(u)du\ft]—|—/ ]I{Au>9}pt(u)du
¢ 0

where the last equality comes from the fact that (G + fot pu(u)du,t > 0) is an
F-martingale. Note that since the process A is continuous and strictly increasing,
also is its inverse. Hence

> 1

L ps\/t(s) )\

! ds|F] :E[/ dA|F]

E[/ pAs_l\/t(As ))\
0 ATE A

s 6
o0

B[ [ Vo siE] = [ Bn (o)l ]

which equals P(© > 6|F;).
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Defaultable Zero-Coupon Bonds

Defaultable Zero-Coupon Bonds

A defaultable zero-coupon with maturity T associated with the default time 7 is an
asset which pays one monetary unit at time 7' if (and only if) the default has not
occurred before T'. We assume that [P is the pricing measure.

P(r>T|F) " Ep(Npe | F)

D(t,T) = P(T > T ‘ gt) = ]1{7->t}
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Defaultable Zero-Coupon Bonds

Defaultable Zero-Coupon Bonds

A defaultable zero-coupon with maturity T associated with the default time 7 is an
asset which pays one monetary unit at time 7' if (and only if) the default has not

occurred before T'. We assume that P is the pricing measure.

P(r>T|F) " Ep(Npe | F)

However, using a change of probability, one can get rid of the martingale part NV,

D(t,T) = IED(T > T ‘ Qt) = ]1{7->t}

assuming that there exists p such that

P(r > 0|F) = /900 pe(u)du

39



Defaultable Zero-Coupon Bonds

Let P* be defined as
dP”|g, = Z; dP|g,
where Z* is the (P, G)-martingale defined as
Ny
pe(T)

Z: — ]1{75<T} + ﬂ{tZT})\Te_AT
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Defaultable Zero-Coupon Bonds

Let P* be defined as
dP*|g, = Z; dP|g,

where Z* is the (P, G)-martingale defined as

Ny

75 =1 1 Ae M
¢ {t<r}y T Lp>ryAre ()

Then,
(a) Immersion property holds under P*,
(b) dP*|x, = N:dP|F,
(¢) P* and P coincide on G..

However, P* and P do not coincide on F
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Defaultable Zero-Coupon Bonds

Proof: We prove first that dP*|z, = N.dP|£,

N,
——pi(u)du = Nye™ + Ny(1 — e7™) = N,

t
Ep(Z;|F:) = G +/ Aye e
P(Z01F) t 0 pe(u)

We compute the P* conditional law of 7. For ¢t > 6,
1
Ny

Ny
pe(T)

1
IP*(@ < T|ft) = EEP(Z:H{0<T}|Ft) —

! (N —At+/tA he )d) e
= — e u€e wdu | = e
Ny ! 0 pt(u)pt

which proves that immersion holds true under P*, and the intensity of 7 is the same
under P and P*. It follows that

EP(H{KT} =+ ﬂ{t27>9})‘76_AT ‘]:t)

1

— B (e X|F) = Ea(X 1 rany |G

E* (XN rery|Gt) = Lppeny

Note that, if the intensity is the same under P and P*, its dynamics under P* will

involve a change of driving process, since P and P* do not coincide on F..
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Defaultable Zero-Coupon Bonds

Let us now study the pricing of a recovery. Let Z be an F-predictable bounded

process.

1 T
E]P)(ZT]]‘{t<T§T}|gt) — ﬂ{t<f}aEP(_/ ZudGu|-7:t)
t

1 g -
= ﬂ{t<7}aEP(/t‘ ZUNU)\UG AudUlFt)

1
e\t

— E*(ZTﬂ{t<T§T}|gt)

T
= ﬂ{t<7’} E*(/ ZuAue_A“du|ft)
t
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Defaultable Zero-Coupon Bonds

The problem is different for pricing a recovery paid at maturity, i.e. for X € Fp

Ep(X1.c7|G:) = Ep(X|G)—Ep(XL;>7|Gt)

1
Ep(X|Gr) = Wirsry —5, B (Xe AT F)

If both quantities Ep(X1,.7|G;) and E*(X1...7|G;) are the same, this would
imply that Ep(X|G;) = E*(X|F;) i.e., immersion holds under P.

44



Misspecification of the Information

Misspecification of the Information

In this section, we point out that the price of a derivative product written on a
default 7 depends strongly on the other default and the hedging strategies have to

be constructed with the full observation. Let us study the following toy model
Two default times 71,72 let G(t,s) = P(my > t,taus > s)

We consider two filtrations H! an H = H! v H?

The price of a DZC is

D'(t,T) = P(n>TH;)=01-H;) C:;( )
DYt,T) = P(n>T|Hs) = ( (- H2 t)) +HH; 8(3263(?; Z)>
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Misspecification of the Information

The un-informed agent knows only H'. He will hedge the contingent claim
C' = h(m)1;,>7 + k1, ~7 thinking the market is complete, with an initial wealth
r = E(C) buying (; DZC, so that

T
Xpr ==z —I—/ (dD(t, T)=C
0

and he will invest ¢ = X; — ¢;D(t,T) in the savings account in a self financing way.
However, his "real" wealth will be X; = (Y + (;D(t,T) and the strategy is not

self-financing. The cost of refinancing is
dXt o Cth(ta T) — dCE + D(tv T)dgg + d<C7 D(7 T)>t

If he uses a self financing strategy, his terminal wealth will be
Xy =x+ fOT (¢dD(t,T) and the associated cost is

C — Xz = [ ¢(dD(t,T) — dD(t,T)). One has E(C — X%) =0
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Misspecification of the Information

Thank you for your attention
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