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General Counterparty Risk

Basic Concept

Risk that some value is lost by a party in OTC derivatives contracts due
to the default of the other party
o Early termination of a contract with positive value at time of default
of the other party
o Cum-dividend value, including promised payment not paid at default
time
The primary form of (credit) risk — vulnerability
Very significant during the crisis
An important dynamic modeling issue/challenge, particularly in
connection with credit derivatives
@ Pricing at any future time
@ Defaults dependence modeling
o Wrong way risk
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General Counterparty Risk

General Set-Up: |

(Q,([_}, P),@ = (g"t)te[o,r], (Q,((}, P),G = (Gt)eepo, 7] risk-neutral pricing
models, where G C G (with r = 0 for notational simplicity)
E., E; Conditional expectation under P given G; or given G,
respectively.

Note that in both cases we use the same pricing measure; in essence, we only
consider models such that pricing of counterparty risk free claims and pricing of
counterparty risky claims is done using the same measure. Models of this type
are for example models where so called immersion property is satisfied between
filtrations G and G ; another example is provided by Markov copula models.
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General Counterparty Risk

General Set-Up: Il

71 and 7o Default times of the two parties, referred to henceforth as the
investor, labeled —1, and its counterparty, labeled 0

@ [0, +oc]-valued F-stopping times

@ Bilateral counterparty risk < counterparty risk on both
sides is considered « 73 < +00, T < 400

@ Unilateral counterparty risk«> 71 = 400

R_1 and Ry Recovery rates, given as G, ,- and G.,- measurable
[0,1]-valued random variables

T = 71 A 7o, with related default and non-default indicator
processes denoted by H and J, so H: = 1,<: and J=1—H.

@ No actual cash flow after 7

All cash flows and prices considered from the perspective of the investor
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do com T
General Counterparty Risk
lit Ri t t

Cash Flows
General case reduced to that of a

Fully netted and collateralized portfolio

D Counterparty risky cumulative cash flows

D Counterparty clean cumulative cash flows

=
D= JD + HD,_ + HT,

+ ("'-\)OX+ - Xi)[Hv HO] - (R71X7 - X+)[Hv Hil] - X[[H’ Ho]v Hil]

- Value of the collateral (or margin account) at time 7
X = Py + (Dr — Dy ) — T+ Algebraic ‘debt’ of the counterparty to the
investor at time 7
P(ry ‘Fair (ex-dividend) value' of the portfolio at
T
D, — D._ Promised cash flow at 7

GG
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General Counterparty Risk

Valuation

M; :=E,[Dy — D;| Counterparty Risky Ex-dividend Value of the
portfolio

P; := E.[Dr — D;] Counterparty Clean Ex-dividend Value of the
portfolio

i, :=E, [Dy] Counterparty Risky Cumulative-dividend Value of the
portfolio

P, = E, [Dr] Counterparty Clean Cumulative-dividend Value of the
portfolio

Projection Property: For any t € [0, T] it holds that
Pt:Et[DT—Dt], ﬁt:Et[DT]
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General Counterparty Risk

CVA: Definition

CVA (Credit Valuation Adjustment )
CVA of the first kind (null after 7)

CVAt = Jt(ﬁt - ﬁt)
CVA of the second kind (constant after )

6‘741‘ = 'BtAr - ﬁt/\‘r

Below, market ‘Legal Value' standard
Pry = Pr

assumed for simplicity
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do com T
General Counterparty Risk
lit Ri t t

CVA: Properties
CVA Properties
o CVA; = J;,CVA, = Jy(P, — T,), te€[0.T],

e Process CVA is a G martingale under P, and it satisfies
C/.‘Zé\t = ]Et [é-]u

where the G, -measurable Potential Future Exposure at Default
(PFED) ¢ is given by
& = (1- RO)]ITZToXErT) = (1= R—l)]lTZTﬂX(_T) .

@ Random variable ¢ is equal to the value at time 7 of process
Zy = (1 - RO)I[fZToX?_ - (1 - R—l)]ltZT—1Xt_

where Xt ‘= Pt T ADt — rt.
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General Counterparty Risk

CVA: Dynamics |

For any t € (0, T] we have
dCVA, = (1-— Ht_)(dPt dn
(1 — H,)(dP, — dI;)
= (1 - H,)(dP, —dI;)
(1 — H,)(dP, — dI;)

)

+ (AP, — AT, )dH,
+(Z, — CVA,_)dH,
+(Z, — CVA,_)dH,.

dCVAt = (1 - Ht)(dPt - dﬂt) - CVAtdet.

Proof. The first equality comes from

~ ~

CVA; = (1 — Hy)(P, — [1y) + Hy (P, — 11,).

The remaining ones follow easily.
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General Counterparty Risk

CVA: Dynamics |l

@ The above lemma is the key to hedging of counterparty risk. The
dynamics of CVA splits into the "pre-counter-party-default" part
(1 — Hy)(dP; — dNy;), and the "at-counter-party-default" part

—

(Zy — CVA,_)dH,.
@ Specification of the above dynamics, that is specification of all

martingale terms, is not easy in general. We shall thus proceed with
specification of the dynamics in a stylized Markovian model.
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Counterparty Credit Risk in a CDS contract

CCR in CDS: |

We now specify the general setup presented above to the situation of the
counterparty credit risk in a CDS contract.

Towards this end we postulate that the CDS contract between the
investor and his/her counterparty references a credit name denoted as 1.
Next, we denote by 7; the default time of the reference name, and by H?!
we denote the corresponding indicator process.

Here we consider the following filtration structure:

o G =TF VH!, where  is a reference (Brownian) filtration, and H* is
the filtration of H™.

e G=GVFVH™VH° where F is another reference (Brownian)
filtration.
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Counterparty Credit Risk in a CDS contract

CCR in CDS: Il

@ We consider a payer CDS on name 1 (CDS protection on name 1
bought by the investor, or credit name —1, from its counterparty,
represented by the credit name 0).

@ Denoting by T the maturity, s the contractual spread and

Ri1 € [0, 1] the recovery, this corresponds to the special case of the
dividend process D given as

D:/ J&dCL,Jr/ Sy dH} = J1C + H' (C,— +61) ,
[0"] [O"]

where

Co=—w(tAT), 6,=(1—Ry).
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Counterparty Credit Risk in a CDS contract
1 . t A

Unilateral CCR in CDS

@ Here we have that 73 = +00 and 7 = 7 is the default time of the

investor's (bank’s) counterparty, with recovery Ry simply denoted as
R

o Here we have D; =1,,<;<7(1 — R1), so that
X(r) = Pr+1r—r<7(1 — R1) =T, if 7 < T, and zero otherwise,

One has,
+
E=(1- R)(”T +L1n<r<t(1—R1) — I'T) ;

so that

+
Zi=(1- R)(Pt +Ln<e<7(l—Ry) — rt)
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Markovian Copula Model for Counterparty Credit Risk: A CDS exa

Markovian Copula Model: |

o Let H = (H!, H%) denote the pair of the default indicator processes,
for the CDS reference name (H!) and for the counterparty (H°)

e X = (X, Xp) is a diffusion factor process

o Here, G =H' VFX" and G = G VHO v FX".
o (X,H) is a Markov process w.r.t. G

o (X!, H) is a Markov process w.rt. G
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Markovian Copula Model for Counterparty Credit Risk: A CDS exa

Markovian Copula Model:

Generator of (X, H) given by, for u = u(t, x, ) with
t € Ry, x = (x1,%) € R?, e = (Ki, Ko) € {0,1}*:

Au(t7X7 E) = atu(t’X7€) + Z Ii(t7 Xl') (u(t7X7 Ei) - u(t7X75))

0<i<1

(O (e LD = uto )+ 3 (Bl )kt v 0+ 50 (6 )Rau(t x.9))
0<i<1
where, for i =1,2:
e ¢ denotes the vectors obtained from ¢ by replacing the component i,
by number one,
e b; and o2 denote factor drift and variance functions, and ; is an
individual default intensity function,
o /3(t) stands for a joint defaults intensity function.
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Markovian Copula Model for Counterparty Credit Risk: A CDS exa

Markovian Copula Model: Il

The intensity-matrix function of H is given as

—/(t,X) /1(t7X1) Io(t,Xo) I3(t)

Alt.x) 0 —qo(t, o) 0 qo(t, o)
’X - )
0 0 —qi(t,x1) qu(t,x1)
0 0 0 0

with, for every i = 1,2,
qi(t, x;) = li(t, x;) + h(t)

and /(l’,X) = /o(t,Xl) + /1(t,X2) + /3(t).
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Markovian Copula Model for Counterparty Credit Risk: A CDS exa

Markovian Copula Model: IV

The intensity-matrix function of H' is given by

—qi(t,xi) qi(t,x;)

A; t,x;) =
(£, xi) 0 0

for i =0,1.

The above model for (X, H) is a Markovian copula model with given
Markovian marginals (X', H'), for i = 0, 1. This property of the
marginals is key to pricing risk-free CDSs on the firm or on the
counterparty, as intensively done at the stage of model calibration.
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Markovian Copula Model for Counterparty Credit Risk: A CDS exa

Markovian Copula Model: Pricing CDS without CCR

The price of the risk-free CDS admits the representation:
Py = (1 — HHw(t, X}) ,

for a pre-default pricing function vy (t, x;) solving
V1(T7X1) = 07 x1 € R

(8: + b1 (t,x1)0x + %a%(t,n)aﬁf)w(t,n) —qu(t,xa)va(t,x) +p(t,x1) =0,
te[oaT)vxl ER7

where
p(t,xa) = (1 — Ri)qu(t, x1) — &
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Markovian Copula Model for Counterparty Credit Risk: A CDS exa
) ° Vic o t it R

Markovian Copula Model: Pricing CDS with CCR

o We assume for simplicity that the collateral process is null (I' = 0).

The price of the counterparty risky CDS admits the representation:
Me= (1 - Hy)(1 — H)vo(t,Xe)

for a pre-default pricing function vy(t, x) solving
vo(T,x) =0, x €R?

(8t + Tocica (bi(t, x)0 + 302(t,%1)02) ) vo(t, x)
—I(t,x)vo(t,x) +7(t,x) =0, t€[0,T), x = (x1,%) € R?,

where

7T(t,X) = (17R1)[I1(t,X1)+RI3(t)]+I2(t,X2)[RVf(t,Xl)fvl_(t,Xl)} —K
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Markovian Copula Model for Counterparty Credit Risk in CDS: CV/

Dynamics of CVA on CDS: |

We define G stopping times

" " T
7_{1}:{7'1 if 1 # 7o, T{u}:{ro if 71 # 7o, (01} _ {7'1 if =70

. b . b . b
oo otherwise oo otherwise oo otherwise

and we define the default indicator processes accordingly,

1 0 0,1
Ht{ - ]l,,.{1}§t, Hi{ - ]l,,.{o}gt, Hj - ]1.,.(0,1}St.
We see that

H® = HI0} 4 plott -yt — gtk 4 plo}
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Markovian Copula Model for Counterparty Credit Risk in CDS: CV/

Dynamics of CVA on CDS: Il

For every v € | = {{0},{1},{0,1}}, the process M" defined by,

t
M; = H; —/ q.(s, Xs, Hs)ds ,
0

is a G-martingale, where the intensity processes q,(t, X¢, H;)s are given by
aay (8 Xe, He) = (1= Hp) (1 = H)A(2, X)) + Hoau (2, X))
a0y (t, Xe, He) = (1= H) (1 = Hp)lo(t, X?) + Hyao(t, X7))
roy(t, Xe, He) = (1 — Hp)(1 — HY)hs(t) -
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Markovlan Copula Model for Counterparty Cred

Dynamlcs of CVA on CDS

In our Markovian copula model the dynamics of the CVA on CDS are
given as
dCVA: = —(1—H2 )1 —HL)(vx — vo)dm{*

+(1— H)(A = H) (1= RY(L = Ry) = (v — o) ) am O

+(1— H)(A = HL) (1= Ry — (v — o) ) ™
+(1 — HY)(1 = HF)((0xg v1 — Oxg v0)a1dW; — (0o vo)o0d W)
N Y R I LNV
s dW + 42 dWY

Recall that if R =1 then v; = v so that d C/\Z\t =0 for all t.
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Hedging of CVA on CDS in Markovian Copula Model for Counterpa
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Hedging of CVA on CDS in Markovian Copula Model for Counterpa

RO|||ng CDS | (Bielecki, T.R., Jeanblanc, M. and Rutkowski, M. (2008) Pricing and

trading credit default swaps in a hazard process model)

@ We consider a rolling CDS contract written on the counterparty
name 0. For simplicity we assume that recovery is R.

Definition

A rolling CDS contract, initiated at t = 0 and maturing at t = T, is
equivalent to a self-financing trading strategy that at any given time ¢t
enters into a CDS contract of maturity T and then unwinds the
contract at time t + dt.

o Similarly as with self-financing strategies in futures contracts, the
value of a rolling CDS is null at any point in time, yet due to the
trading gains of the strategy the related cumulative value process is
not zero.
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Hedging of CVA on CDS in Marko opula Model for Counterpa

Rolling CDS: Il

The cumulative value process, say EEE, of the rolling CDS, is a G
martingale and its dynamics are given as

dCDS, = (1 — H?) (1 — R)Ig(t, X2) — S(t, X2)F (£, X2)) oo (t, XO)dWy
+ (1= R) (M 4 amfoh
= (1 — HOYRdW? + (1 — R)(dM{® + am ™))

where g and f denote the pre-default pricing functions of the unit
protection and fee legs of the ordinary CDS contract initiated at time t,

SO
T ru 0 d 0
f(t, X)) =E (/ e~ Je (v X) "du\Xt)
t

T "u
g(t,X))=E e Ie q°(v‘x‘9)dvqo(u,X3)du|Xt°)
Here S = g/f is the correstponding CDS fair spread function.
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Hedging of CVA on CDS in Markovian Copula Model for Counterpa

Mean-variance Hedge of CVA: |

@ Let ¢ be an R-valued process, representing the number of units held

in the rolling CDS which is used in a self-financing hedging strategy
of CVA.

@ The tracking error (e;) of the hedged portfolio satisfies e = 0 and,
for t € [0, T,

det = dC/\Z4t — (1 — H;)CtdC/D?t

it ami 4 (LY — (1 - RYC)AIMEOY + (P — (1 - RY(1 — HE)Ge)am®
FyedWE 4+ (2 — (1 = R)Cenpe)dW
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Hedging of CVA on CDS in Markovian Copula Model for Counterpa

Mean-variance Hedge of CVA: I

The self-financing strategy that minimizes the risk-neutral variance of the
tracking error is given, on the set {t < 7y}, as

a_ L1 xiPdMOL) 4+ 3 dMI), + 104 dt
t T1-R d(MA01}), + d(MI0}), 4 2dt '

(2)

1 { 7 }Q{O 1}(t Xt;Ht)dt+X q{o}(t X, Hy)dt + ~%4,dt
1-R qqo,13(t, X, Hy)dt + qqoy (t, X, Hy)dt + Yidt '
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Hedging of CVA on CDS in Markovian Copula Model for Counterpa

Mean-variance Hedge of CVA: Il

The self-financing strategy that minimizes the risk-neutral variance of
the jump-to—counterparty—default risk is given, on the set {t < 71}, as

= (1 - R)1 - Ry) — CVA,_)P(H*Y = 1|g,.)

+((1 — R)CDS{ — CVA,_)P(H{® =1/G,.).

The ¢/ hedging strategy changes the counterparty jump-to-default
exposure from £ to E(¢|G,_), the ‘best guess’ of £ available right
before T.
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