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Convexity of the boundary.
a) The Integro-Differential Equations.
b) Proof of Non-Convexity (Sketch) (0 < D —r <« 1).

—n. 2/33



Introduction/Background

OP o? ,0°P oP
L% 2? (- D)S — P = B T
8t+23852+(r )Sas r 0, S>B(t), t<
P(S,t)=E—-S, S=B({), t<T
oP
og(ht)=-1 S=B(t), t<
P(S,T) = max(F — 5,0), B(T)= min(F, %)

P(S,t)=FE—-S5, S<B({t), t<T.
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Figure1: 7 = .05, d =0, £ =1,0 =0.25,1T =1
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Ps = Pz + apz — kp,  b(s) <z, s5>0
p(b(s),s) =1—¢e"),  s>0
ps(b(s),s) = =", 5> 0

p(x,s) >0, x—00, s5>0

p(x,0) = max(1l —e*,0) = po(x), b(0) = min(0,In(k/l))

p(x,s) =po(x), x<b(s), s>0
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For D =1[=0,

Ps — {Pax + (k — D)pz — kp} = kH (b(s) — )
p(x,0) = max (1 — e*,0).

I, y>0
0, y<0

where H(y) = {

00 s b(u)
p(z,s) = / p(y, 0)I'(z — y, s)dy + k/ / ['(x —y,s —u)dy du
—00 0 —00

INn terms of the fundamental solution

I(z,s) =e "F(z+ (k—1)s,s)

1
F(st) — 2\/% €—z2/48

—n. 7/33



b(0)=0
p<x,s>=/ (1— ez —y, s dy+k// D(z -y, — w)dy

ps(x,8) = F(ws)—l—k/ (z — b(u), s — u)b(u)d
0
ps(b(s),s) =0
['(b(s),s) = —k/ T'(b(s) — b(u), s — u)b(u)du.
0
Combinations of this with other derivatives, p... p.-, .z, €valuated

on the boundary lead to other integral equations as well as the
Integro-differential equation

- + 2/0 T (b(s) — b(u), s — u)b(u)du.
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Theorem. (Theorem 3.2, SIAM Math. Anal. 38, 1613 (2006)).
Suppose that b € C1((0,00)) N CY([0, 00)) and a(s) = b(s)?/4s.
Assume that as s \,0,a(s) = [—1 4 o(1)]In+/s and sa(s) = O(1).
Then b, together with p defined by (2), solves the well-known free
boundary problem for the American put. Finally, the previous IE
has a uniqgue solution with the properties listed above.

Peskir used a variant of IEs to prove uniqueness in the class of
continuous boundaries.
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Near Expiry Estimates

2
S:%(T—t)’ ]{‘ZQ—T B(t):Ee_Q\/g\/a<S)

0'27

Barles, Burdeau, Romano & Samsoen (1995) - BBRS

B(t) ~ E(1 —oVT =1 /] ln(T—t)]), LT

(< a(s) = —In+/cs, c arbitrary)
Barone-Adesi & Whaley (1987); MacMillan (1997) - BWM

©.@)

ﬁ h(S) _ / 6_[2_(k;r1)\/§]2 {(1 X 7’}(3)) 6—2\/04(5) NCE 6—22\/5}




Kuske & Keller (1998) - KK
Vs ae® = 1/V9rk?
Bunch & Johnson (2000) - BJ
Ja co—(k=1)Vsve _ /g e(d—l)(k—|—1)2/4(4k28)—1/2

with d == 1 — k2[(1 + k)2(2 + (1 + k)2s)]
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2
2
2 o2

(BBRS) a(s) ~ —1In+/cs, c arbitrary
(BWM) Vs v a e ~ 1/VAark?
(KK) Vsa et ~ 1/v/9rk?

o (3]

1+ k

Stamicar, Sevcovic & Chadam (1999); Chen, Chadam &
Stamicar (2000) - CCSS

(CCSS) Vs e ~ 1/ 4rk? = a(s) ~ —In (\/ 47Tk25>
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['(b(s),s) = —k/os T'(b(s) — b(u), s — u)b(u)du.

['(b(s) —b(u),s —u) = F(b(s) —blu),s —u)[1+0(s)], 0<u<s
With n = (b(s) — b(u))/2+/s — u, the rhs for small s
)

5o (——00) _ ~1 —12
~ —k/ v [1 — b.(s) () ] — % uniformly in us— dn.

/\

0 2b(u)(s — u) VT
—b(s)?/4s
= I'(b(s),s) =~ > ~ k

= b(s) ~ —24/s \/— In V4rk?s
l.e., a(s) ~ —In(V4rk?s)

Similar approach developed independently by Goodman &
Ostrov (2002).
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For D >r
Theorem: The above free boundary problem has a unigue
solution. In addition, b € C*°((0,00)) N C([0, 00)).

[C>° for jJump-diffusion: E. Bayraktar & H. Xing, preprint;
Continuity for Lévy processes; D. Lamberton & M. Mikou,
Finance Stoch., 12 (2008)]

Theorem: Assume that D > r. Let A = 0.903446597884.... Then
for0 < s« 1

r

b(s) = In 5 (A + o(1)]V/s, b(s) =

- A+o(1) i(s) — A+ o(1)
2/s o 483/2
[Rigorous proof of asymptotic analysis result of P. Wilmott, J.

Dewynne & S. Howison, "The Mathematics of Financial
Derivatives", pl121]
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Far-From-Expiry Estimates

(p*, ™) the Merton solution for the infinite horizon problem.

Theorem. (Theorem 1, X. Chen, H. Cheng & J. Chadam, to
appear on PAMS) There exists a constant m > 0 such that for
s>land 3 =Fk+a?/4 (recall, a =k — 1 — 1),
b(s) = z* + [m+ O(1)s 1 /?|s73/2 ¢=F
b(s) = —[mB + O(1)]s~/2s73/2 ¢ =B,
# generalizes the D = 0 version sketched in [SIAM Math. Anal.

38, 1613 (2006)] and the weaker version, (still for D = 0,)
recently announced by Ahn et al, to appear on PAMS.

# have also obtained the decay rates to the price function p* and
Its asymptotic profile.
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Convexity of Boundary

Theorem: For D = 0, the early exercise boundary is convex; I.e.,
B"(t) > 0.

[X. Chen, J. Chadam, L. Jiang & W. Zheng, Math. Finance, 18,
(2008); E. Ekstrom, J. Math. Anal. Appl., 299, (2004)]
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Numerical evidence suggests that convexity is lost when D > r.
(J. Detemple, P., Duck, G. Meyer, etc.)

r=.05, d=0.055, E=1, T=1,0=0.25
0.91
5 0.89r
—400 mesh pts.
N 800 mesh pts.
---1600 mesh pts.
0.97 0.98 0.99 1

Figure 3:
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Main Theorem: When 0 < D — r <« 1, the optimal exercise
boundary is not convex. More precisely, when

e :=In(D/r) =1In({/k) Is positive and sufficiently small, neither
S = B(t) nor x(:=In(S/FE)) = b(s) is convex. In particular, there
exist a ¢ for which B”(t) < 0 and (hence) b(5) < 0, where

2 . 28
s < and t=T— —.
V<s 6| In | o?
E pb(s) 54 .. .
B"(t) = 7 b(s) + (b(s))”]

Xinfu Chen, Huibin Cheng & John Chadam, submitted for
publication, Math. Finance (2009).
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The Integro-Differential Equations

PDs = Ppx + apy —kp=Lp, b(s) <z, s>0
p(x,s) = po(r) = max(1l —e*,0), x<b(s), s>0.

o(x,s) =p(x,s) —po(x), —oc0o<zx<o00, s5>0

Ps — (Q%x + agg — /{Qb) — 1_|_(£IJ o b(S))Lpo(CE)
= 14(x —b(s))[6(x) + (le' — k)l (—x)], —co<x <00, §>0

¢(x,0) =0



Fundamental solution of £ is
[(z,s) = K(z+as,s)e ™, K(z,t) = (4nt) Y2 /4

and solution of PDE Is

s s 0
o(x,s) = / ['(z,t)dt + / / le?¥ — kT (x — y, t)dydt.
0 0 Jb(s—t)
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Compute ¢, ¢s, ¢s and evaluating on = = b(s) we have for any
e

b(s)[£eb(®) — k] = (9—@)r(b(s),s)

S




With 6 = 0 and 6 = [b(s) — bo]/s we have

b(s)[ee’™) — K] —b(s)I'(b(s), s)

+% . [Ce” — K]ly — b(s)]T'(b(s) — y, s)dy
+ / b(t) [P0 _ 1] b(si - lt?(t) F(b(s) — bt). s — 1) dt.
b(s)[e’™ — k] = —boF(S(s), s)

+ ! bo[fey — klly — bo]'(b(s) — vy, s)dy
_ / b(t)[ee?® — k](b(S)S— bo b(si - i?(t))r(b(s) — b(t), s —t)dt.

Remark: In the numerics, Huibin Cheng takes 6 = (b(s) — bo)/(2s) which removes
singularities in integrals.
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Now assume ¢ > k (< D > r)

2(s) = by — b(s) = m(%)) _ b(s) = —& — b(s)

4(s) = —b(s) > 0 forall s >0
= 2z = z(s) has inverse, s = s(z).

4B" (t)
FEot
Thus B not convex (i.e., B”(t) > 0 not true)
< (sufficient to show) e st not increasing somewhere.

d .ds
3
dz T\ dz)

= "b(s) + (b(s))°] = e *(2(s))
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Will use the IDEs

ho = ks ’
o= 5 [ = Uy — 2 5)d,
. B .y
Isoi= | =gy T — = 5() — s(v) dy
(e —2,5)
= ks
Jo = %/O yle! —1I'(—z — y, s)dy,
. : —y & <Y
Js = 0 [1_6 ](S(Z) — S(Z)—S(y))r(y_,z,s(z)_S(y))dy.
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Proof of Non-Convexity (Sketch)

g g

8+ 2) e’ 27 8—2)Ine|’

s1 = zi = 2(8;)
s* = sup{s > 0|b(s) + (b(s))?> > 0in (0,2)}, 2z* = z(s%)
l.e., boundary convex iff s* = co. s5 = min{so, s*}

d( ,ds
dz" dz
Integrating over |z, x + h| C (0, 2*] =

—) > 0forz e (0,2")

sS(x+h)=ed(z) YVOo<z<az+h<2

= (by contradiction) z3 < 2z;.



(i) Lower Bound for ds/dz.

dz ds |
l—e ) —< [ +1 — >
A o Py
1
[2 S 5, Vs > 0
56—82/(48)
I , S€E 0,52 2
: Vark2s3 ( /2
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Then for z € [z, 23] C [21,221],

. —25 —21
ds(z) S =7 ds(z1) > e *2z1€e > Z
dz dz o(1) + % 2

ds(z) _ =z 22
= — = —
M) S(Z)/4’
22— 2

and s(z) — s(y) > VO <y <2< 2
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(i) Upper Bounds for ds/dz

Ji =t Vze (0, 23]

1 3
Jo = Z/ 6_772/4d77 =c > 0.
2

T2e? S
8s(z) ~

J3 2 —z Vze(0,z)

= Jo+J3=2c—2>0 \V/SG(O?S;]
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(ili) Completion of proof

Suppose z* > z9. Then z; = 29 and s5 = ss.

1ds(z) _ 1-e 1 < 1 </
z dz |z=z z J1 4+ Jo + J3 J1
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Jz ds(z2) o ds(z1) < spetel/h lezlzl
dz dz
ez
< 2z eael/t L <o

2

l.e. e ds/dz IS not an increasing function on |z1, z2] = z* < 2o.

OPEN PROBLEM: Convexity for0 < D <r & D > r*(o).
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