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Motivating problem: Colon Carcinogenesis (CCS)

Nutrition Cancer Study at TAMU

Goal:

1. Study the association between diet (fish/corn) and colon cancer

2. Understand mechanisms of the genesis of colon cancer

Biological responses of interest:

- p27: a protein that inhibits the cell cycle

- cell differentiation, proliferation, apoptosis
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Diet Group mean functions
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Standard Problem

Design:

Unit level profiles → Functional Data

Conditional on the Subject, the Unit profiles are spatially correlated

Aim: Fast & robust inferential tools + estimate spatial correlation.
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Conceptual representation

Response variable = Group mean effect (non-random)

+ Subject effect

+ Unit within Subject effect

+ Measurement Error

Challenge: Unit within Subject functions are spatially correlated
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Recent developments:

Ramsay and Silverman (2002, 2005)

Yao, Müller and Wang (JASA 05)

Grambsch, Randall, Bostick, Potter, Louis (JASA95)

Li, Wang, Hong, Turner, Lupton and Carroll (AnnStat07)
- one level of hierarchy + independence/dependence

Guo (Bcs02)

Morris, Vannucci, Brown and Carroll (JASA03)

Di, Crainiceanu, Caffo and Punjabi (AnnApplStat07)
- two-level hierarchy + independence

Morris and Carroll (JRSSB06)

Baladandayuthapani, Mallick, Hong, Lupton, Turner and Carroll (Bcs08)
- two-level hierarchy + dependence
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Proposed approach: Staicu, Crainiceanu & Carroll (Bcs, 2010)

- Subject level → subunit effect

- Unit within Subject level → subunit effect + Unit location effect

Key Differences:

Correlation structure modeling: additive vs multiplicative

Use orthogonal basis of functions (vs Baladandayuthapani et al.)

Random subject - level functions (vs Li et al.)

Method of Moments
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Proposed approach: Staicu, Crainiceanu & Carroll (Bcs, 2010)

- Subject level → subunit effect

- Unit within Subject level → subunit effect + Unit location effect

Main advantages:

Computational savings (over 5hrs → 5′′ for 2 groups, 6 subjects/group)

Generalizability to much larger data sets

Ability to explore more in less time

Fewer assumptions
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Spatially Correlated Multilevel Functional Model (SCMFM)

Ydr (t,∆drc) := µd(t) + Zdr (t) + Qdrc (t,∆drc) + ǫdrc(t)

= µd(t) + Zdr (t) + Wdrc(t) + Udr (∆drc ) + ǫdrc (t)

µd(t) − Group mean function

Zdr (t) − Subject specific deviation

Wdrc(t) − Unit specific deviation, depending solely on subunit

Udr (∆drc) − Unit specific deviation, depending solely on Unit location

ǫdrc(t) − White Noise
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General Set-up

Let {φ(1)
k (t)}k , {φ(2)

l (t)}l - orthonormal bases in L2[0, 1]

Zdr (t)=
∑
∞

k=1 ξdr ,kφ
(1)
k (t) Wdrc (t)=

∑
∞

l=1 ζdrc,lφ
(2)
l (t)

ξdr,k =
∫ 1

0
Zdr (t)φ

(1)
k (t) dt ζdrc,l =

∫ 1

0
Wdrc(t)φ

(2)
l (t) dt

Ydr (t, ∆drc) = µd(t) +

∞∑

k=1

ξdr,kφ
(1)
k (t) +

∞∑

l=1

ζdrc,lφ
(2)
l (t) + Udr (∆drc) + ǫdrc(t),

Assumption: {ξdr,k} and {ζdrc,l} uncorrelated

Practical approach: truncate the number of predictors
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Choice of orthonormal bases of functions

Practically important

Fourier basis, wavelets, Hermite polynomials, ...

Our bases → eigenfunctions of the covariance operator (FPCA)
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Overview: FPCA

Consider Zdr (t) ∼ Z (t) i.i.d sample of L2[0, 1] functions

The 1st FPC is φ
(1)
1 (t) which:

{
max(Var[ξdr ,1]), where ξdr ,1 :=

∫ 1
0 Zdr (t)φ(t) dt

‖φ‖ = 1

The 2nd FPC is φ
(1)
2 (t) which:





max(Var[ξdr ,2]), where ξdr ,2 :=
∫ 1
0 Zdr (t)φ(t) dt

‖φ‖ = 1 and
∫ 1
0 φ(t)φ

(1)
1 (t) dt = 0

and so on.
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FPCA

Let KZ (t, s) := cov{Z (t), Z (s)}

KZ : L2[0, 1]→ L2[0, 1]

K
Zφk = λkφk , (KZ

f )(t) :=
∫ 1

0 K
Z (t, s)f (s) ds

Mercer’s spectral decomposition: K
Z (t, s) =

∑∞

k=1 λkφk (t)φk (s)

- λ1 ≥ λ2 ≥ . . . ≥ 0 are ordered eigenvalues

- φk (t) - eigenfunctions

Karhunen - Loève (KL) expansion: Zdr (t) =
∑

k≥1 ξdr,kφk(t)

- ξdr,k - FPC scores, uncorrelated, mean 0, Var[ξdr,k ] = λk
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Covariance decomposition

SCMFM

Ydr (t,∆drc) = µd(t) + Zdr (t) + Wdrc(t) + Udr (∆drc) + ǫdrc(t)

KB(t, s,∆) - covariance between Unit level functions that are at
distance ∆ apart, one at t and the other at s

KW (t, s,∆) - covariance within Unit level functions that are at
distance ∆ apart, one at t and the other at s

KT (t, s) - total covariance of a Unit level function at (t, s)
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Covariance decomposition

SCMFM

Ydr (t,∆drc) = µd(t) + Zdr (t) + Wdrc(t) + Udr (∆drc) + ǫdrc(t)

Note:
KB(t, s,∆) = K

Z (t, s) + ν(∆)

KW (t, s,∆) = K
W (t, s) + σ2

U − ν(∆) + σ2
ǫ
δts

KT (t, s) = K
Z (t, s) + K

W (t, s) + σ2
U + σ2

ǫ
δts

for ν(∆) := σ2
Uρ(∆)
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Model estimation:

1. Estimate ν̂(∆)

2. Estimate K̂Z (t, s) and K̂W (t, s)

3. Estimate µ̂d(t)

4. Estimate FPC scores

5. Estimate σ̂2
ǫ
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Spatial covariance estimation - k-nearest neighbors

KW (t, s,∆) = KW (t, s) + σ2
U − ν(∆) + σ2

ǫ
δts .

- Set ∆∗ such that ν(∆) ≈ 0, for ∆ > ∆∗ (Cressie, 1993)

- Implication: KW (t, s, ∆∗)− KW (t, s, ∆) = ν(∆)

Choose k - the number of nearest neighbors;

K̂W (t, s, ∆) :=
Ave|∆drc−∆drc′ |∈Nk (∆){Ydr (t, ∆drc ) − Ydr (t, ∆drc′)}{Ydr (s, ∆drc) − Ydr (s, ∆drc′}/2

K̂W (t, s, ∆∗) :=
Ave|∆drc−∆drc′ |>∆∗{Ydr (t, ∆drc) − Ydr (t, ∆drc′)}{Ydr (s, ∆drc) − Ydr (s, ∆drc′}/2

ν̃(∆) = Avet,s{K̂W (t, s, ∆∗) − K̂W (t, s, ∆)}, ∆ ∈ [0, ∆∗]
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Spatial covariance estimation (cont’d)

1.a Note, ν̃(∆) is not a proper covariance function

1.b Fix it up to be positive semi-definite (trick due to Hall et al.
AnnStat94) → ν̂(∆)

1.c ν̂(∆) – consistent (difference between 2 consistent estimators)

1.d Estimate ρ̂(∆) = ν̂(∆)/ν̂(0)

1.e Estimate σ̂2
U = ν̂(0)
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Multilevel covariance estimation

K̂Z (t, s), K̂W (t, s) ← Method of Moments (MOM)

2.a Drop diagonal terms when smoothing K̂W – correct for bias

2.b Eigen analysis of K̂Z (t, s)→ {λ̂(1)
k , φ̂

(1)
k (t)}k

2.c Eigen analysis of K̂W (t, s)→ {λ̂(2)
l , φ̂

(2)
l (t)}l
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Model Estimation cont’d

3. Estimate µ̂d(t)

GLS regression (smoothing techniques applied to re-weighted data)

Ydr (t,∆drc )← Ydr (t,∆drc )− µ̂d(t)

4.a Select the number of components to K1 and K2

4.b Estimate FPC scores
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Linear Mixed Effects Model






Ydr (t, ∆drc) =
∑K1

k=1 ξdr,kφ
(1)
k (t) +

∑K2

l=1 ζdrc,lφ
(2)
l (t) + Udr (∆drc) + ǫdrc(t)

ξdr,k ∼ Normal{0, λ
(1)
k }

ζdrc,l ∼ Normal{0, λ
(2)
l }

Udr ∼ MVN{0, ΣU,dr}
ǫdrc(t) ∼ Normal{0, σ2

ǫ
}

FPC scores: BLUP

Remark:

Use only inverses of low dimension matrices (Staicu, Crainiceanu & Carroll,
Bcs10)
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Simulation set-up

Ydr (t, ∆drc) = ξdr,1φ
(1)
1 (t) +

2∑

l=1

ζdrc,lφ
(2)
l (t) + Udr (∆drc) + ǫdrc(t)

φ
(1)
1 (t) =

√
2 cos(4πt) φ

(2)
1 (t) =

√
3(2t − 1)

φ
(2)
2 (t) =

√
5(6t2 − 6t + 1)

ξdr,1 ∼ N(0, λ
(1)
1 ), λ

(1)
1 = 2 ζdri ,l ∼ N(0, λ

(2)
l ), {λ(2)

l } = {2, 1}

• D = 2 Groups, R = 12 Subjects, M = 20 Units, N = 31 Subunits

• tn = n
30 , n = 0, 1, . . . , 30; ∆drc ∈ [0, L], L = 15mm

• Cov{U(∆c), U(∆c′)} = σ2
Uρ(|∆c −∆c′ |); correlation fns: ρ1, ρ2, ρ3.

• 1000 data sets.
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FPC scores

FPC scores Uniform design CCS data design

ρ1(∆) ρ2(∆) ρ3(∆) ρ1(∆) ρ2(∆) ρ3(∆)

Level 1: component 1 0.051 0.051 0.051 0.051 0.052 0.052

Level 2: component 1 0.218 0.217 0.218 0.219 0.219 0.222

Level 2: component 2 0.214 0.214 0.215 0.216 0.216 0.221

Table: RMSE of the FPC scores for different correlation types, when σ2
ǫ

= 1.
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Colon Carcinogenesis Study (24hrs): recap

Response: log p27

- relative cell position (subunit)

- crypt location (Unit location)

D=4 Diets, R=3 Rats, M=20 Crypts, N=18 Cells

Interest

- Study the relationship between diet and colon cancer

- Estimate the spatial correlation between crypts
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Estimated correlation
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Figure: Estimated spatial correlation function (k = 111)
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Selected number of components:

1. Percent explained variance (Di et al. AnnApplStat08):
K1 = 1,K2 = 4

Eigen values

Level 1 eigenvalues Level 2 eigenvalues

comp1 comp 1 comp 2 comp 3 comp 4

eigenvalue(×103) 26.84 2.52 0.79 0.23 0.10

% variation 99.9% 68.3% 21.5% 6.2% 2.7%

cum % variation 99.9% 68.3% 89.8% 96.0% 98.7%

Table: Estimated eigenvalues at levels 1 and 2
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Estimated fixed functional effects
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Figure: Diet mean function for the 4 diet groups
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Discussion

New modeling framework for MFD with spatial correlation

Explicit partition of the total covariance

Flexible software platform for future methodological developments
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Thank You !
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Uniform design CCS design

ρ1(∆) ρ2(∆) ρ3(∆) ρ1(∆) ρ2(∆) ρ3(∆)

Correlation 10.28 6.42 7.36 10.43 9.36 9.96

Covariance 8.74 7.57 9.57 10.87 11.97 16.05

Table: Mean Integrated Squared Error of the (positive semi-definite) KNN
estimators of the correlation and covariance functions, when σ2

ǫ
= 1.
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Figure: The boxplots of the estimated spatial process variance.
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Diet mean functions for the 4 diet groups
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Selection of the number of FPC

Percent explained variance (Di et al. AnnApplStat08)

K1 := min

{
k :

λ
(1)
1 + . . . λ

(1)
k

λ
(1)
1 + . . . λ

(1)
N

≥ Pc , λ
(1)
k < Pn

}

Pseudo Gaussian log-likelihood based-approach.

- AIC (Müller & Stadtmüller, AnnStat05)

- LRT (Staicu, Crainiceanu & Carroll, Bcs10)
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Figure: Boxplots of principal component scores
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