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A Memory of
an Advice I Heard on an Island:

Scholarship is more than publication
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My concerns in this talk

• Large-sample theories so far do not provide
error bounds between the exact and asymptotic
CDF as a function of n, nor any guideline on n.

•With high respect and deep trust in theories,
large-sample practitioners act as if no require-
ment on n is needed.

•An obvious example of such pervasive practice
is in the areas of econometrics and mathematical
finance, where the modeling is more and more
complex with many parameters while sample size
seems never a concern.
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First order asymptotic inference (“delta method”):

L(x1, . . . , xn; τ ) g(θ̂n) ∼ N(g(θ), σ2(θ)(g′(θ))2) as n→∞

θ̂n ∼ N(θ, σ2(θ)) as n→∞L(x1, . . . , xn; θ)

MLE g(θ̂n)

Both normal?

MLE θ̂n

τ = g(θ) One to one

Basic: If X is normal, g(X) cannot be normal unless g(·) is linear.

Logic from basic: For any non-linear g(·), θ̂n and g(θ̂n) cannot be
almost normal simultaneously with the same sample size.

First order asymptotics ∩ Logic from basic => Cautions
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Caution (a):

Sample Size is Crucial

Caution (b):

A Statistic’s True Nature Is Vital
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Caution (a): [First page]

Sample Size is Crucial

The need for this caution is demonstrated with the simplest ARMA(p, q)
model where p = q = 1:

(xt − µ)− φ(xt−1 − µ) = zt − θzt−1

where |φ| < 1, |θ| < 1, and φ 6= θ (otherwise not identifiable).

Asymptotic normal distributions of MLE:

φ̂ ∼ N

(
φ,

(1− φ2)(1− φθ)2

n(φ− θ)2

)
θ̂ ∼ N

(
θ,

(1− θ2)(1− φθ)2

n(φ− θ)2

)
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Typical sample size
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Typical sample size
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Simulation process for the
exact distributions of φ̂ and θ̂:

(ϕ, θ)
SAS/IML

GGGGGGGGGGGGA (X
(1)
1 , X

(1)
2 , . . . , X

(1)
n }

SAS/ARIMA
GGGGGGGGGGGGGGGGA (φ̂(1), θ̂(1))

(X
(2)
1 , X

(2)
2 , . . . , X

(2)
n } GGGGGGGGGGGGGGA (φ̂(2), θ̂(2))

...
...

(X
(m)
1 , X

(m)
2 , . . . , X

(m)
n } GGGGGGGGGGGGGGA (φ̂(m), θ̂(m))


→

Simulated
Exact
Distribution
for large m
(m = 10, 000)

Fix µ = 10 and σ = 1 throughout to focus on (φ, θ).

Acknowledgement: My SAS code to get the simulated distributions was
implemented by an undergraduate project student, Christne Liang, and
a student research assistant, Emily Jiang, the former generating all the
pp-plots by Excell while the latter generating the CDF plots and tables
by SAS/ODS.
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Asymptotic cdf vs. Simulated cdf
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic
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Simulated CDF (AR=0.4 MA=0.6 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=0.4, Sigma=0.3483
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Simulated CDF (AR=0.4 MA=0.6 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=0.4, Sigma=0.2844
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Simulated CDF (AR=0.4 MA=0.6 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=0.4, Sigma=0.2463

AR
ar=0.4

ma=0.6

cum % 
simulation

n=100
cum % 
normal

-0.9 0.28 0.01

-0.8 2.48 0.03

-0.7 7.88 0.08

-0.6 16.87 0.20

-0.5 28.74 0.49

-0.4 40.80 1.08

-0.3 52.33 2.22

-0.2 62.25 4.25

-0.1 69.85 7.56

-0.0 75.95 12.54

0.1 80.81 19.45

0.2 84.53 28.29

0.3 87.75 38.70

0.4 90.40 50.00

0.5 93.18 61.30

0.6 95.40 71.71

0.7 97.26 80.55

0.8 98.66 87.46

0.9 99.59 92.44

1.0 100.00 95.75

AR
ar=0.4

ma=0.6

cum % 
simulation

n=150
cum % 
normal

-0.9 0.19 0.00

-0.8 2.55 0.00

-0.7 8.21 0.01

-0.6 17.15 0.02

-0.5 30.46 0.08

-0.4 45.27 0.25

-0.3 58.61 0.69

-0.2 69.71 1.74

-0.1 77.52 3.93

-0.0 82.75 7.98

0.1 86.78 14.57

0.2 89.78 24.09

0.3 92.12 36.25

0.4 93.99 50.00

0.5 95.61 63.75

0.6 97.10 75.91

0.7 98.27 85.43

0.8 99.07 92.02

0.9 99.81 96.07

1.0 100.00 98.26

AR
ar=0.4

ma=0.6

cum % 
simulation

n=200
cum % 
normal

-0.9 0.23 0.00

-0.8 2.18 0.00

-0.7 7.29 0.00

-0.6 16.74 0.00

-0.5 31.09 0.01

-0.4 47.37 0.06

-0.3 62.72 0.22

-0.2 74.22 0.74

-0.1 82.50 2.12

-0.0 87.51 5.22

0.1 90.94 11.16

0.2 93.39 20.84

0.3 95.14 34.23

0.4 96.12 50.00

0.5 97.16 65.77

0.6 98.19 79.16

0.7 98.87 88.84

0.8 99.45 94.78

0.9 99.84 97.88

1.0 100.00 99.26
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic
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Simulated CDF (AR=0.4 MA=0.1 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=0.4, Sigma=0.2933
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Simulated CDF (AR=0.4 MA=0.1 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=0.4, Sigma=0.2395
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Simulated CDF (AR=0.4 MA=0.1 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=0.4, Sigma=0.2074

AR
ar=0.4

ma=0.1

cum % 
simulation

n=100
cum % 
normal

-0.9 1.26 0.00

-0.8 5.05 0.00

-0.7 11.36 0.01

-0.6 21.79 0.03

-0.5 35.90 0.11

-0.4 50.55 0.32

-0.3 63.28 0.85

-0.2 73.34 2.04

-0.1 81.22 4.41

-0.0 86.84 8.63

0.1 90.90 15.32

0.2 93.49 24.76

0.3 95.64 36.66

0.4 97.22 50.00

0.5 98.42 63.34

0.6 99.35 75.24

0.7 99.73 84.68

0.8 99.97 91.37

0.9 99.99 95.59

1.0 100.00 97.96

AR
ar=0.4

ma=0.1

cum % 
simulation

n=150
cum % 
normal

-0.9 0.45 0.00

-0.8 2.71 0.00

-0.7 7.47 0.00

-0.6 17.38 0.00

-0.5 32.63 0.01

-0.4 49.81 0.04

-0.3 64.88 0.17

-0.2 76.72 0.61

-0.1 85.01 1.84

-0.0 90.35 4.74

0.1 93.62 10.51

0.2 95.81 20.18

0.3 97.08 33.81

0.4 98.25 50.00

0.5 98.92 66.19

0.6 99.52 79.82

0.7 99.88 89.49

0.8 100.00 95.26

AR
ar=0.4

ma=0.1

cum % 
simulation

n=200
cum % 
normal

-0.9 0.27 0.00

-0.8 1.49 0.00

-0.7 5.26 0.00

-0.6 14.47 0.00

-0.5 30.42 0.00

-0.4 49.67 0.01

-0.3 67.44 0.04

-0.2 80.10 0.19

-0.1 88.35 0.80

-0.0 93.19 2.69

0.1 96.08 7.40

0.2 97.64 16.74

0.3 98.56 31.48

0.4 99.16 50.00

0.5 99.51 68.52

0.6 99.74 83.26

0.7 99.90 92.60

0.8 99.99 97.31

0.9 100.00 99.20
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Asymptotic cdf vs. Simulated cdf
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic
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Simulated CDF (AR=0.2 MA=-0.8 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=0.2, Sigma=0.1137
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Simulated CDF (AR=0.2 MA=-0.8 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=0.2, Sigma=0.0928
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Simulated CDF (AR=0.2 MA=-0.8 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=0.2, Sigma=0.0804

AR
ar=0.2

ma=-0.8

cum % 
simulation

n=100
cum % 
normal

-0.8 0.01 0.00

-0.6 0.03 0.00

-0.5 0.40 0.00

-0.4 4.10 0.00

-0.3 21.84 0.00

-0.2 54.78 0.02

-0.1 83.56 0.42

-0.0 96.77 3.92

0.1 99.69 18.95

0.2 99.97 50.00

0.3 100.00 81.05

AR
ar=0.2

ma=-0.8

cum % 
simulation

n=150
cum % 
normal

-0.5 0.03 0.00

-0.4 1.27 0.00

-0.3 14.37 0.00

-0.2 49.96 0.00

-0.1 85.14 0.06

-0.0 97.86 1.56

0.1 99.89 14.06

0.2 100.00 50.00

AR
ar=0.2

ma=-0.8

cum % 
simulation

n=200
cum % 
normal

-0.4 0.49 0.00

-0.3 10.24 0.00

-0.2 48.79 0.00

-0.1 87.83 0.01

-0.0 99.17 0.64

0.1 99.98 10.67

0.2 100.00 50.00
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic
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Simulated CDF (AR=0.6 MA=-0.9 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=0.6, Sigma=0.0821
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Simulated CDF (AR=0.6 MA=-0.9 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=0.6, Sigma=0.0671
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Simulated CDF (AR=0.6 MA=-0.9 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=0.6, Sigma=0.0581

AR
ar=0.6

ma=-0.9

cum % 
simulation

n=100
cum % 
normal

-0.8 0.10 0.00

-0.7 10.38 0.00

-0.6 54.98 0.00

-0.5 89.29 0.00

-0.4 98.75 0.00

-0.3 99.97 0.00

-0.2 100.00 0.00

AR
ar=0.6

ma=-0.9

cum % 
simulation

n=150
cum % 
normal

-0.8 0.02 0.00

-0.7 5.30 0.00

-0.6 51.70 0.00

-0.5 92.52 0.00

-0.4 99.53 0.00

-0.3 99.98 0.00

-0.2 100.00 0.00

AR
ar=0.6

ma=-0.9

cum % 
simulation

n=200
cum % 
normal

-0.7 3.01 0.00

-0.6 49.25 0.00

-0.5 94.48 0.00

-0.4 99.88 0.00

-0.3 100.00 0.00
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic
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Simulated CDF (AR=-0.3 MA=0.5 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=-0.3, Sigma=0.1371
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Simulated CDF (AR=-0.3 MA=0.5 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=-0.3, Sigma=0.112
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Simulated CDF (AR=-0.3 MA=0.5 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=-0.3, Sigma=0.097

AR
ar=-0.3
ma=0.5

cum % 
simulation

n=100
cum % 
normal

-0.3 0.02 50.00

-0.2 0.13 76.71

-0.1 0.82 92.76

-0.0 3.18 98.57

0.1 10.62 99.82

0.2 26.88 99.99

0.3 53.00 100.00

0.4 79.09 100.00

0.5 94.87 100.00

0.6 99.35 100.00

0.7 99.96 100.00

0.8 100.00 100.00

AR
ar=-0.3
ma=0.5

cum % 
simulation

n=150
cum % 
normal

-0.3 0.01 50.00

-0.1 0.12 96.30

-0.0 0.88 99.63

0.1 5.17 99.98

0.2 21.48 100.00

0.3 52.18 100.00

0.4 84.01 100.00

0.5 97.31 100.00

0.6 99.84 100.00

0.7 100.00 100.00

AR
ar=-0.3
ma=0.5

cum % 
simulation

n=200
cum % 
normal

-0.2 0.01 84.88

-0.1 0.03 98.04

-0.0 0.36 99.90

0.1 3.27 100.00

0.2 17.33 100.00

0.3 52.00 100.00

0.4 87.10 100.00

0.5 98.70 100.00

0.6 99.98 100.00

0.7 100.00 100.00
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic
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Simulated CDF (AR=-0.8 MA=0.8 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=-0.8, Sigma=0.0615
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Simulated CDF (AR=-0.8 MA=0.8 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=-0.8, Sigma=0.0502
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Simulated CDF (AR=-0.8 MA=0.8 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=-0.8, Sigma=0.0435

AR
ar=-0.8
ma=0.8

cum % 
simulation

n=100
cum % 
normal

0.5 0.13 100.00

0.6 1.74 100.00

0.7 15.45 100.00

0.8 63.79 100.00

0.9 99.52 100.00

1.0 100.00 100.00

AR
ar=-0.8
ma=0.8

cum % 
simulation

n=150
cum % 
normal

0.5 0.02 100.00

0.6 0.32 100.00

0.7 8.33 100.00

0.8 62.60 100.00

0.9 99.87 100.00

1.0 100.00 100.00

AR
ar=-0.8
ma=0.8

cum % 
simulation

n=200
cum % 
normal

0.5 0.01 100.00

0.6 0.09 100.00

0.7 4.44 100.00

0.8 61.18 100.00

0.9 99.98 100.00

1.0 100.00 100.00
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic
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Simulated CDF (AR=-0.2 MA=-0.7 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=-0.2, Sigma=0.1685
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Simulated CDF (AR=-0.2 MA=-0.7 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=-0.2, Sigma=0.1376
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Simulated CDF (AR=-0.2 MA=-0.7 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=-0.2, Sigma=0.1192

AR
ar=-0.2

ma=-0.7

cum % 
simulation

n=100
cum % 
normal

-0.9 0.12 0.00

-0.8 0.17 0.02

-0.7 0.32 0.15

-0.6 0.42 0.88

-0.5 0.64 3.75

-0.4 0.98 11.77

-0.3 1.68 27.65

-0.2 3.24 50.00

-0.1 7.31 72.35

-0.0 16.20 88.23

0.1 32.04 96.25

0.2 53.70 99.12

0.3 75.95 99.85

0.4 91.31 99.98

0.5 98.26 100.00

0.6 99.90 100.00

0.7 100.00 100.00

AR
ar=-0.2

ma=-0.7

cum % 
simulation

n=150
cum % 
normal

-0.9 0.02 0.00

-0.8 0.04 0.00

-0.7 0.05 0.01

-0.6 0.09 0.18

-0.5 0.12 1.46

-0.4 0.16 7.30

-0.3 0.36 23.37

-0.2 0.92 50.00

-0.1 2.79 76.63

-0.0 9.02 92.70

0.1 23.98 98.54

0.2 47.88 99.82

0.3 74.76 99.99

0.4 92.32 100.00

0.5 98.69 100.00

0.6 99.87 100.00

0.7 100.00 100.00

AR
ar=-0.2

ma=-0.7

cum % 
simulation

n=200
cum % 
normal

-0.9 0.02 0.00

-0.8 0.03 0.00

-0.7 0.05 0.00

-0.6 0.06 0.04

-0.4 0.07 4.66

-0.3 0.14 20.07

-0.2 0.35 50.00

-0.1 1.31 79.93

-0.0 5.65 95.34

0.1 20.03 99.41

0.2 47.36 99.96

0.3 77.07 100.00

0.4 94.17 100.00

0.5 99.27 100.00

0.6 99.97 100.00

0.7 100.00 100.00
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Asymptotic cdf vs. Simulated cdf



CDF of AR Estimator: Simulated Exact vs. Asymptotic

-1.2 -0.8 -0.4 0 0.4 0.8 1.2

0

20

40

60

80

100

C
um

ul
at

iv
e 

P
er

ce
nt

Simulated CDF (AR=-0.7 MA=-0.2 n=100 simulation=10000) for AR: ——

Normal Curve: Mu=-0.7, Sigma=0.1228
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Simulated CDF (AR=-0.7 MA=-0.2 n=150 simulation=10000) for AR: ——

Normal Curve: Mu=-0.7, Sigma=0.1003
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Simulated CDF (AR=-0.7 MA=-0.2 n=200 simulation=10000) for AR: ——

Normal Curve: Mu=-0.7, Sigma=0.0869

AR
ar=-0.7

ma=-0.2

cum % 
simulation

n=100
cum % 
normal

-0.4 0.02 99.27

-0.3 0.07 99.94

-0.2 0.10 100.00

-0.1 0.21 100.00

-0.0 0.39 100.00

0.1 0.79 100.00

0.2 1.57 100.00

0.3 3.16 100.00

0.4 6.89 100.00

0.5 15.02 100.00

0.6 31.84 100.00

0.7 59.40 100.00

0.8 88.97 100.00

0.9 99.33 100.00

1.0 100.00 100.00

AR
ar=-0.7

ma=-0.2

cum % 
simulation

n=150
cum % 
normal

-0.1 0.03 100.00

-0.0 0.06 100.00

0.1 0.18 100.00

0.2 0.28 100.00

0.3 0.98 100.00

0.4 2.87 100.00

0.5 9.02 100.00

0.6 25.00 100.00

0.7 57.75 100.00

0.8 91.60 100.00

0.9 99.75 100.00

1.0 100.00 100.00

AR
ar=-0.7

ma=-0.2

cum % 
simulation

n=200
cum % 
normal

0.1 0.02 100.00

0.2 0.07 100.00

0.3 0.32 100.00

0.4 1.04 100.00

0.5 5.08 100.00

0.6 19.82 100.00

0.7 56.64 100.00

0.8 93.25 100.00

0.9 99.97 100.00

1.0 100.00 100.00
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You may wonder what about a general ARMA(p, q) model:

(xt− µ)− φ1(xt−1− µ)− · · · − φp(xt−p− µ) = zt− θ1zt−1− · · · − θqzt−q

with a total of r = 2 + p + q parameters, (µ, σ2, φ1, . . . , φp, θ1, . . . , θq).

And for those more complex models that have additional variance struc-
ture like GARCH(r, s) for zt:

zt = h1/2et, et ∼ iidN0, 1), ht = ω +

s∑
i=1

αiz
2
t−1 +

r∑
j=1

γjht−j

and further variance structures like EGARCH, IGARCH, HIGARCH ....
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Caution (a): [Last page]

General Suggestions

Neighborhood Validation by Simulation: With the estimates at
hand after standard analysis, do simulations for parameter values in a
neighborhood around the estimate.

Compare asymptotically equivalent approaches: Do the 3
tests, LR, Wald and Score concur? Do the Wald C.I. concur with the
profile likelihood intervals?

Try transformation: Fisher, the founder of likelihood asymptotics of
the first order, did not apply asymptotic normality directly to rn, but
transformed it to log(1+r)−log(1−r) before using asymptotic normality.
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Caveat (b):

A Statistic’s True Nature Is Vital

• The stereo-type and immediate application of
large-sample theory directly lands on normal in-
ference without nuanced thinking.

• Such practice might miss the true nature of the
statistic in use.

• Consider the case of testing the Random-walk
Model that underpins the Efficient Market Hy-
pothesis.
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Random-walk Model

• Pt: Price at time t, t = 0, . . . , n.

•Rt = log(Pt)− log(Pt−1): 1-period return

•R(q)
t = log(Pt)− log(Pt−q): q-period return

•Null hypothesis of iid Gaussian random-walk

H0 : Rt = µ + εt, εt
iid∼ N(0, σ2), t = 1, . . . , n

•Under H0, Var(R
(q)
t ) = qVar(Rt)

• So test VR(q)=Var(R
(q)
t )/(qVar(Rt)) = 1
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Large-Sample Tests

Lo & MacKinlay (1988) showed that under H0:

•Non-overlapping V R: When n→∞,
√
n (V̂R(q)− 1)

·∼ N(0, 2(q − 1))

•Overlapping V R: When n→∞,

√
n(V̂ R(q)− 1)

·∼ N

(
0,

2(q − 1)(q − 1)

3q

)
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VR as an optimal test:
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Doubts on Asymptotics by Simulations

• Cecchetti and Lam (1994, J. Bus. & Eco. Stat.)
found that “VR tests based on asymp-
totic approximations are often mislead-
ing” and thus unreliable in finite samples.

• Their Monte Carlo experiments showed that
“there is substantial size distortion in
searching over many horizons to decide
whether to reject a model.”
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As ratio of quadratic forms (Faust, 1992)
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Non-overlapping VR & One-way ANONVA

Φk×kq =


1 · · · 1 0 · · · 0 0 · · · 0 · · · 0
0 · · · 0 1 · · · 1 0 · · · 0 · · · 0
...
0 · · · · · · · · · · · · · 0 1 · · · 1


Under H0 in one-way ANOVA of k groups, each of q observa-
tions, F=BMS/WMS ∼ F (k − 1, k(q − 1)), hence vφ=BSS/TSS
∼ Beta((k − 1)/2, k(q − 1)/2).

Peking U technical report in 1998 by G. Tian and Y. Zhang, “A Note on
the Exact Distributions of Variance Ratio Statistics” based on an elabo-
rated proof.
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Overlapping VR

Large

Φ(n−q+1)×n =


1 · · · 1 0 · · · 0
0 1 · · · 1 0 · · ·
... ... . . . . . . . . . ...
0 0 · · · 1 · · · 1



• 2004: Y.K. Tse, K.W. Ng and X.B. Zhang, “A Small Overlapping
Variance-Ratio Test,” JTSA, 25(1), 127-135. Beta approximations.

• 2004, 2008: Raymond Kan “Exact Variance Ratio Tests with Over-
lapping Data,” manuscript.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Fang, Kotz and Ng (1990) “Symmetric

Multivariate and Related Distributions”
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Hong Kong International Workshop

on Statistics in Finance (1999)

The exact distribution of V̂R(q), overlapping or
not, under H0 that (ε1, . . . , εn) are iid standard
Gaussian, remains the same under a bigger
null H∗0 : Rt = µ + εt, t = 1, . . . , n , where
(ε1, . . . , εn) has a multivariate spherical dis-
tribution Sn(µ1, σ2I) with a common location
parameter µ and a common scale parameter σ.
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Spherical: Uncorrelated, Dependent,

and Identically Distributed (u.d.i.d)

Except the Gaussian which is i.i.d.
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Spherical Distributions Include
Heavy-Tailed Marginal pdf
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Statisticians normally LONG
for robustness, right?

In this case then,
is it really GOOD news?
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Is VR Testing What You Intended?
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What If VR Test Does Not Reject?

Relax ..., some good news.
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The u.d.i.d Case with Spherical Dist.

• n past returns: R1, . . . , Rn

•m future returns: Y1, . . . , Ym

• (R1, . . . , Rn, Y1, . . . , Ym) has a spherical dist.
Sn+m(µ1, σ2I), be it Nn+m(µ1, σ2I), multivari-
ate t, multivariate Cauchy, multivariate logistic,
or multivariate stable distributions, ...

• Inference on any function of (Y1, . . . , Ym) is
based on the conditional dist. on (R1, . . . , Rn):
available joint work with Guo-liang Tian
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Weighted Sum

•A 100γ% prediction interval for a weighted sum,∑m
j=1wjYj , wj > 0 and

∑m
j=1wj = 1, is:

R̄± t
(
n− 1;

1 + γ

2

)
SR

√√√√ m∑
j=1

w2
j + 1/n

where

R̄ =
1

n

n∑
i=1

Ri, S2
R =

1

n− 1

n∑
i=1

(Ri − R̄)2.
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Only Next Day

• The 100γ% forecast interval for tomorrow’s re-
turn, Y1 , is:

R̄± t(n− 1; (1 + γ)/2)SR
√

1 + 1/n

•A 100γ% forecast interval for tomorrow’s price,
Pn+1, is:

Pn+1 ×

exp

{
R̄± t

(
n− 1;

1 + γ

2

)
SR
√

1 + 1/n

}
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Average

•Let wj = 1/m, then
∑m
j=1w

2
j = 1/m. Hence,

a two-sided prediction interval for Ȳ with γ con-
fidence level is

R̄± t(n− 1; (1 + γ)/2)SR
√

1/m + 1/n
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Lower Limit of rth Smallest

• Let T (.|ν, δ) denote the cdf of noncentral t with
DF ν, and

fr(z) = r

(
m
r

)
[Φ(z)]r−1[1− Φ(z)]m−rφ(z)

A 100γ% lower limit for Yr,m (1 ≤ r ≤ m) is

R̄− t(n,m, r; γ)SR/
√
n,

where t(n,m, r; γ) is a solution of t in

γ =

∫ +∞

−∞
T (t|n− 1,−

√
n z) · fr(z) dz,
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A threshold for at least s of the m

• The probability that at least s of the m future
observations {Y1, . . . , Ym} exceed the
pre-specified return value L0 is

γ =

∫ +∞

−∞
T
(√

n(R̄− L0)/SR

∣∣∣n− 1,−
√
n z
)

×fm−s+1(z) dz

where T (.|ν, δ) denotes the cdf of t distribution
with DF ν and noncentrality δ
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Thank you for listening!
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