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Conference Theme

Interaction (and interplay) between foundations and applications of statis-
tics.

• Over the past 90 years perhaps nothing exemplifies this so well as
likelihood-based inference.

• This talk: illustrations from semi-parametric likelihood

• Outline: Likelihood Theory and Methods; Semi-parametric Models
and Likelihood; Application to Missing Covariate Data; Application
to Multivariate Survival Analysis; Additional Remarks.
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LIKELIHOOD THEORY AND METHODS

• Data Model Pr(Data; θ), indexed by finite-dimensional parameter θ
Fisher (1922): Likelihood function based on observation Data = data

L(θ) = Pr(data; θ) = L(θ; data)

Maximum likelihood estimate: θ̂ = arg minL(θ) = θ̂(data)

• Various asymptotic results concerning θ̂ (asymptotic normality, effi-
ciency), likelihood score functions U(θ) = ∂ log L/∂θ and likelihood
ratio statistics.

• Likelihood ratio statistic:

`(θ) = log L(θ) and then Λ(θ) = 2`(θ̂)− 2`(θ)
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Under conditions, Λ (θ0) is asymptotically χ2
(p)

when data come from

Pr (Data; θ0)

• Profile likelihood: let θ = (α, β) and let β̂(α) maximize L(α, β) for
given α. Then

`p(α) = `
(
α, β̂(α)

)

Λp(α) = 2`
(
α̂, β̂

)
− 2`

(
α, β̂(α)

)
= 2`p (α̂)− 2`p(α)

Under conditions, Λp(α) is asymptotically χ2
(r)

, where r = dim(α) <

p = dim(θ)

•Modern computation has increased breadth and ease of application

- Good optimizers require no derivatives of `(θ)

- EM, simulation approaches for computing `(θ) in “difficult” settings

4



SEMI-PARAMETRIC MODELS AND LIKELIHOOD

• Semi-parametric models: finite-dimensional parameter α plus func-
tional component(s)
e.g. Cox (1972) proportional hazards regression model: survivor func-
tion for a response variable Y , given covariates x, is

S (y|x) = S0(y)exp(α′x) 0 ≤ y < ∞ (1)

where S0(y) is a survivor function.

- Think of the parameter as θ = (α, S0)

• The Cox model spurred development of semi-parametric likelihood
methods as sell as asymptotic theory on semi-parametric estimation
(e.g. Begun et al., 1983; Bickel et al., 1993).
Major observation (Johansen, 1983 and others): Cox’s partial likeli-
hood for α in (1) can also be obtained as a profile likelihood
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• Profile likelihood for finite-dimensional parameters; consider θ = (α, F )
and then

Lp(α) = L
(
α, F̂ (α)

)
(2)

where F̂ (α) maximizes L(α, F ) for given α. Often, F represents a
probability distribution and we’ll assume this here.

• Asymptotic theory: many special results and some general theory (e.g.
Murphy and van der Vaart 1997, 1999) but numerous gaps remain

• Estimate of functionals ψ = T (F ) (e.g. ψ =
∞∫
0

ydF (y)) can also be

considered but I’ll focus here on (2)

• Semi-parametric likelihood has proven very effective in a range of set-
tings, with some surprises. Computationally, F̂ has finite support and
so is finite (but high)-dimensional.
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Example: The Cox model with current status data (Huang, 1996)

• Individuals i = 1, . . . , n with survival times Yi and covariate vectors
xi. We do not observe Yi but only the “status” variables

Zi = I (Yi ≤ Ci)

for a set of known values C1, . . . , Cn. Cox partial likelihood does not
apply to this setting

• Likelihood function is (see (1))

L (α, S0) =

n∏

i=1

[
1− S0(Ci)

exp(α′xi)
]Zi

[
S0(Ci)

exp(α′xi)
]1−Zi

• Asymptotics for α̂ and the profile likelihood are “regular”, e.g. Λp(α) =

2`p (α̂)− 2`p(α) is asymptotically χ2
(r)

.

- This is in spite of the fact that for given α, S0(α) is non-regular

(n1/3 convergence rate)
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TWO-PHASE STUDIES AND MISSING COVARIATE VALUES

• Two-phase studies: At phase 1, obtain easily measured variables Yi, Zi
for individuals i = 1, . . . , n. At phase 2, obtain more “expensive”
variables Xi for a subset V of individuals. Let Ri = I(iεV ); it is
assumed that (e.g. Lawless et al., 1999)

Pr
(
Ri = 1|Yi, Xi,Zi

)
= Pr (Ri=1|Yi, Zi) = π (Yi, Zi) .

•We are interested in models f (y|x, z; β)

• Semi-parametric likelihood: let

G = {G(x|z), zε {z1, . . . , zn}}
and consider

L (β, G) =
∏

iεV

f (yi|xi, zi; β) dG (xi|zi)
∏

iεV̄

∫
f (yi|x, zi; β) dG (x|zi)
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• Zhao et al. (2009) consider the case where Z (but not necessarily X)
is discrete. They develop an EM algorithm to maximize `(β,G) =
log L(β, G)

• To consider an individual component βj of β, they obtain values of
the profile log likelihood

`p

(
β̂−j

(
βj

)
, βj

)
= `

(j)
p

(
βj

)

Example: prevalence of leprosy in Malawi

Y = I(person has leprosy), z = age

are obtained for individuals in a population survey (n = 81, 142).
At phase 2, presence or absence (x = 0, 1) of a vaccination scar is
determined for a subsample of 520 persons.
Model: logit [Pr (Y = 1|x, z)] = β0 + β1z + β2x

• See plots of `p(βj), j = 0, 1, 2.
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Figure 1: Profile log likelihoods for regression coefficients.
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COPULA MODELS FOR BIVARIATE SURVIVAL TIMES

• Copula models: a bivariate copula is a distribution function C(u1, u2)
on 0 ≤ u1 ≤ 1, 0 ≤ u2 ≤ 1 with uniform (0, 1) marginal distributions
(C(u1, 1) = u1, C(1, u2) = u2).

• A continuous bivariate distribution with survivor function

S (t1, t2) = Pr (T1 ≥ t1, T2 ≥ t2)

has a unique representation of the form

S (t1, t2) = C (S1(t1), S2(t2)) . (3)

(Here S1 and S2 are the marginal survivor functions).

• Semi-parametric models: take a parametric copula family C(u1, u2; α)
and combine it with non- or semi-parametric S1(t1) and S2(t2)
e.g. if there are no covariates, S1 and S2 are treated non-parametrically.
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• Data may be censored: we observe (t1i, δ1i, t2i, δ2i) where
tij = min(Tij, Cij) and δij = I(tij = Tij), where the Cij are
censoring times

• The semi-parametric likelihood is L(α, S1, S2); it can be maximized by
assuming that S1 and S2 change value only at observed (uncensored)
survival times (Yilmaz and Lawless, 2010)

• If there are covariates then S1 and S2 may involve parameters β1 and
β2.

Example: Diabetic retinopathy study

Persons at high risk of vision loss; for each, one eye is treated with
laser photocoagulation (LP), the other is untreated

Ti1, Ti2 = time to a specified degree of vision loss (V.A. < 5/200).
Covariates are x1, x2, x1x2, where

xij1 = I (eye j received LP treatment) j = 1, 2

xi12 = xi22 = I (person i has adult-onset diabetes)
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• Consider copula models with Cox PH marginal distribution for T1 and
T2 and copula of the form

C (u1, u2; α) =

{[(
u
−α1
1 − 1

)α2
+

(
u
−α1
2 − 1

)α2
]1/α2

+ 1

}−1/α1

where α1 > 0, α2 ≥ 1. The Clayton model is given by α2 = 1 and the
Gumbel-Hougaard by the limit as α1 → 0.

• The semi-parametric log likelihood function is

` (α1, α2, β1, β2, β3, S0) .

Using a reparameterization of S0 in terms of (discrete) hazard func-
tion components, this is readily maximized by, e.g., the optimization
function nlm in R.

•We can test hypotheses about α, and estimate the βj and S0.
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• n = 197; 153 distinct observed failure times across both eyes (remain-
der censored)

• Discrete hazard function components: let t(1) < t(2) < . . . < t(m) be
the ordered distinct failure times and define

λ` = 1− S0 (t`) /S0 (t`−1) ` = 1, . . . , m

• log likelihood is `(α1, α2, β1, β2, β3, λ); effective number of parameters
is p = 158.

e.g. Test of H0 : α1 = 0 (Gumbel-Hougaard)

LR Statistic Λ = 3.29

p-value: .5 Pr
(
χ2

(1)
≥ 3.29

)
= 0.035

B = 1000 bootstap samples gives 0.049

• Reduced bootstrap via a + (1− a)bχ2
(1)

approximation (B = 100)
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• Asymptotic theory is not yet available, although simulation studies
indicate regular normal and chi-squared limiting distributions.

• A semi-parametric bootstrap procedure can be used to obtain variance
estimates or critical values for likelihood ratio statistics

• Limiting distributions are sometimes approached slowly, especially where
the α-parameter is near the boundary; when it is on the boundary lim-
iting distributions are not ordinary normal or chi-squared.
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ADDITIONAL REMARKS

• Likelihood-based inference is convenient as long as the likelihood can
be computed; powerful optimization software frequently makes imple-
mentation straightforward

• Likelihood can handle missing data, hierarchical models, interval-censored
responses and other features where other approaches have problems

• Asymptotic theory details have not been developed in many semi-
parametric settings, nor is there a comprehensive general theory

•With semi-parametric models, pseudo (or composite) likelihood some-
times provides useful pseudo-likelihood ratio procedures
e.g. Copula models: S̃1, S̃2 are marginal (e.g. Kaplan-Meier) esti-
mates, then consider

`p(α) = `
(
α, S̃1, S̃2

)
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