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Backward Stochastic Differential Equation
I Standard filtred probability space (Ω,F , (Ft), 0 ≤ t ≤ T ,P),

supporting a standard BM W ∈ Rn.
I A non anticipating coefficient f (t, ω, y , z) defined on

(Ω× R+,Rd × Rd×n), a terminal condition ξT ∈ FT

Definition of BSDE solution
A solution of BSDE(f, ξT ), is a par of non anticipating processes
(Y ,Z ) ∈ Rd × Rd×n such that

I Yt = ξT +
∫ T

t f (s,Ys ,Zs)ds −
∫ T

t ZsdWs ,

I or equivalently −dYt = f (t,Yt ,Zt)ds − ZtdWt , YT = ξT

I with minimal integrability condition,
∫ T
0 (|f (t,Yt ,Zt)|+ |Zt |2)dt <∞ a.s.

I Existence, Uniqueness ? : in which spaces of processes,...

I Properties ? : Stability, Comparison Theorem.....



Existence Results A priori estimates and Lipschitz Assumption

Doob Inequalities
Notation for the running maximum : max |M|T = sup0,T |M|s
Continuous Martingale : a priori estimates

I Doob inequalities :
E[max |M|2T ] ≤ cE[|MT |2] ≤ CE[max |M|2T ]

Should be read in both directions (A ≤ B ≤ C )

I B =⇒ A is a Backward inequality
I C =⇒ B is a Forward inequality

I Burkholder, Davis Gundy inequalities
Let 〈M〉 be the a quadratic variation of M, then for any p > 0
E[max |M|pT ] ≤ cpE[|MT |p/2] ≤ CpE[max |M|pT ]

Representation Theorem

Any square integrable martingale with respect to a Brownian
filtration may be written as a stochastic integral,
Mt = M0 +

∫ t
0 〈Zs , dWs〉 >
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Existence Results A priori estimates and Lipschitz Assumption

A priori Forward or Backward Estimates
Weighted H2

T space

I Forward H2
c , defined as H2

T with the semi-norm
‖X‖2c = max(e−2ctE[max |X |2t ])T

I Backward H2
c , defined as H2

T with the semi-norm
‖X‖2β = max(e2βtE[max |X |2t ])T

Estimates of FT
t =

∫ T
t fsds a finite variation process.

I Forward

|FT
t |2=|

∫ T
t esc/2(e−sc/2fs)ds|2 ≤ ecT 1

c

∫ T
t e−cs |fs |2ds

I Backward

|FT
t |2=|

∫ T
t e−sβ/2(esβ/2fs)ds|2 ≤ e−βt 1

β

∫ T
t esβ|fs |2ds
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Existence Results A priori estimates and Lipschitz Assumption

Semimartingale Estimates
Let xT = xt −

∫ T
t fsds −

∫ T
t ηsdWs a Itô’s semimartingale

I Forward

Since xt = x0 −
∫ t

0 fsds −
∫ t

0 ηsdWs , then
|xt | ≤ |y0|+ |F t

0 |+ max |η.W |t . By the Doob inequality,
e−ctE[max |x |2t ] ≤ E

[
e−ct |x0|2 + 1

c

∫ t
0 e−cs(|fs |2 + |ηs |2)ds

]
‖x‖2c ≤ 2E

[
e−cT |x0|2 + 1

c

∫ T
0 e−sc(|fs |2 + |ηs |2)ds

]
I Backward

By Doob inequality, since |xt | ≤ E[|xT |+ |Ft | |Ft ],
etβ/|xt | ≤ E[

(
eTβ/2|xT |+ 1

β

∫ T
t esβ|fs |2ds

)1/2|Ft ]{
‖x‖2β ≤ 4E[eTβ|xT |2 + 1

β

∫ T
0 esβ|fs |2ds]

‖η.W ‖2β ≤ K
[
E[eTβ|xT |2 + 1

β

∫ T
0 esβ|fs |2ds]
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Lipschitz Assumptions
Forward Assumptions

I F (t, [x ]t), and G (t, [x ]t) (path dependency) in L2

I Uniformly Lipschitz i.e, there exists K > 0 s.t a.s
|F (t, [x1]t)−F (t, [x2]t)|+|G (t, [x1]t)−G (t, [x2]t)| ≤ K |[x1−x2]|

Backward Assumptions

I Standard data (f, ξ) :
∫ T

0 |f (t, 0, 0)|2ds, ξ ∈ L2

I f is uniformly lipschitz, i.e., there exists C > 0 s.t a.s
|f (t, y1, z1)− f (t, y2, z2)| ≤ C (|y1 − y2|+ |z1 − z2|)

Notations : given two coefficients f 1, f 2,

I δYt = Y 1
t − Y 2

t , δZt = Z 1
t − Z 2

t

I δ2ft = f 1(t, y2, z2)− f 2(t, y2, z2), δ2Ft = δ2ft(Y 2
t ,Z

2
t )

I δFt = f 1(s,Y 1
s ,Z

1
s )− f 2(s,Y 2

s ,Z
2
s ) is estimated by

|δFt | ≤ C [|δYt |+ |δZt |] + |δ2Ft |



Solutions via Picard Approximations

I Forward Lipschitz SDE
dXt =

F (t, [X ]t)dt,+G (t, [X ]t)dWt

I General filtration
I Standard L2 multi-dim data

(X0,F ,G ), uniformly

Lipschitz.

I Existence and Uniqueness
I ∃ a unique solution in H2

T

I Backward Lipschitz SDE
−dYt = f (t,Yt ,Zt)dt,−Zt .dWt ,

YT = ξT

I Brownian Filtration
I Standard L2 multi-dim data (ξT , f ),

uniformly Lipschitz.

I Existence and Uniqueness

I ∃ a unique pair (Y ,Z ) ∈ H2

In the both cases, the Picard sequence converges uniformly in the
right H2

T space to the solution with an exponential speed. The
estimates are uniform in the boundary conditions.



Existence Results Markovian Setting

General Markovian Setting
Let X be a diffusion process on a general filtered probability space,

and Be be the σ− field on Rn generated by E
∫ T
t φ(s,X t,x

s )ds where φ is

a continuous bounded. Let (f ,Ψ) ∈ Be be squared integrable

(E
∫ T
0 f 2(s,X t,x

s )ds < +∞ ; E[Ψ2(X t,x
T )] < +∞,)

I Markovian representation of the solution[CJPS]

The semimartingale Y t,x
s = E[Ψ(X t,x

T ) +
∫ T
s f (r ,X t,x

r )dr |Fs ] admits

a continuous version given by u(s,X t,x
s ) with u(t, x) = Y t,x

t ∈ Be

I Markovian representation of the martingale Moreover,

u(t, x) +
∫ s
t f (r ,X t,x

r )dr + Y t,x
s = Ut,x

s is an additive martingale with

the following representation depending on d(t, x) ∈ Be ,

Ut,x
s =

∫ s
t d(r ,X t,x

r )∗σ(r ,X t,x
r )︸ ︷︷ ︸

Z t,x
r ∗

dWr ; t ≤ s

[ref : Cinlar.E.,Jacod.P.,Protter.P.,Sharpe.M.J.(1980)]
NEK (Paris VI/CMAP) BSDEs Lect II, Stability

Fields Intitute, 7 avril 2010, 9 /
70



Markovian BSDEs
Let X be a diffusion process and the associated BSDE :
−dYs = f (s,X t,x

s ,Ys ,Zs)ds − Z ∗s dWs , YT = Ψ(X t,x
T )

I General setting : Thanks to Picard approximates, there exists
u(t, x), d(t, x) ∈ Be such that
Ys = u(s,X t,x

s ),Zs = d(s,X t,x
s )∗σ(s,X t,x

s ).

I PDE solution in one dimensional case
Let LX the elliptic operator associated with the diffusion X .
Then, under mild regularity assumptions, u is a viscosity
solution of the HJB Type PDE{
∂tu(t, x) + Lv(t, x) + f (t, x , u(t, x), ∂xu(t, x)σ(t, x)) = 0
u(T , x) = Ψ(x) .

Then, d(t, x) plays the role of ∂xu the gradiant of u.
proof is provided by the strict comparison theorem.



Existence Results Linear Growth assumption

Linear growth assumption, d=1

For simplicity, we assume that f (t, 0, 0) = 0
Linear growth : |f (t, y , z)| ≤ gµ(y , z) = a|y |+ µ|z |S Let Y

µ
the

solution of the Lipschitz BSDE with coefficient gµ and Y µ the
process −Y

µ
(−ξT ). Uniform bounds

Then any square integrable solution (Y ,Z ) of BSDE(f) with linear
growth satisfies

Y µ ≤ Y ≤ Y
µ

Lepeltier,San Martin,’97

There exists a minimal (a maximal )solution to the BSDE with GL
continuous coefficient.
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Existence Results Linear Growth assumption

General methodology
The different steps of the proof are the following

I Use a monotone Lipschitz regularisation f n of f , with same
linear growth

I Show that the solutions (Y n,Z n) are bounded in L2,
E[
∫ T

0 |Zs |2ds] ≤ C
I Show the control of E[

∫ T
0 |δ

i ,jZs |2ds] by
(
E[
∫ T

0 |δ
i ,jYs |2ds]

)1/2
I Use the motonocity of the sequence Y n and the previuos

estimates to show that Z n converges strongly in H2 to Z , and
so Y n converges uniformly to Y

I The last step uses the property of the approximating seauence
to show that f n(t,Y n,Z n) also converges to f (t,Y ,Z )
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Existence Results Linear Growth assumption

Sketch of the proof

Regularisation by inf convolution

f n(x) = infy∈Rp{f (y) + n|x − y |} is well defined for
n ≥ sup(a, µ) = K

Key inequality Denote by Y i ,j = δi ,jY the difference between Y i and
Y j .
By Itos formula

|Y i ,j |2t +

∫ T

t
|Z i ,j |2sdsEt [

∫ T

t
|Zs |2ds]
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Reflected BSDEs Reflected BSDEs and Americam options

Reflected BSDEs around a regular obstacle

How to maintain a BSDE solution above a given regular obstacle ?
Assume dOt = Utdt + VtdWt

. Let (Y ,Z ) a solution of BSDE(f,ξT )

By comparison theorem, if ξT ≥ OT , and f (t,Ot ,Vt) + Ut ≥ 0, then
Yt ≥ Ot∀t

The idea is to push the solution above Ot by adding some ”cash”,
when you need, f (t,Ot ,Vt) + Ut ≤ 0, in a minimal way. Working
with Yt − Ot , the problem may be rewritten as to push a solution of
BSDE above 0.
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Reflected BSDEs Reflected BSDEs and Americam options

Definition of Reflected BSDE Above 0
Yt = Φ +

∫ T
t f (s,Ys ,Zs)ds + KT −Kt −

∫ T
t ZsdWs ,

Yt ≥ Ot,

K is continuous, increasing, K0 = 0 and
∫ T

0 YtdKt = 0.

The above observation suggests to be looking for a process K
absolutely continuous w.r. to f (t, 0, 0)−dt,

dKt = αt1{Yt=0}f (t, 0, 0)−dt, αt ∈ [0, 1]
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Reflected BSDEs Reflected BSDEs and Americam options

Transformation of the problem
The problem is now expressed in terms of αt .

Regularization

Let φn a Lipschitz regularization of 1{y=0}, bounded by 1, and
decreasing.

• By the same method that above, one show the same properties
holds true, for the BSDEs with f n = f + φn(y) • to show that the
sequence Y n converges uniformly, and Z n strongly in L2 to a pair
(Y ,Z ), with Y ≥ 0.

• The only small difficulty is to show that dK n
t converges to a

solution with support {Yt = 0}
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Reflected BSDEs Reflected BSDEs and Americam options

Applications to optimal stopping problems

General obstacle Lower bound. For any stopping time τ ∈ Tt,T , one
has

Yt = E(Yt +

∫ T

t
f (s,Ys ,Zs)ds + Kτ − Kt −

∫ T

t
ZsdWs |Ft)

≥ E(Ot1τ<T + Φ1τ=T +

∫ τ

t
f (s,Ys ,Zs)ds|Ft),

which implies

Yt ≥ ess sup
τ∈Tt,T

E(Oτ1τ<T + ˘1τ=T +

∫ τ

t
f(s,Ys,Zs)ds|Ft).

Equality. The equality holds for τ ∗ = inf{u ∈ [t,T ] : Yu = Ou}∧T .
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Reflected BSDEs Reflected BSDEs and Americam options

Numerical Point of view

New interest for these kind with the swing options, the real options.

=⇒ The regular obstacle method is very interesting for numerical
methods since

I it gives an upper approximation (the penalisation app. gives a
lower bound).

I the bounds on the approximated driver depends less on n than
for the penalisation scheme.

I No available estimates on the rate of convergence w.r.t. n.

NEK (Paris VI/CMAP) BSDEs Lect II, Stability
Fields Intitute, 7 avril 2010, 18 /

70



Numerical methods

I Thanks to Emmanuel Gobet to allows me to use its beautiful
presentation of the numerical aspect of BSDEs

I The complete presentation may be find on the following site :

I http ://www.cmap.polytechnique.fr ?euroschoolmathfi09
Then, go to minicours
Find the slides of E.Gobet and J.Ma on BSDEs
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Numerical methods

Our aim :

I to simulate Y and Z
I to estimate the error, in order to tune finely the convergence

parameters.

Quite intricate and demanding since

I it is a non-linear problem (the current process dynamics depen
on the future evolution of the solution).

I it involves various deterministic and probabilistic tools (also
from statistics).

I the estimation of the convergence rate is not easy because of
the non-linearity, of the loss of independance (mixing of
independent simulations).
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Numerical methods Intricate combination of weak and strong approximations

Strong approximation.

(XN
t )0≤t≤T is a strong approximation of (Xt)0≤t≤T if

sup
t≤T
‖XN

t − Xt‖Lp → 0 (or ‖ sup
t≤T
|XN

t − Xt |‖Lp → 0) as N goes to ∞.

Weak approximation. For any test function (smooth or non
smooth), one has

E[f (XN
T )]− E[f (XT )]→ 0 as N goes to ∞.
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Numerical methods Intricate combination of weak and strong approximations

Examples.
Approximation of SDE : Xt = x +

∫ t
0 b(s,Xs)ds +

∫ t
0 σ(s,Xs)dWs .

Time discretization using Euler scheme. Define tk = k T
N = kh.

XN
0 = x , XN

tk+1
= XN

tk + b(tk ,XN
tk )h + σ(tk ,XN

tk )(Wtk+1 −Wtk ).

The simplest scheme to use. Converges at rate 1
2 for strong

approximation and 1 for weak approximation.

Milshtein scheme (not available for arbitrary σ) : rate 1 for both
strong and weak approximations.
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Numerical methods Intricate combination of weak and strong approximations

The BSDE case
We focus mainly on Markovian BSDE :

Yt = Φ(XT ) +
∫ T

t f (s,Xs ,Ys ,Zs)ds −
∫ T

t ZsdWs , where X is a
forward SDE. We know that Yt = u(t,Xt) and
Zt = ∇xu(t,Xt)σ(t,Xt), where u solves a semi-linear PDE
=⇒ to approximate Y ,Z , we need to approximate the function u(·),
the gradiant of u and the process X

I Y N
t = uN(t,XN

t ),

I in practice, XN is always random,

I although u is deterministic, uN may be random (e.g. Monte
Carlo approximations) : the randomness may come from
two different objects.
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Numerical methods Intricate combination of weak and strong approximations

Formal error analysis

E|Y N
t − Yt | ≤ E|uN(t,XN

t )− u(t,XN
t )|+ E|u(t,XN

t )− u(t,Xt)|

≤ |uN(t, ·)− u(t, ·)|L∞ + ‖∇u‖L∞E|XN
t − Xt |.

Two source of error :

I strong error related to E|XN
t − Xt |.

For the Euler scheme E|XN
t − Xt | = O(N−1/2).

I weak error related to |uN(t, ·)− u(t, ·)|L∞ .
Indeed, to see that this is a weak-type error, take f ≡ 0,
u(t, x) = E[Φ(XT )|Xt = x ], and the Euler scheme to
approximate the conditional law ofXT : from [BT96], one knows

|uN(t, ·)−u(t, ·)| = |E[Φ(XT )|Xt = x ]−E[Φ(XN
T )|XN

t = x ]| = O(N−1)

=⇒ Simulating accurately the underlying SDE in the strong
approximation sense is necessary (stated later).
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Numerical methods Resolution by dynamic programming equation

The grid

Time grid :

π = {0 = t0 < · · · < ti < · · · < tN = T}

with non uniform time step : |π| = maxi(ti+1 − ti).

We write ∆ti = ti+1 − ti and ∆Wti = Wti+1 −Wti .
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Numerical methods Resolution by dynamic programming equation

Heuristic derivation

From Yti = Yti+1 +
∫ ti+1

ti
f (s,Xs ,Ys ,Zs)ds −

∫ ti+1
ti

ZsdWs , we derive

Yti = E[Yti+1 +

∫ ti+1

ti
f (s,Xs ,Ys ,Zs)ds|Fti ],

E[

∫ ti+1

ti
Zsds|Fti ] = E[(Yti+1 +

∫ ti+1

ti
f (s,Xs ,Ys ,Zs)ds)∆W ∗

ti |Fti ]

Discrete backward iteration.

=⇒

ZN
ti = 1

´ti
E[YN

ti+1
´W∗

ti|Fti ],

YN
ti = E[YN

ti+1
+ ´tif(ti,XN

ti ,Y
N
ti+1
,ZN

t+i)|Fti ] and YN
T = ˘(XN

T).

The scheme is of explicit type.
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Numerical methods Resolution by dynamic programming equation

Implicit scheme
More closely related to the idea of discret BSDE.

(YN
ti ,Z

N
ti ) = arg min

(Y ,Z)∈L2(Fti )
E[YN

ti+1
+ ´tif(ti,XN

ti ,Y,Z)− Y − Z´Wti ]
2,

with Y N
tN = Φ(XN

tN ).

→

ZN
ti = 1

´ti
E[YN

ti+1
´W∗ti |Fti ],

YN
ti = E[YN

ti+1
|Fti ] + ´tif(ti,XN

ti ,Y
N
ti ,Z

N
ti ).

Needs a Picard iteration procedure to compute Y N
ti .

Well defined for |π| small enough (f Lipschitz).

Rates of convergence of explicit and implicit schemes coincide for
Lipschitz driver.

The explicit scheme is the simplest one, and presumably sufficient for
Lipschitz driver.
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Numerical methods Error analysis

Define the measure of the squared error

E(Y N − Y ,ZN − Z ) = max
0≤i≤N

E|Y N
ti − Yti |

2 +
N−1∑
i=0

∫ ti+1

ti
E|ZN

ti − Zt |2dt.

Theorem. For a Lipschitz driver w.r.t. (x , y , z) and 1
2 -Holder

w.r.t. t, one has

E(Y N − Y ,ZN − Z ) ≤ C (E|Φ(XN
T )− Φ(XT )|2 + sup

i≤N
E|XN

ti − Xti |
2

+|π|+
N−1∑
i=0

∫ ti+1

ti
E|Zt − Z̄ti |

2dt).

where Z̄ti = 1
∆ti

E(
∫ ti+1

ti
Zsds|Fti )
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Numerical methods Error analysis

Error Analysis

→ Different error contributions :

I Strong approximation of the forward SDE (depends on the
forward scheme and not on the BSDE-problem)

I Strong approximation of the terminal conditions (depends on
the forward scheme and on the BSDE-data Φ)

I L2-regularity of Z (intrinsic to the BSDE-problem).
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Numerical methods Strong approximation

Diffusion approximation

The easy part : using the Euler scheme

I supi≤N |XN
ti − Xti |L2 = O(N−1/2).

I If σ does not depend on x , rate O(N−1).

I Overwise, Milshtein scheme to get N−1-rate.
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Numerical methods Strong approximation

Strong approximation of the terminal condition

I If Φ Lipschitz, then E|Φ(XN
T )− Φ(XT )|2 ≤ L2

ΦE|XN
T − XT |2.

I New result if Φ is irregular, using the approximation theory
Some results of Avikainen [Avi09] for discontinuous function
Φ(x) = 1x≤a.

I Possible generalization to functions with bounded variation
[Avikainen ’09]

I For intermediare regularity functions, open questions.
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Numerical methods L2-regularity of Z

EZ (π) =
∑N−1

i=0

∫ ti+1
ti

E|ZN
ti − Zt |2dt. Theorem. [Convergence to 0]

Theorem. [Ma, Zhang ’02 ’04]

Assume a Lipschitz driver f and a Lipschitz terminal condition Φ.

Then Z is a continous process and EZ (π) = O(|π|) for any time-grid π.

No ellipticity assumption.

Key fact : Z can be represented via a linear BSDE ! ! It is proved using the

Malliavin calculus representation of Z component.
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Numerical methods L2-regularity of Z

The basics of Malliavin calculus :
Sensitivity of Wiener functionals w.r.t. the BM

For ξ = ξ(Wt : t ≥ 0), its Malliavin derivative (Dtξ)t≥0

∈ L2(R+ × Ω, dt ⊗ dP) is defined as

”Dtξ = ∂dWtξ(Wt : t ≥ 0).”

Basic rules.

I If ξ =
∫ T

0 htdWt with h ∈ L2(R+), Dtξ = ht1t≤T .

I For smooth random variables X = g(
T∫
0

h1
t dWt , . . . ,

T∫
0

hn
t dWt),

DtX =
∑n

i=1 ∂ig(. . .)hi
t1t≤T .

I Duality relation with adjoint operator D∗ :
Integration by parts formula :
E(
∫
R+ ut .Dtξdt) = E(D∗(u)ξ),

If u adapted and in L2, then D∗(u) =
∫ T

0 utdWt , usual
stochastic Ito-integral.
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Numerical methods L2-regularity of Z

Malliavin derivatives of (Y ,Z ) for smooth data

Theorem.

If Yt = Φ(XT ) +
T∫
t

f (s,Xs ,Ys ,Zs)ds −
T∫
t

ZsdWs , then for θ ≤ t ≤ T

DθYt = Φ′(XT )DθXT +

∫ T

t
[f ′x (s,Xs ,Ys ,Zs)DθXs

+f ′y (s,Xs ,Ys ,Zs)DθYs + f ′z (s,Xs ,Ys ,Zs)DθZs ]ds −
∫ T

t
DθZsdWs

=⇒ (DθYt ,DθZt)t∈[0,T ] solves a linear BSDE (for fixed θ).
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In addition :

I Viewing the BSDE as FSDE, one has Zt = DtYt.
I Due to DθXt = ∇Xt[∇Xθ]

−1σ(θ,Xθ), we get

(DθYt,DθZt) = (∇Yt[∇Xθ]−1σ(θ,Xθ),∇Zt[∇Xθ]−1σ(θ,Xθ)),

where

∇Yt = Φ′(XT )∇XT +

∫ T

t
[f ′x (s,Xs ,Ys ,Zs)∇Xs

+f ′y (s,Xs ,Ys ,Zs)∇Ys + f ′z (s,Xs ,Ys ,Zs)∇Zs ]ds −
∫ T

t
∇ZsdWs .

The explicit representation of the LBSDE yields [Ma, Zhang ’02]

Zt = ∇Yt [∇Xt ]−1σ(t,Xt)

= E[Φ′(XT )∇XT Γt
T +

∫ T

t
f ′x(s,Xs ,Ys ,Zs)∇XsΓs

Tds|Ft ][∇Xt ]−1σ(t,Xt).
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Z-regularity∑N−1
i=0

∫ ti+1
ti

E|Zt − Z̄ti |2dt

Following from this representation, to Ito-decomposition of Z
contains :

I an absolutely continuous part (in dt) → easy to handle.
I a martingale part M (in dWt) :

N−1∑
i=0

∫ ti+1

ti
E|Mt − M̄ti |2dt ≤ |π|E(M2

T −M2
0 )!!

Possible extensions to L∞-functionals [Zhang ’04], to jumps

[Bouchard, Elie ’08], to RBSDE [Bouchard, Chassagneux ’06], to

BSDE with random terminal time [Bouchard, Menouzzi ’09].
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Other methods :Gobet and alii

I The case of irregular function Φ(XT ), with strict ellipticity

I Error expansion for smooth data and uniform grid [G.,Labart
’07]

I Resolution by Picard’s iteration, as limit of linear BSDE :

[Bender, Denk ’07] ; [G.,Labart ’09] with adaptive control variates.

Smaller errors propagation compared to the dynamic programming

equation.
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Computations of the conditional expectations
Our objective : to implement the dynamic programming equation = to

compute the conditional expectations → the crucial step ! !

Different points of view :

I the conditional expectation is a projection operator : if Y∈L2, then

E(Y |X ) = Arg min
m∈L2(PX )

E(Y −m(X ))2.

→ this is a least-squares problem. What for ?

- To simulate the random variable m(X ) ? one only needs its law.

- To compute the regression function m ? finding a function of

dimension = dim(X ) → curse of dimensionality.

I Markovian setting : E(g(Xti+1)|Xti ) with (Xti )i Markov chain.

- To compute the transition operator from Xti to Xti+1 ?

- To compute the integral of g w.r.t. PXti+1 |Xti
(dx) ?

- To simulate the transition ?
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I How many regression function to compute ?
Answer. For the DPE of BSDEs, N regression functions and
N →∞.

vN(ti , x) = 1
∆ti

E(uN(ti+1,XN
ti+1

)∆W N
ti = x),

uN(ti , x) =E(uN(ti+1,XN
ti+1

)+∆ti f (ti , x , uN(ti+1,XN
ti+1

), vN(ti+1, x)|XN
ti =x)),

uN(T , x) =Φ(x).

I In which points X ∈ Rd ?

Answer. Potentially, many . . .

All is a question of global efficiency = balance

between accuracy and computational cost
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Markovian setting

Based on E(g(Xti+1)|Xti ) =
∫

g(x)PXti+1 |Xti
(dx) = m(Xti ).

If m(.) are required at only few values of Xti = x1, . . . , xn :

I one can simulate M independant paths of Xti+1 starting from

Xti = x1, . . . , xn and average them out (usual Monte Carlo

procedures).

I but if needed for many i , exponentially growing tree ! !

How to put constraints on the complexity ?

One possibility for one-dimensional BM (or Geometric BM) : replace the

true dynamics by that of a Bernoulli random walk (binomial tree).

The size of the tree grows linearly with N since it recombines.

In practice, feasible in dimension 1.

Convergence : see [Ma, Protter, San Martin, Torres ’02].

Available for Ornstein-Uhlenbeck process (trinomial tree).
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Computations of the conditional expectations
Representation of conditional expectation using Malliavin

calculus

3.2 Representation of conditional expectation

using Malliavin calculus

[Fournié, Lasry, Lebuchoux, Lions ’01 ; Bouchard, Touzi ’04 ; Bally,
Caramellino, Zanette ’05 . . .]

Theorem. [integration by parts formula] Suppose that for any smooth f , one has

E(f k(F )G ) = E(f (F )Hk(F ,G ))

for some r.v. Hk(F ,G ), depending on F ,G , on the multi-index k but not on f .

Then, one has

E(G |F = x) =
E(1F1≤x1,...,Fd≤xd H1,...,1(F ,G ))

E(1F1≤x1,...,Fd≤xd H1,...,1(F , 1))
.

Formal proof (d = 1) :
E(G |F = x) = E(Gδx (X ))

E(δx (X )) =
E(G(1F≤x )′)
E((1F≤x )′) =

E(1F≤xH1(F ,G))
E(1F≤xH1(F ,1)) .NEK (Paris VI/CMAP) BSDEs Lect II, Stability
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Representation of conditional expectation using Malliavin

calculus

I The H are obtained using Malliavin calculus, or a direct
integration by parts when densities are known.

I Actually, we look for H(F ,G ) = GH̃(F ,G ). Representation with
factorization not so immediate to obtain (possible for SDE).

I In practice, large variance → need some extra localization
procedures.

I For non trivial dynamics, the computational time needed to
simulate H may be high.

I For BSDEs, available rates of convergence w.r.t. N and M
[Bouchard, Touzi ’04] using N independent set of simulated
paths.
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Statistical regression model : Y = m(X ) + ε, with E[ε|X ] = 0.

X is called the (random) design.

Large literature on statistical tools to approximate E[Y |X ].

References [Hardle ’92 ; Bosq, Lecoutre ’87 ; Gyorfi, Kohler, Krzyzak,

Walk ’02]

Problem : compute m(·) using M independent ( ?) samples
(Yi ,Xi)1≤i≤M .

Usually estimation errors in the literature are not sufficient for our
purpose :

I the law X may not have a density w.r.t. Lebesgue measure.
I the support of the law of the X is never bounded ! !
I . . .

In addition, the samples are not independant (since one has N-times
iteration in the discrete BSDE).
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Discussions of non parametric regression tools

from theoretical/practical points of view

3.3.1. Kernel estimators

E[Y |W = x ] ≈
1
hd

∑M
i=1 K ( x−Xi

h )Yi
1
hd

∑M
i=1 K ( x−Xi

h )
= mM,h(x), where

I the kernel function is defined on the compact support [−1, 1],

bounded, even, non-negative, C 2
p and

∫
Rd K (u)du = 1,

I h > 0 is the bandwith.

Non-integrated L2-error estimates available.

Remaining problems with the non-compact support of X (partially solved

recently in [G., Labart ’09]) using weighted Sobolev space estimates).

Computational efficiency : to compute mM.h at one point, M

computations.
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3.3.1. Projection on a set of functions

Set of functions : (φk)0≤k≤K .

E(Y |X ) = argmin
g

E(Y−g(X ))2 ≈ arg min∑K
k=1 αkφk(·)

(Y−
K∑

k=1

αkφk(X ))2.

Computations of the optimal coefficients (αk)k : it solves the normal
equation

Aα = E(Yφ), where Ai ,j = E(φi(X )φj(X )), [E(Yφ)]i = E(Yφi(X )).

I For simplisity, one should have a system of orthonormal
functions (w.r.t the law of X ).

I In practice, impossible except in few cases (Gaussian case using
Hermitte polynomials,. . . ).

I In many situations, the law X is not explicitely known.
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I If the system is not orthonormal, one should compute A and invert it.

Its dimensions is expected to be very large : K →∞ to ensure

convergent approximations.

Presumably big instabilities (ill-conditioned matrix) to solve this

least-squares problem [Golub, Van Loan ’96].

I In practice, A is computed using simulations, as well E[Yφ].

Equivalent to solve the empirical least-squares problem :

(αM
k )k = argmin

α

1
M

M∑
m=1

(Y m −
K∑

k=1

αkφk(Xm))2.

CLT At fixed K , if A is invertible, one has

limM→∞
√

M(αM − α) = N (0, . . .).

I Which set of functions leads to quick/efficient computations of

(αN
k ) ?

I How to prove convergence rates of α.φ(·)−m(·) as M →∞ and

K →∞ (for general laws for (X ,Y )) ?
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The case of polynomial functions

I Popular choice.
I Smooth approximation.
I Global approximation : within few polynomials, a smooth m(.)

can be very well approximated.
I But show convergence for non smooth functions (non-linear

BSDEs may lead non-smooth functions).
I Do projections on polynomials converge to m(.) ?
⊕k≥0(P)k(X ) = L2(X ) ? If for some a > 0 one has
E(ea|X |) <∞, then polynomials are dense in L2-functions.
Proof. Related to the moment problems. Is a r.v. characterized
by its polynomial moment ? In particular, if X is log-normal,
ortonomials of X are not dense in L2 (Feller counter-exemple) ! !
Compare with Longstaff-Schwartz algorithm [LS01].

Question : In the good cases, convergence rates ?
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The case of local approximation

Piecewise constant approximations φk = 1Ck , where the subsets
(Ck)k forms a tesselation of a part of Rd : Ck ∩ Cl = ∅ for l 6= k .

arg inf
g=

∑
k αk1Ck

E(Y − g(X ))2 or arg inf
g=

∑
k αk1Ck

EM(Y − g(X ))2?

The "matrix"

A = (E(φi (X )φj(X )))i ,j is diagonal : A = Diag(P(X ∈ Ci )i )) =⇒

αk =


E(Y 1X∈Ck )

P(X∈Ck)
= E(Y |X ∈ Ck) if P(X ∈ Ck) > 0,

0 if P(X ∈ Ck) = 0,

αM
k =

 1
#{m:Xm∈Ck}

∑
m:Xm∈Ck Y m if #{m : Xm ∈ Ck} > 0,

0 if #{m : Xm ∈ Ck} = 0.

Possible easy extensions to piecewise affine functions (or

polynomials).
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Rate of approximations of a Lipschitz regression function
m(.)

Size of the tesselation : |C| ≤ supl sup(x ,y)∈Cl |x − y |.

Given a probability measure µ : µ = PX or µ = 1
M
∑M

m=1 δXm(.).

inf
g=

∑
k αk1Ck

∫
Rd
|g(x)−m(x)|2µ(dx)

≤
∑
k

∫
Ck
|m(xk)−m(x)|2µ(dx) +

∫
[∪kCk ]c

m2(x)µ(dx)

≤
∑
k

|C|2µ(Ck) + |m|2∞µ([∪kCk ]c) ≤ |C|2 + |m|2∞µ([∪kCk ]c).

I We expect the tesselation size to be small.

I The complementary µ([∪kCk ]c) has to be small (tail estimates).

I Model-free error-estimates.

I Optimal estimates for Lipschitz functions.
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Efficient choice of tesselation ?

Given x ∈ Rd , how to locate efficiently the Ck such that x ∈ Ck ?

I Voronoi tesselations associated to a sample (XK )1≤k≤K of
the underlying r.v. X : Ck = {z ∈ Rd : |z−X k | = minl |z−X l |}.
Closed to quantization ideas.
Theorically, there exists searching algorithms with a cost
O(log(K )).

I Regular grid (hepercubes).
k = (k1, . . . , kd ) ∈ {0, . . . ,K1 − 1} × . . .× {0, . . . ,Kd − 1} define
Ck =[−x1,min+∆x1k1,−x1,min+∆x1(k1+1)[×· · ·×[−xd,min+∆xdkd ,−xd,min+∆xd (kd +1)[

Tesselation size = O(maxi ∆xi )

Quick search formula :

x ∈ Ck with k = (k1, . . . , kd ) if xi ,min ≤ xi ≤ xi ,max and ki = b
xi − xi ,min

∆xi
c.
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3.4 Model-free estimation of the regression error [GKKW02]

In the BSDEs framework, see [Lemor, G., Warin ’06].

Working assumptions :

I Y = m(X ) + ε with E(ε|X ) = 0.

I Data : sample of independant copies (X1,Y1), . . . , (Xn,Yn).

I σ2 = supx Var(Y |X = x) <∞

I Fn = Span(f1, . . . , fKn ) a linear vector space of dimension Kn, which may
depend on the data !

Notations : |f |2n = 1
n

∑n
i=1 f 2(Xi ). Write µn for the empirical measure

associated to (X1, . . . ,Xn).

m̂n(.) = arg min
f∈Fn

1
n

n∑
i=1

|f (Xi )− Yi |2.

Theorem. L2(µn)-error : E(|m̂n −m|2n|X1, . . . ,Xn) ≤ σ2Kn

n
+ min

f∈Fn
|f −m|2n.

A little extra work would give bounds in L2(µ).
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Proof

W.l.o.g., we can assume that

I (f1, . . . , fKn ) is orthonormal family in L2(µn) : 1
n

∑
i fk(Xi )fl(Xi ) = δk,l .

=⇒ The solution of argminf∈Fn
1
n

∑n
i=1 |f (Xi )− Yi |2 is given by

m̂n(.) =
∑

j

αjfj(.) with αj =
1
n

∑
i

fj(Xi)Yi.

Lemma. Denote E∗(.) = E(.|X1, . . . ,Xn). Then E∗(m̃n(.)) is the least-squares
solution of argminf∈Fn

1
n

∑n
i=1 |f (Xi )−m(Xi )|2 = argminf∈Fn |f −m|2n.

Proof.

I The above least-squares solution is given by
∑

j α
∗
j fj(.) with

α∗j = 1
n

∑
i fj(Xi )m(Xi ).

I As a conditional expectation, E∗(m̃n(.)) =
∑

j E∗fj(.). Then,

E∗(αj) =
1
n

∑
i

fj(Xi )E∗(Yi ) =
1
n

∑
i

fj(Xi )E(m(Xi ) + εi |X1, . . . ,Xn) = α∗j .
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Pythagore theorem : |m̃n −m|2 = |m̃n −E∗(m̃n −E∗(m̃n))|2n + |E∗(m̃n)−m|2n.

Then, E∗|m̃n −m|2n = E∗|m̃n − E∗(m̃n)|2n + |E∗(m̃n)−m|2n
= E∗|m̃n − E∗(m̃n)|2n + min

f∈Fn
|f −m|2n.

Since (fj)j is orthonormal in L2(µn), we have

|m̃n − E∗(m̃n)|2n =
∑

j

|αj − E∗(αj)|2.

Thus, using αj − E∗(αj) = 1
n

∑
i fj(Xi )(Yi −m(Xi )), we have

E∗|m̃n − E∗(m̃n)|2n =
∑

j

1
n2E

∗
∑
i,l

fj(Xi )fj(Xl)(Yi −m(Xi ))(Yl −m(Xl))

=
∑

j

1
n2

∑
i

f 2
j (Xi )Var(Yi |Xi )

since the (εi )i conditionnaly on (X1, . . . ,Xn) are centered.

=⇒ E∗|m̃n − E∗(m̃n)|2n ≤ σ2
∑

j

1
n2

∑
i

f 2
j (Xi ) = σ2 Kn

n
.
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Uniform law of large numbers

Z1:n = (Z1, . . . ,Zn) a i.i.d. sample of size n.

For G ⊂ {g : Rd 7→ [0,B]}, one needs to quantify

P[∀g ∈ G : |1
n

n∑
i=1

g(Zi )− Eg(Z )| > ε]

as a function of ε and n ?

By Borel-Cantelli lemma, may lead to uniform laws of large
numbers :

sup
g∈G
|1
n

n∑
i=1

g(Zi )− Eg(Z )| → 0 a.s.

as n→∞.NEK (Paris VI/CMAP) BSDEs Lect II, Stability
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ε-cover of G

Definition. For a class of functions G and a given empirical measure µn

associated to n points Z1:n = (Z1, . . . ,Zn), we define a ε-cover of G w.r.t.
L1(µn) by a collection (g1, . . . , gN) in G such that

for any g ∈ G, there is a j ∈ {1, . . . ,N} s.t. |g − gj |L1(µn) < ε.

Set N1(ε,G,Z1:n)=the simplest size N of ε-cover of G w.r.t. L1(µn).

Theorem. For G ⊂ {g : Rd 7→ [−B,B]}. For any n and any ε > 0, one has

P(∀g ∈ G : |1
n

n∑
i=1

g(Zi)− Eg(Z)| > ε) ≤ 8E(N1(ε/8,G,Z1:n)) exp(− nε2

512B2 ).

Theorem. If G = {−B ∨
∑

k αkφk(.) ∧ B : (α1, . . . , αK ) ∈ RK}, then

N1(e,G,Z1:n) ≤ 3
(4eB

ε
log(

4eB
ε

)
)K+1

.

Enables to replace an empirical mean by its expectation, up to error ε with high

probability (explicitely quantified).
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Applications to numerical solution of BSDEs using empirical

simulations [LGW06]

3.5 Applications to numerical solution of BSDEs using
empirical simulations [LGW06]

Regular time grid with time step h = T
N +Lipschitz f , Φ, b and σ.

Towards an approximation of the regression operators

Truncation of the tails using a threshold R = (R0, . . . ,Rd ) :

[∆Wl ,k ]w = (−R0
√

h) ∨∆Wl ,k ∧ (R0
√

h),

f R(t, x , y , z) = f (t,−R1 ∨ x1 ∧ R1, . . . ,−Rd ∨ xd ∧ Rd , y , z),

ΦR(x) = Φ(−R1 ∨ x1 ∧ R1, . . . ,−Rd ∨ xd ∧ Rd ).

→ Localized BSDEs

Define Y N,R
T (XN

tk ) = ΦR(XN
tk ) andZN,R

l ,tk
= 1

hE[Y N,R
tk+1

[∆Wl ,k ]w |Ftk ],

Y N,R
tk = E[Y N,R

tk+1
+ hf R(tk ,XN

tk ,Y
N,R
tk+1

,ZN,R
tk )|Ftk ].
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Applications to numerical solution of BSDEs using empirical

simulations [LGW06]

Proposition. For some Lipschitz functions yN,R
k (•) and zN,R

k (•), one has :

ZN,R
l,tk

= 1
hE(Y N,R

tk+1
[∆Wl,k ]ω|Ftk ) = zN,R

l,k (XN
tk ).

Y N,R
tk = E(Y N,R

tk+1
+ hf R(tk ,XN

tk ,Y
N,R
tk+1

,ZN,R
tk )|Ftk ) = yN,R

k (XN
tk ).

a) The Lipschitz constants of yN,R
k (•) and N−1/2zN,R

k (•) are uniform in N and R.

b) Bounded functions : supN(‖ yN,R
k (•) ‖∞ +N−1/2 ‖ zN,R

k (•) ‖∞) = C? <∞

Proposition. (Convergence as |R| ↑ ∞) For h small enough, one has

max
0≤k≤N

E|Y N,R
tk − Y N

tk |
2 + hE

N−1∑
k=0

|ZN,R
tk − ZN

tk |
2

≤ CE|Φ(XN
tn )− ΦR(XN

tN )|2 + C
1 + R2

h

N−1∑
k=0

E(|∆Wk |21|∆Wk |≥R0
√

h)

+ ChE
N−1∑
k=0

|f (tk ,XN
tk ,Y

N
tk+1

,ZN
tk )− f R(tk ,XN

tk ,Y
N
tk+1

,ZN
tk )|2.

→ Small impact of the threshold R. But more numerical stability.NEK (Paris VI/CMAP) BSDEs Lect II, Stability
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Computations of the conditional expectations
Applications to numerical solution of BSDEs using empirical

simulations [LGW06]

Approximation of yN,R
k (•) and zN,R

k (•)

Projection on a finite dimensional space :

yN,Rk (•) ≈ α0,k.p0,k(•), zN,Rl,k (•) ≈ αl,k.pl,k(•).

(for instance, hypercubes as presented before).

Coefficients will be computed by extra M independent simulations of

(XN
tk )k and (∆Wk)k → {(XN,m

tk )k}m and {(∆W m
k )k}m (only one set of

simulated paths).

In addition, we impose boundedness properties :

yN,R,Mk (•) = [αM0,k.p0,k(•)]y, zN,R,Ml,k (•) ≈ [αMl,k.pl,k(•)]z,

where [ψ]y = −C? ∨ ψ ∧ C?, [ψ]z = −C?N1/2 ∨ ψ ∧ C?N1/2.

→ Ytk ≈ yN,R,M
k (XN

tk ), Zl ,tk ≈ zN,R,M
l ,k (XN

tk ).
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The final algorithm

→ Initialization : for k = N take yN,R
N (·) = ΦR(·).

→ Iteration : for k = N − 1, · · · , 0, solve the q least-squares problems :

αM
l ,k = arg inf

α

1
M

M∑
m=1

|yN,R,M
k+1 (XN,m

tk+1
)

[∆W m
l ,k ]ω

h
− α · pl ,k(XN,m

tk )|2

Then compute αM
0,k as the minimizer of

M∑
m=1

|yN,R,M
k+1 (XN,m

tk+1
)+hf R(tk ,X

N,m
tk , yN,R,M

k+1 (XN,m
tk+1

), [αM
l,k ·pl,k(XN,m

tk )]z)−α·p0,k(XN,m
tk )|2.

Then define yN,R,M
k (•) = [αM

0,k · p0,k(•)]y , zN,R,M
l ,k (•) = [αM

l ,k · pl ,k(•)]z .

Error analysis

1. M =∞ : quite easy to analyse.

2. For fixed N and fixed set of functions, Central Limit Theorem on α as
M →∞.

3. Non asymptotic estimates ? hard because dependent regression operators.
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Robust error bounds

Theorem. Under Lipschitz conditions (only !), one has

max
0≤k≤N

E|Y N,R
tk − yN,R,M

k (SN
tk )|2 + h

N−1∑
k=0

E|ZN,R
tk − zN,R,M

k (SN
tk )|2

≤ C
C 2
? log(M)

M

N−1∑
k=0

q∑
l=0

E(KM
l,k) + Ch

+ C
N−1∑
k=0

{inf
α
E|yN,R

k (SN
tk )− α · p0,k(SN

tk )|2 +

q∑
l=1

{inf
α
E|
√

hzN,R
l,k (SN

tk )− α · pl,k(SN
tk )|2}

+ C
C 2
?

h

N−1∑
k=0

{
E[KM

0,k exp(− Mh3

72C 2
?KM

0,k
) exp(CK0,k+1 log

CC?(KM
0,k)

1
2

h
3
2

)]

+ hE[KM
l,k exp(− Mh2

72C 2
?R2

0KM
l,k

) exp(CK0,k+1 log
CC?R0(KM

l,k)
1
2

h
)]

+ exp(CK0,k log
CC?
h

3
2

) exp(− Mh3

72C 2
?

)
}
.
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Convergence of the parameters in the cases of HC functions

For a global squared error of order ε = 1
N , choose :

1 Edge of the hypercube : δ ∼ C
N .

2 Number of simulations : M ∼ N3+2d .

Available for a large class of models on X , which depend essentially
on L2 bounds on the solution (no ellipticity condition, with or
without jump. . . ).

Complexity/accuracy

Global complexity : C ∼ ε−
1

4+2d .

Techniques of local duplicating of paths : C ∼ ε−
1

4+d .
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3.6 Numerical results (mainly due to J.P. Lemor)

Ex.1 : bid-ask spread for interest rates

I Black-Scholes model and Φ(S) = (ST − K1)+ − 2(ST − K2)+.

I f (t, x , y , z) = −{yr + zθ − (y − z
σ )−(R − r)}, θ = µ−r

σ .

I Parameters :
µ σ r R T S0 K1 K2

0.05 0.2 0.01 0.06 0.25 100 95 105

N = 5, δ = 5 N = 20, δ = 1 N = 50, δ = 0.5
M D = [60, 140] D = [60, 200] D = [60, 200]

128 3.05(0.27) 3.71(0.95) 3.69(4.15)

512 2.93(0.11) 3.14(0.16) 3.48(0.54)

2048 2.92(0.05) 3.00(0.03) 3.08(0.12)

8192 2.91(0.03) 2.96(0.02) 2.99(0.02)

32768 2.90(0.01) 2.95(0.01) 2.96(0.01)

Table: Results for the combination of Calls using HC.
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Global polynomials (GP)

Polynomials of d variables with a maximal degree.

N = 5 N = 20 N = 50 N = 50

M dy = 1, dz = 0 dy = 2, dz = 1 dy = 4, dz = 2 dy = 9, dz = 9

128 2.87(0.39) 3.01(0.24) 3.02(0.22) 3.49(1.57)

512 2.82(0.20) 2.94(0.12) 2.97(0.09) 3.02(0.1)

2048 2.78(0.07) 2.92(0.07) 2.92(0.0.04) 2.97(0.03)

8192 2.78(0.05) 2.92(0.04) 2.92(0.02) 2.96(0.01)

32768 2.79(0.03) 2.91(0.02) 2.91(0.01) 2.95(0.01)

Table: Results for the calls combination using GP.
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Ex.2 : locally-risk minimizing strategies (FS decomposition)

Heston stochastic volatility models [Heath,Platen,Schweizer ’02] :

dSt

St
= γY 2

t dt + YtdWt , dYt = (
c0

Yt
− c1Yt)dt + c2dBt .

Functions HC,
parameters (N, δ).
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American options via RBDSDEs : several approaches

1. Talking the max with obstacle → Bermuda options (lower
approximation)

Y n
tk = max(Φ(tk , SN

tk ),E(Y N
tk+1
|Ftk ) + hf (tk , SN

tk ,Y
N
tk ,Z

N
tk )),

ZN
l ,tk =

1
h
E(Y N

tk+1
∆Wl ,k |Ftk ).

2. Penalization. Obtained as the limit of standard BSDEs with driver

f (s, Ss ,Ys ,Zs) + λ(Ys − Φ(s, Ss))− with λ ↑ +∞.

Lower approximation.

3. Regularization of the increasing process : when

dΦ(t, St) = Utdt + VtdWt + dA+
t ,

then dKt = αt1Yt=Φ(t,St)(f (t, St ,Φ(t, St),Vt) + Ut)−dt with αt ∈ [0, 1].

Obtained as a limit of standard BSDEs with driver

f (s, Ss ,Ys ,Zs) + ρλ(Ys − Φ(s, Ss))(f (s, Ss ,Φ(s, Ss),Vs) + Us)− etc...

Upper approximation.
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Ex.3 : American options on tree assets

I Payoff g(x) = (K − (
∏3

i=1 xi)
1
3 )+.

I Black-Scholes parameters :
T r σ K S i

0 d

1 0.05 0.4Id 100 100 1
I Reference price 8.93 (PDE method).
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Functions HC(1,0) with

local polynomials of degree

1 for Y and 0 for Z .

Regularisation : N = 32,

δ = 9, λ = 2.

Max : N = 44, δ = 7.

Penalization : N = 60,

δ = 2, λ = 2.
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Ex.4 : American options on ten assets

I d = 10 = 2p. Multidimensional Black-Scholes model :
dS l

t
S l

t
= (r − µl)dt + σldW l

t .

I Payoff : max(x1 · · · xp − xp+1 · · · x2p, 0).

I r = 0, dividend rate µ1 = −0.05, µl = 0 for l ≥ 2. σl = 0.2√
d
.

T = 0.5. S i
0 = 40

2
d , 1 ≤ i ≤ p. S i

0 = 36
2
d , p + 1 ≤ i ≤ 2p.

I Reference price 4.896, obtained with a PDE method
[Villeneuve, Zanette 2002].

I Price with quantization algorithm : 4.9945
[Bally-Pages-Printemps 2005].
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Functions HC(1,0).
Max : N = 60, δ = 0.6.

Computational time :

15 seconds.
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