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The original problem: Perturbed McMillan family
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where

e They are area preserving maps.

e /,=coshh,h>0,e¢€R,

e V=5, Viy?" is a holomorphic function in
B={(y,h,e) € C*| ly| <o, |h|] < ho, |g| <eg}

V' is odd in y and even in h,

there exists C' > 0 such that |V'(y, 0, )| < Cly|° for |y| < yo,
e| < eo.




The original problem: Dynamics around the origin

(0,0) is a fixed point for all h, .

Spec DF(0,0) = {e",e™"} = (0, 0) is a weakly hyperbolic point.

h 1s the characteristic exponent.
(0, 0) has invariant unstable and stable curves, W**

W% admit natural parametrizations

(@%5(1), y™° (1)),

such that




The integrable case

When ¢ = 0, the McMillan family 1s integrable.

H(x,y) = (2* — 2uzy + y° + 2°9°)/(2),

1s a first integral.




Reversibility

McMillan maps of this family are reversible:

F'=RoFoR, R(z,9) = (y,x),

that is, conjugated with its inverse by an involution (R~! = R).

Consequences:

e if z¥(t) is a natural parametrization of W*, z%(t) = Ro z%(—t) is a

natural parametrization of W?.
e the intersections of W* with y = x are homoclinic points

e for ¢ = 0, separatrix intersects transversely y = £ = homoclinic

points for |e| small.




Perturbed case: the problem
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problem: to give an asmptotic formula for the area of one of the lobes
between W* and W?°,




Perturbed case. Previous results

When V 1s entire and
e=0(h’/Inh),h — 0"

Delshams & Ramirez-Ros (98) proved that the separatrix splits.

The area of one of the lobes between W* and W * is given by

3 —72/h 2
A =8meV (2m)e (14+0O(h7)),

The leading term was obtained computing a Melnikov formula. Smallness
condition on € 1s necessary in order that the Melnikov formula gives the right

prediction of the area.

The coefficient V (2) in formula (1) is the Borel transform of the perturbative

potential at 27, where




Main Theorem

The area of the lobes between W* and WW*° 1s given by

A =By()e ™ (1 +0(1)),

for |e| < 1/2|V5|, 0 < h < hqg(e),
(o(1) stands for |o(1)| < g(h), with limj,_,q+ g(h) = 0).

That is, the formula is valid for independent € and h.

Moreover,
By(e) = 8meV (2m) + O(£?).



Techniques used

We do

e use outer approximations far from the singularities of the homoclinic
nonperturbed separatrix,

e use resurgence theory to study the solutions of the inner equations

and their difference,

e use matching techniques to continue functions up to distance
~ hln1/h of the singularities

e We do not use flow box coordinates




Parametrizations of 1/**
Symmetries imply that natural parametrizations of W™ ° are
27(t) = (@7 (1), y"" (1) = (€77 (t — h/2),£77 (¢ + h/2)).
where &(t) satisfies

2¢(1)
L+£2(t)

+ eV (&(t)),

EX+h)+&(t—h)=p
with boundary conditions

lim &(t) =0, forg"

t——0o0

lim £(¢) =0, foré&”.

t— 00
Moreover, we will require £(—h/2) = £(h/2), which implies that z“(0) = 2°(0)

1s a homoclinic point.




Finding ¢“ and £°: Outer expansions (I)

£"° are both solutions of the difference equation

26(1)
1+ 82()

with different boundary conditions.

E(t+h)+&(t—h)=p +eV'(£(t)),  p=coshh

Expanding formally the solution in h,

£(t, e, h) Zh%“

k>0

and imposing the boundary conditions

lim &x(t,e) =0, ( lim &k(t,e) =0) &(—h/2,¢e) = &k(h/2,¢),

t——o00 t——+o0

gives the same (divergent) expansion for £* and £°.




Finding ¢“ and £°: Outer expansions (II)
Integrable case.

When € = 0, the map is integrable and we obtain:

gu(ta Oa h) — gs(ta 07 h) — ’£O<t7 h) — COth, Y = sinh h.

Its closest singularities to the real line are +im /2.
General case.

Although the series Zk>0 h%ﬁ' 1 1s divergent, it satisfies (in some domain, at
distance 0 > h from +im/2)

h2N—|—1
T+ i 2PN

“(t,e, h) Zh%“ (t,e)| < Cn

It is the outer expansion. Since the outer expansion is the same for £°, this implies

that £* and £° coincide beyond all orders.




The problem: Inner expansions

Study the behavior of £"-* for ¢ close to i /2: change

z=(t—1im/2)/h, o(z) = &(im/2 + hz).

Full Inner Equation

¢z + 1)+ ¢z = 1) = F(d(2), h,¢),

where z — ¢(z) is the unknown scalar function and

2(cosh h)y
1+ 92

F(y,h,e) =

+eV'(y, h,€),



The problem

The h?-expansion

We can expand
F(y,h,e) = Z " Fo(y, ).

n>0

Looking for a solution of (3) in the form

¢= h"¢n(z¢)

n>0

and expanding in powers of h2.




We get the “inner equation”

2§b0 (Z)

¢0(Z+1>+¢0<2_1) — f(QbO(Z)vO?g) — 1 +¢0(Z)2

+eV'(¢po(2),0,¢€)
(6)

and a system of “secondary inner equations”
On(z4+ 1)+ dp(z—1) = F,(z,¢), n>1, (7)

where the right-hand sides are determined inductively:

Fn — 8yf(§/50, O,E)an =+ fnv

fn is the coefficient of A*™ in F(¢g + h%¢1 + -+ + h2(n=Dg 1. h, €)
(while F;, is the coefficient of h?™ in F(¢pg + h?¢py + - - - + h*" ¢y, h, €)).




Study of the inner equation

Determine “formal solutions”(with respect to z) ®,,(z, €;b) of
equations (7) depending on a free parameter b € CN .

~

®,,(z,¢;b) are generically divergent

We will study the analytic continuations of their Borel transforms

®,,(¢, e;b), which are analytic in a neighborhood of the origin.

Borel-Laplace summation then leads to solutions ®7 and ¢
holomorphic in two different domains of the z-plane, the difference
between them being related to complex singularities of the Borel
transforms.

The analysis of the singularities in the Borel plane will be performed
with the help of the alien derivations introduced by J. Ecalle in his

resurgence theory, and will give access to the precise asymptotic
behaviour of 7 — O




Formal solutions

Theorem For each ¢, the inner equation has a unique odd formal
solution ®(z, ) of the form —iz~' + O(z~3).

The solutions ¢ € C((z~1))[[#?]] of the full inner equation which are odd
in z and such that [qg]o = §>0 are 1n one-to-one correspondence with the
sequences b € CN:

O(z, h,e:b) =

where ®,,(z,€;b1,...,b,) € 24”_1C[[2_1]] and the coefficients of the
formal series ®,, depend analytically on €. .

Moreover,

bhh=0 < VYn>1, ®,(z,ebi,...,b,) € 22" 1C[[z~ Y]

The general solution of (3) in C((z~1))[[A?]] is £®(z + a(h), h, €; b),
with arbitrary a(h) € C[[h?]] and b € CY".




The integrable case ¢ = 0

For ¢ = 0, we know explicitly the solution of (3) which is related to the
separatrix:
0 __: sinhh
¢ (Z, h> 1sinh(hz) , )
—iz7t + i%(z —z ) — ighﬁ(ht‘3 — 10z + 3271 + ...
(8)

A certain choice b* (0) of b leads to ®(z, h, 0;b*(0)) = ®°(z, h).

In particular
Dy(2,0) = —iz™}

(723 — 102 + 3271), ete.




The integrable case ¢ = 0

All the series @n(z, 0;b1,...,b,) are convergent; in fact, they are

polynomials up to the factor z 71

For any b € CY',

~

vn>1, &,(2,0;b,...,b,) € 27 1C[z].

When € = 0 the formal solution is given by a convergent series.

For nonzero ¢, the formal solutions of (3) are deformations of ®°. But
they are divergent in z.

Wee shall deduce analytic solutions from them using resurgence theory.




Borel transform

We define the Borel transform




Borel transform

e It is a linear operator which cancels out the polynomial part of ((z2).

e O((¢) € C{C} means that p(z) is Gevrey-1, that is, there exist C, K > 0
such that |a,| < CKPpl.

e ©(z) is convergent for |z| large enough, then ¢({) must define an entire

function of exponential type.

In the case of the formal solutions of our equations, we shall see that the
Borel transforms converge near the origin, but the holomorphic functions
of ¢ thus defined are generically not entire: their analytic continuations
are singular at +271 (thus the formal solutions themselves are not

convergent).




Borel transform

We consider the cut plane R® = C \ £27i [1, +00), which will be the
common holomorphic star of the B®,,’s.

Definition 1 For any p € (0,27), we set

RY = {¢ € C|dist ([0,¢],2mi) > p, dist ([0,¢], —2mi) > p} C RY




Borel transform

We define RES(®) to be the set of all ¢ € C{(} such that

1. ¢(¢) extends analytically to R Y,

2. for each p € (0, 27), there exist 7, C' > 0 such that |(¢)| < CeTl¢l
for ( € 722.

We also set RES(® = B-1RES®©,




Borel transform

Theorem Let b € CN" and n € N. Then the Borel transform
®,,(C,e;b1,...,by) of the formal solution ®,,(z,£: b1, ..., by) is
convergent for |(| < 27 and defines a holomorphic function of two
variables in { (¢,g) € C? | ¢ € RY, || < & } which depends
polynomially on b1, . .., b,. Moreover, for any e(, € (0, &¢) and

p € (0,2m), there exist positive constants C',, 7,, which depend

continuously on b1, ..., b,, such that

®,(C,e3b1,...,bp)| < Cre™ll ¢ eR,BO, |¢] < e,

In particular @n(z, g;b1,...,b,) € RES® for each e.




Borel-Laplace summation

Take $(z) = > >_, apz~ P belonging to RES©),

And the angle 6 is such that the half-line of integration e!’R* be
contained in R

The formula

defines a function S?$ which is holomorphic in the half-plane
[y, ={z€eC|Ree(ze?) > 7},

where 7 = 7(p), p € (0, 27).




Borel-Laplace summation

Such angles correspond to two intervals:

961;:[—%+(5,§—5] or HEI[)_:[§+5,3§—5].

with § = arcsin QL




Borel-Laplace summation

Cauchy theorem: functions S? % corresponding to angles 6 from the same

interval mutually extend.

We get two holomorphic functions:

ST@(2) = (S8Y%)(2) forany 6 € I;“ holomorphic in DZT — U Iy,
ocr,f

and

S™@(2) = (SY@)(z) forany 0 € I holomorphic in D = U Iy -,
bcl;




Borel-Laplace summation: properties

e The domains D;T and D, can be considered as sectorial
neighbourhoods of infinity of opening 2w — 20 centred respectively
on RT and R~

e { is the asymptotic expansion of ST in the Gevrey-1 sense uniformly
. + .
in D

ST@(z) ~1 ¢(2), 2z €D

p,T?

e The intersection of D;T and D, . has two connected components, in

which ST¢ and S~ ¢ generically do not coincide;

In fact, ST and S~ % mutually extend if and only if the original series ¢
has positive radius of convergence (then the union D;T U D, . contains a
full neighbourhood of infinity, {|z| > R}, in which ¢(z) converges

to STH(2)).




Borel-Laplace summation: properties

e By letting p vary in (0, 27), we see that ST¢ and S~ ¢ admit an

. . . s _|_ u —
analytic continuation to D* = | JD () and D" = UD,, ()"

e RES( s a differential subalgebra of C((z71)) (it is stable by
multiplication and differentiation),the operators ST are differential
algebra morphisms (they map the product of formal series on the product
of analytic functions and they commute with 0.) and they commute with

the shift operator p(z) — @(z + 1).

Consequently, when ST and S~ can be applied to a formal solution of a
(possibly non-linear) difference equation, it yields an analytic solution of
this equation (Ecalle’s theory).




Borel-Laplace summation: results

corollary

Let b € CN". Then there exist two decreasing sequences of domains D;
and D}, each of which contains sectorial neighborhoods of infinity with
opening arbitrarily close to 27 centered respectively on R™ and R, such
that for any n € N, the functions

5 (z,e:b1,...,bp) :i=8TD,, PYU(z,e:b1,...,b,) =S,

are holomorphic for z € D, respectively z € DY, and |e| < g¢, and solve

the inner equations

Moreover, for each p € (0, 27), there exists 7,, > 0 such that

~

D> (z,e3b1,. .., by) ~1 Pr(z,601,...,b,), ze€ D’ _ or D

PsTn PyTn’

and ®; and ¢ coincide for € = 0.




Borel-Laplace summation

The solutions @7 and @ are characterized by the beginning of their

asymptotic expansion: If, for ¢(z) = > a,z~P, we denote

p>—v

2

§ -Dp
Apz

p=—v

~

(for instance |®g(z,¢)|_, = —iz~!, we indeed have

<2

Proposition

Letby,...,b,, € C,0 € (2,3], 20 € D;; and € € C such that |¢| < |gg].
The functions (¢, )o<n<n, defined by ¢, (2) = P (z,€;b1,...,b,) are
the only solutions of the inner equations, 0 < n < ng, such that each ¢,,
1s defined on the half-line zp + R™ and satisfies

B (26301, b)) _y + O(1217°).

Similarly for ®: (z,¢;b1,...,b,), with zg + RT




The alien derivatives of the formal solution

Definition

Let ¢ € RES©). We say that ¢ = By has a simply ramified singularity at
w = 271 if there exist reg(¢) € C{(} and
= > pz P € C((271)) (with v € N), such that

=B e C{(} and

log(¢ —w)
271

+reg(¢—w) (11)

for ¢ € R with |¢ — w| small enough.

In this situation, we use the notation

A,p = 1.




The alien derivatives of the formal solution

e The Gevrey-1 formal series 15 is indeed determined by ¢ (by By in
fact).

e © extends holomorphically to the universal cover of a punctured disc

centered at w and @@(f ) is the variation (or monodromy) of ¢ at w + &

around w, that 1s, the difference between two consecutive branches

A

(&) = plw+ &) — plw+ e

e The polynomial part of qﬂ(z) 1s determined by the polar part of the
Laurent expansion at the origin of

B(E) = @l +8) — () B

(which 1s meromorphic in a small disc centred at the origin);

e The regular function reg(£) depends on the branch of the logarithm
which 1s chosen in (11).




The alien derivatives of the formal solution

e We have two linear operators As,; and A_o,; defined on the subspace

of RES®) consisting of the formal series whose Borel transforms have

simply ramified singularities at +-271, with values in the space of
Gevrey-1 formal series C((z71))gey-

e These operators are particular instances of Ecalle’s alien derivations.

e They are indeed derivations: it can be proved that

Ay (P192) = (Aup1) P2 + @1 (Aup2)




The alien derivatives of the formal solution

e It will turn out that the ®,,’s have simply ramified singularities at +27ri.

e We will describe these singularities through the action of the alien

derivations Ayo.; on ®,,.

e We will compute the alien derivations in term of some auxiliary formal

series Wy ,,, Wo ,, which we now introduce.




The variational equation

“formal”variational equation associated with the formal solution
D(z, h,e;b) = Po(z,€) + D n>1 h2"®,, (z,e;b1,...,by):

U(z+ 1)+ ¥(z — 1) = 9,F (®(2, h,e;b), h,e)¥(2),

for an unknown ¥ = %~ - h?" W, (2) € C((z~1))[[R%]].

variational equation associated with the solution
PU(z,h,e;b) = DY (z,e) + >, o W2 PY(2,e;b1,...,by,) (formal in h,

analytic in 2):
Uiz+1)+P(z—-1) = @,F(CI)“(Z, h,e;b), h, 5>\If(z),

for an unknown ¥ = > _  h*" W, (z) with coefficients analytic in z.




The ”’formal’’variational equation

We call normalized fundamental system of solutions a pair of solutions
(U1, ¥y) such that

Ui(2)Ua(z4+1) —VUi(z+1)Ws(2) =1

There exists a normalized fundamental system of solutions (U1, ¥5) for
the “formal”’variational equation, of the form

Uz, heb) = Wi0(z,8) + Y BT (2,6b1,...,0,),  j=1,2,
n>1

withall ¥;,, € RES©®,




The ”’formal’’variational equation

We obtain W1, ¥, by using “formally”’the theory of linear difference
equations.

U, = 82@) even in z, and U5 odd in 2.

Uy o(z,6) =iz72 + O(27%), Uy o(2,¢) = —122 4+ 0(2)

Uy, € 24" 2C[[z7]] and Uy, € 2*"3C[[2~]] in general

If we choose by = 0 then

~

Uy, € 22" 2C 271, Wa, € 22" T3C][27Y).




The variational equation

Applying the Borel resumation process we obtain
e The formulas
u 2N\, U U . C—
Y=Y Ry WY =80,
n>0

define a normalized fundamental system of solutions (U}, UY) for the

variational equation

We thus have at our disposal formal series \ffljn, \ifgm, and analytic

functions which admit them as Gevrey-1 asymptotic expansions.

The coefficients of these formal series can be determined inductively, as
was the case for the formal series @n.




Computation of the alien derivatives of the formal solution

Theorem

Let b € CN. Then the Borel transforms ®,, (¢, £; b) have simply ramified
singularities at £271 whose alien derivatives can be computed as:

Aigﬁii)n = Z (A,,:ﬂlfl\ifl’n2 + lB;l: \ifgma), n € N.

1
ni+no=n

AE(h3b) = Xm0 AE (S b1, . b )2
Bi(h, £, b) = ZnZO Bq’:i:<€7 b17 I bn)h2n7

and A*(h,e;b) and B* (h, €; b) are formal series in h2, the coefficients of

which are complex polynomials in by, b5 . . . that depend analytically on

for |¢| < €¢ and vanish at £ = 0.




Computation of the alien derivatives of the formal solution
The analytic functions AT (¢) and BZ (¢) do not depend on b. One has
Aj(e) = Ay, +O(e?),  Ag, = 2rDVy(£2m), (13)
By(e) =eBy, +O(e?), By, = xAr’Vp(£2rm),  (14)

where V}, is the entire function obtained as Borel transform with respect
to 1/y of a primitive of V' (y,0,0):

V/<y7070) — vaypv VO( ) — Z

p=>5




Computation of the alien derivatives of the formal solution

We can extend the action of the linear operators A, to formal series in h?
by the formula

Ao (Don2n) =3 W2 AL

then we obtain:

Ao ® = AT, +iBT,.

This equation 1s an example of what 1s called the bridge equation in
Ecalle’s terminology.




Consequences for the splitting of separatrices

Letn € N. &, has a simply ramified singularity at w = 271, the variation
(A;;@m + 1331@2,712) c RES©.

of whichis ¢) = 3

ni+no=n

This implies that ®,, admits a multivalued analytic continuation through
the cut between 27i and 47i: if = w + € € RY with € € R, we can
consider @, (w + £ e2™) = &, (w + &) + ¥(€) as defining the branch of
the analytic continuation of ®,, which is obtained from the principal one
(the branch holomorphic in R") by turning anticlockwise around 27ri.




Consequences for the splitting of separatrices

Let A € (0,1), B8 € (0,7/2). Consider the path I' 3 consisting of two
half-lines with vertex at 27 (1 4+ A)i and angle 3 with respect to the
horizontal, oriented from left to right, as on

4T
Q%

)
\{(44\[ 2t
!
SNV 71
'




Consequences for the splitting of separatrices

Let e; € (0,¢p). There exist constants C*, 7,* > 0 which depend only on
A, B, €4, b1, ..., by, such that

‘(i)n(C75§b17 .- 7bn)| < C;; eT:LK_%T(l—'—)\)il, C c FA,B? ’8’ < 86,

where the branch of ®,, considered is determined by the convention that
the right part of Ty g lies in R", while on its left part one should use the
branch of ®,, obtained by crossing the cut from right to left.




Consequences for the splitting of separatrices

We now estimate the differences ¢; — @7 for z belonging to the
intersection of half-planes

D, ={z€C|Re(ze”)>2r* andRe (ze ) > 27* 1.

Taking 7, large enough, we can assume that D,, 1s contained in the lower
component of the intersection D; N D}.




Consequences for the splitting of separatrices

Theorem

Let n > 0. For any € € C such that || < gf, and any z € D,

1 2,?12

O — = > (A} Uy, +iBF Uy, Ye P74 R,

ni+no=n

with |R| < K, |e|e"2m(1+)Im=

20"

where K,, = =




Consequences for the splitting of separatrices

Idea of the proof

For such ¢ and z, we can write

eiﬁoo
(P2 — D) (2,6;b1,...,b,) = / e ¢ Ci)n(C,s;bl, ..., b,)dC.

i(ﬂ'_ﬁ)oo

By the Cauchy theorem, we can deform the contour: @7 — ®» = D 4 R
with

D= [ e *d,dC, R:/ e~ d,, d¢,

B I'xp

where the path I g was already defined, while 5 comes from e!(™ =) og

in R?, encircles the point 27i anticlockwise and goes back to el(™ %) o
(thus on another sheet of the Riemann surface of Cﬁn.




Consequences for the splitting of separatrices

\,

\{(M\i

¥

g 217
L]




Consequences for the splitting of separatrices

We can express D, along v by a formula of the form:

Cdbﬁc—w)
271

+ reg(¢ — w)

with w = 271; the change of variable ( = 27i + £ then yields

— —1)Pp! — 271
/ € * 27Ti((§—)w§jp+1 dC = € 2miz Zpa
VB

RICECH

[ e ac= e [ et de
VB

0

thus the contribution of the singularity at 271 is given by the operator S~
applied to the alien derivative Ao,




Consequences for the splitting of separatrices

D=e?™8 Apri®p = Y (AF WY, 1B UY, e P

ni+na=n

As for the remainder R, we use the change of variable
¢ =2m(1+ N)i+ & and get

‘R(Z,8)| << ﬁe—Zw(l—l—)\)ﬂmzﬁ

sk
T’I’L

o |[e=27i2| = ¢=27IIMm 2| i exponentially small
e We know the asymptotics of the functions W7, ’s

o 21N Imm 2| j¢ oy honentially smaller.

The singularity analysis in the Borel plane gave us access to the precise

measure of the exponentially small splitting phenomenon.




