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Introduction

We first give a construction of holomrphic curves f from C into
the complex projective space P,(C) with deficient hypersur-
faces. There have been a few studies on the construction of
holomorphic curves with a deficient hypersurface. We prove the
existence of holomorphic curves that have a preassigned positive
deficiency for a given divisor D in P,(C). We notice that there
has been a conjecture stating the estimate

C
dr(D) < —
7( )_d

holds under a generic condition for D, where C is a positive
constant independent of f and D.



We can construct many examples of singular hypersurfaces for
which the estimate of the above type does not hold. Our con-
struction is based on some properties of entire functions of order
zero proved by Valiron.

Next, we consider deficiencies on linear systems on algebraic
manifolds M. Let L — M an ample line bundle and f :
C — M a transcendental holomorphic curve. We consider the
Nevanlinna deficiency of holomorphic curve f as a function of
linear systems A C |L|. We define the deficiency for the base
locus of linear system by means of the new language in the value
distribution theory for coherent ideal sheaves. In particular, we
construct holomoephic curves with deficiencies for A.



31 Notation

Let z be the natural coordinatein C and d¢ = (v/—1/47)(0-0).
Set

A(r) =4{ze€C: |zl <r} and C(r)={z€C: |z| =1}

For a (1,1)-current ¢ of order zero on C we set

r dt
NG @) = [ o xam) 5

where xa () denotes the characteristic function of A(r). Let
M be a compact complex manifold and L — M line bundle
over M. We denote by I'(M, L) the space of all holomorphic
sections of L — M. Let |L|=P{'(M, L)) be the complete
linear system defined by L and A a linear system included in



|[L|. When A # (), we define the base locus of A by

Bs A= (] Supp D.

DeN
Denote by ||-|| a hermitian fiber metric in L and by w its
Chern form. Let f:C — M be a holomorphic curve. We set

Ty(r, L) =/T@/ frw,
1t JAa®)
and call it the characteristic function of f with respect to L.
We define the order p; of f:C— M by

. log Ty (r, L)
pr = limsup :
r——+oo logr
We notice that the definition of pf IS independent of a choice
of positive line bundles L — M. We call f of finite type if



pr < too. Let D = (o) € |L] with |lo]] <1 on M. Assume
that f(C) € Supp D. We define the proximity function of D by

1 dé
D) = | .
my(r, D) /cm o9 (IIf*aH) o

We define Nevanlinna’'s deficiency 6f(D) by

5;(D) = lim inf my(r, D)
r——+00 Tf(?“, L)
We have then defect functions ¢ defined on |L|. If 6¢(D) > 0,
then D is called a deficient divisor in the sense of Nevanlinna.
Let F = Zj Vipj be an effective divisor on C, where v € Zt and
pj € C are distinct points. For a positive integer £k, we define
the truncated counting function of E by

Ni(r, E) = Zmin {k, vj} N(r, p;).
J




In general, for an effective divisor D on M, we write L(D) for
the line bundle determined by D. We now consider the case
where M = P,(C). Let L(H) — Pp(C) be the hyperplane
bundle over P,(C) and wg the Fubini-Study form on P,(C).
In the case where M =P,(C) and L = L(H), we always take
wo for w and we simply write Ty(r) for Ty(r, L(H)).



§2. Construction of holomorphic curves with deficient divi-
Sor.

We first consider the case of hyperplane.

T heorem 2.1. Let o« be an arbitrary positive real number
less than one and let H be an arbitrary hyperplane in P,(C).

Then there exists an algebraically nhondegenerate holomorphic
curve f:C — Pp(C) such that §;(H) = .




We next deal with the case where a given divisor D is a hyper-
surface of degree d not less than two, thatis, D &€ |L(H)®d| with

d>2. Let P(() =P, -,¢(n) be a homogeneous polynomial
of degree d and define a divisor D in P,(C) by P =0.

Theorem 2.2.1 There exists a positive constant X(D) with

A(D) < d depending only on D that satisfies the following
property. For each positive real number o with o < A(D)/d,

there exists an algebraically hondegenerate holomorphic curve
f:C—Pn(C) such that 6;(D) = a.




Theorem (Valiron).
{# Let f be a transcendental holomor-

phic function on C. Suppose that Ty(r) = O((logr)?) as
r — +o0o. Then

L log MG ) _ . NGO )
r——+00 Tf(?“) r— 400 Tf(?“)

Furthermore, there exists a Borel subset e(r) of C(r) such
that

log [f(2)| = (1 + 0o(1))log M(r, f)

for all ze€ C(r)\e(r) and wp(e(r)) -0 as r — +oo, where
1 denotes the Haar measure on C(r) normalized so that
p(C(r)) = 1.




Remark 2.3.1 e give here note on the constant X(D) in

Theorem 2.2. Let P({) be a homogeneous polynomial of degree
d such that D = {P = 0}. We rewrite P as follows:

d
g
P(O) =Y a;j¢q "¢ + a8+ + enCh + Q(O),
7=0
where ¢ is a polynomial in ¢ which does not contain terms
Cg_Jg‘{ for j=0,---,d. Let d; Dbe the degree in (; that are
contained in P. Set d = ming<;<,d;. We define a polynomial
L(z) in z by

d
L(z) = ) a;#.
j=0



Denote by k the largest multiplicity of roots of the equation
L(z) = 0, where 1 < kx <d-1. We now give a list of the
constant A(D) in Theorem 2.2:

(I) If d=d, then X(D) =&k.

(II) If d < d, then X(D)=d—d.

If D has a bad singularity, the estimate of type

C
dr(D) < —
7( )_d

do not hold.



3. Examples.

We give here some examples of irreducible hypersurfaces of de-
gree d.

Example 3.1. We define an irreducible hypersurface D, of

degree d in P,(C) by

Gt i =o0.

Note that D, has just one singular point (1,0,---,0). In this
case, A(D) = d. Hence, for an arbitrary positive real number
a not greater than one, there exists an algebraically nondegen-
erate holomorphic curve f:C — Pp(C) such that §¢(Dy) = a.




Example 3.2. We next give an example of a nonsingular hyper-

surface. We define a nonsingular hypersurface S; in P,(C) of
degree d > 2 by

n
o —ct+alt+ > ¢=o.
Jj=3
In this case, we have A(D) = 1.



Example 3.3. Let n = 2 and define an irreducible curve

Cd by

Co¢d t —¢¢=o0.

Note that C,; also has just one singular point (1,0,0), if d> 3.
We also note that (C; is a rational curve. For (4, we have
AMCy) =d—1 by Theorem 2.2. Hence, for an arbitrary positive
number a < (d—1)/d, there exists an algebraically nondegenerate
holomorphic curve f:C — P>(C) such that 6¢(Dy) = a.



Remark 3.4. We note that, for each positive integer d not less

than two, there exists a holomorphic curve f:C — P>(C) such
that f omits (4. In fact, if we define f by

f(2) = (expz 4 exp(l —d)z2, 1, expz?),

then we easily see f(C)nC,y;= 0. Note that f is algebraically
nondegenerate.



The holomorphic curves constructed above is of order zero. In
the above examples, we use exponential curves and obtaine holo-
morphic curves of order one with deficiencies (Ahlfors-Weyl's
method). Note that this method works in the case that can be
reduced to the hyperplane case. Indeed, let F; be the Fermat
surface degree d, that is,

Fy: @+ +¢¢=o.

Then our method gives a holomorphic curve f with §¢(F;) =
a (0 < a<1/d), but we cannot construct a holomorphic curve
with positive deficiency for F; by Ahlfors-Weyl's method. Hence
it seems that our method has a wide range of applicability.



Remarks 3.5. (1) We notice that Theorem 2.2 is also valid

for meromorphic mappings C™ — P,(C). When m > n, we get
a dominant mapping. We can find many examples of singular
divisors and meromorphic mappings f : C™ — P,(C) for which
Griffiths' defect relation

n—+1

q
2 65(Dj) < —

j=1
does not hold. For instance, we consider the Example 3.3.
Namely, let C; be a curve as in Example 3.3 and « a positive
real number less than (d—1)/d. Then there exists a dominant
meromorphic mapping f :C™ — P>(C) such that
d— 2

5f(Cd) — B

Hence we also have an example for which Griffiths' defect relation
does not hold.




(2) Suppose that d > 3. We note that, if d < d— 2, then
D has a singular point. Indeed, we may assume that d = do.
We write P as follows:

P(¢) = ¢ *Q1(¢) + Q2(0),

where (@-({) does not contain (g and g‘g_k is the greatest
common divisor in P — Q»>. Since d—k < d-— 2, we see that
D has a singular point (1,0,---,0). Set w; = (;/¢{p for
j=1,---,n. Define P(w) = gadP(C), where w = (w1, -, wn).
If d—do > n+ 1, then the polynomial P(w) has a zero at
(0,---,0) with multiplicity at least n+1. Hence D is not normal
crossings at (1,0,---,0). This fact shows that the hypothesis
in Griffiths’ defect relation, that is, D is at most simple normal
Crossings, cannot be simply dropped.



|Remark 3.6.'

(Effect of the resolution of singularities to deficiencies)

We considered an example of the singular curve (C; defined by

Cq:¢o¢s T —(f =0

This curve has only one singular point P(1, 0, 0), if d> 3. If
7w Qp(P>(C)) — P>(C) is a monoidal transformation with the
center P, then this gives a resolution of singularity of C. Namely,
let C and C be the total transform and the proper transform
of C, respectively. We also denote by E the exceptional curve.
Then X1 =Qp(P>(C)) is the Hirzeburch surface of rank one.



We see
C=(d-1E+C,

where C is a nonsingular curve in X1 We define a holomorphic
curve f:C—3Xq by f=x"1of. We have then an estimate
for 5f((7) depending on the structure of the singularity:

«

1+(1-a)(d—1)

In particular, the estimate
d—1
2d — 1

(8 —_
7 < 5f~(0) <

is valid.



34. WValue distribution theory for coherent ideal
sheaves

Let M be a projective algebraic manifolds and L — M an
ample line bundle. Let f:C — M be a transcendental holo-
morphic curve. We consider the Nevanlinna deficiency of f as a
function of linear systems A C |L|. We define the deficiency for
the base locus of linear system by means of the new language in
the value distribution theory for acoherent ideal sheaves due to
Noguchi-Winkelman-Yamnoi. In particular, we construct holo-
moephic curves with deficiencies for linear systems.



Let Z be a coherent ideal sheaf of the structure sheaf O,; of
M. Let U = {U;} be a finite open covering of M with a
partition of unity {n;} subordinate to U. We can assume that
there exists a finitely many sections Ok € I'(Uj, 7) such that
every stalk Zp over p € U; Is generated by germs ojip, -+, 0 ip.
Set

1/2

Lj
or) = | X i@ Y o)
J k=1

We take a positive constant C such that Cpgz(p) <1 for all
p e M. Set

¢7(p) = —log pz(p).



We call it the proximity potential for Z. It is easy to verify that
¢7 is well-defined up to addition by a bounded continuous func-
tion on M. We now define the proximity function mf('r, 7) of
f for I, or equivalently, for the complex subspace (may be
non-reduced)

Y = (Supp (OM/I), OM/I),

by

mir, D = [ For()5

C

(r)

provided that f(C) € SuppY.



For zqg € f‘l(Supp Y), we can choose an open neighborhood
U of zp and a positive integer v such that

T =({(z—29)") on U.
Then we see

log p7(f(2)) =vlog|z — zo| + hy(z) for zeU,

where hg; isa C°-function on U. Thus we have the counting
functions N(r, f*Z) and N;(r, f*Z) as in §1. Moreover, we set

wa = —ddchU on U

and thus obtain a well-defined smooth (1, 1)-form on C. Define
the characteristic function Ty(r,Z) of f for I by

r dt
Ty (r, T) :/ =

1 /A(t) “L.f




We summarize the basic facts on value distribution theory for
coherent ideal sheaves due to Noguchi-Winkelman-Yamanoi as
follows (Forumn Math. 20 (2008)):

M Let f.C—> M and I be as above. Then the
following hold:

(i) (First Main Theorem) T¢(r, Z) = N(r, f*I)+m¢(r, T)+O(1).

(i) If L — M be an ample line bundle, then Ty(r,I) =
O(Ty(r, L)).



(iii) Let 77 and 1, be coherent ideal sheaves. Suppose that

f(C) Z Supp (Op/11 @ I7).
Then

Te(r, In ® Ip) = Ty(r, I1) + Ty(r, Z2) + O(1)
and

m¢(r, I1 ® o) = mg(r, I1) + my(r, Zo) + O(1).

(iv) Let 77 and I, and f be as in (iii). If 11 C I», then

mf(T, IQ) < mf(’l“, I].) + O(l)



M When 7 defines an effective divisor D on M,
we easily see

T¢(r, I) = T¢(r, L(D)) + O(1)

and

my(r, L) = my(r, D) + O(1).




Let L — M be an ample line bundle and W C I'(M, L) a
subspace with dimW > 2. Let A =P(W). We define a coherent
ideal sheaf Zp in the following way: For each p e M, the stalk
Zop is generated by all germs g, for o € W. Then Zg defines
the base locus of A as a complex subspace Bp, that is,

‘ Bpa = (Supp (Op/Zo), Opn/Zo). I

Hence BsA = Supp (Op;/Zp). We notice that Zg can be
written as

To =11®1>, codim Supp (OM/Il) = 1, codim Supp (OM/IQ) > 2.



5. S.M.T.

We let (M, L) denote the space of all holomorphic sections
of L - M and |L| the complete linear system defined by L.
Let W CI'(M, L) be a linear subspace with [4+1=dimW > 2.
Denote by A the linear system determined by W, that is,
AN =P(W). The linear system A may have the non-empty base
locus. We now give SMT that gives a generalization of Ochiai’s
(T. Ochiai, Osaka J. Math. 11 (1974)).

Let Dq,---,Dq be divisors in A such that D, = (o;) for
0 e W.



We first give a definition of subgeneral position. Set @ =
{1,---,q} and take a basis yq,---,y; of W. We write

[
o5 = Y CiKtk
k=0

for each 5 € Q. For a subset R C @, we define a matrix Ap by
AR = (¢jk) jeR,0<k<I-

Definition 5.1. Let N >0 and g > N+ 1. We say that

Dq,---,Dq are in N-subgeneral position in A if

rank Ap =1+ 1 for every subset RC Q@ with #fR= N+ 1.

If they are in [-subgeneral position, we simply say that they
are in general position.




M The above definition is different from the usual
one. In fact, the divisors Dq,---,Dq are usually said to be in
N-subgeneral position in A provided that

(1 D;j =0 for every subset R CQ with HR= N+ 1.
JER

However, the divisors Di,---,Dg may have a common point
when they are in N-subgeneral position in the sense of Defini-
tion 5.1. Thus our definition is weaker than the usual one. We

always use “ N-subgeneral position” in the sense of Definition
5.1.




Let f:C — M be a transcendental holomorphic curve that is
nondegenerate with respect to A, namely, the image of f is not
contained in the support of any divisor in A. We have then the
following generalized Crofton type formula due to R. Kobayashi:

Proposition 5.2. Suppose that BsA#= ) and f(C) € BsA.

T hen

/De/\ my(r, D)du(D) = my(r, Io) + O(1).




Theorem 5.3. Let Di,---,Dq € /A Dbe divisors

in N-subgeneral position. Then

q
=1
where

S¢(r) = O(log T¢(r, L)) + O(logr)

as r — +oo except on a Borel subset FE C [1,4c0) with
finite measure.




360. Deficiency for linear systems.

Let f:C — M be a transcendental holomorphic curve. Suppose
that f is nondegenerate with respect to A. We define a
deficiency (Sf(B/\) for Ba by

. . mf('r? IO)
de(Bpa) = | f .
7(BA) JT—ll—lgo T¢(r, L)




Then we have the following:

Proposition ©.1. Let f . C — M be a transcendental

holomorphic curve. Suppose that f is nondegenerate with
respect to N. Then

| 35(D)du(D) = 6(Bp).




1T heorem 6.2. Let f.:C— M be as above. Then

6¢(D) > 0¢(Bp)
for all D& N\ and

6¢(D) = d7(Bp)

for almost all D € N in the sense of Lebesgue measure in
N.

Hence we have a defect function &, : A — [6¢(Ba), 1]. We
consider §¢(Bp) as a deficiency of f for A.



Next, we deduce the defect relation from Theorem 5.3. We let
E(f; N) denote the set of all r € [1, +00) satisfying

1
Te(r, L)+ N < Ty (’r + (T, D) + N2 L)

where N is a positive integer. Then the Lebesgue measure
|E(f; N)| is finite, and E(f; N>) C E(f; N1) if Ni < No. Set

E(f)= (] E(fiN).

NeZ+*
We call E(f) the exceptional growth set for f. The existence
of non-empty FE(f) affects on deficiency.

In the case where f is of finite type, we set E(f) = 0.



After Nochka , we now define modified deficiency in the sense of
Nochka. We define N-th Nevanlinna's deficiency 6,(D;N) by

de(D; N) = liminf .
f( ) r——4-00 Tf(’r, L)
rZE(fiN)

It is clear that d0¢(D; Np) <4d7(D; N1) if N1 < No.

We define the modified deficiency of f in the sense of Nochka
by

0p(D) = N|—i>r—r|]—oo 5¢(D; N).




Then 6¢(D) <é64(D) and §;(D) =6¢(D) if f is of finite
type. bigskip

We define 6¢(Ba; N) and 6¢(Ba) by the same way. Further-
more, we also define

Te(r, Zp)
T . f\ 0]
N) = f :
7N = liminf =TS
Then 0 < ~v¢(A) <1 and §¢(Ba) < v¢(A). We also define
’7f(/\;N) and :)'/f(/\)




w We also have the following:
6¢(D)du(D) = 6¢(Bp).
|\ 35(DYdu(D) = §;(Bn)

0 (D) > 07(Bp)
for all D &€ A.

0 (D) = 6¢(Bp)
for almost all D & A.



By Theorem 5.3, we get the following defect relation:

T heorem 6.4. Let N\, f and Dq,---,Dq be asin Theorem

5.3. Then

q
Y (64(D;) —0¢(Bp)) < (1 —7p(A))(2N —dimA 4 1).

Jj=1




7. The existence of holomorphic curves with
deficiencies

We can show the existence of holomorphic curves with

0 < 5f(B/\) <1
in the case where M =P,(C) and L = L(H)®<

Proposition 7.1. Let 0 < eg < 1. Then there exist

an algebraically nondegenerate transcendental holomorphic
curve f :C — P,(C) and a linear system AN included in
IL(H)®4| such that §;(Bp) = eg.




Let A C|L(H)®¥ be a linear system with the non-empty base
locus. We will show the existence of holomorphic curves with
0 < 5f(B/\) < 1. We will give a proof by constructing a holomor-
phic curve by using exponential cueves. We recall some known
facts on exponential curves. Let f:C — P,(C) be a noncon-
stant holomorphic curve defined by

f(z) = (expagz,---,expanz),

where aqg,---,an € C.



We denote by Cf the circumference of the convex polygon
spanned by the set {ag,---,an}. Let H be a hyperplane in
P,(C) defined by

n

H L(Z)ZZO(jCj:O (g, -, an € C),

7=0
where (¢ = ({p, --,C(n) IS a homogeneous coordinate system in
Pn(C). We define the set Jy of index by Jg ={j: «a; # 0}.
Let Cf’H be the circumference of the convex polygon spanned
by the set {a;: j € Jy}. According to H. and J. Weyl,

C
Tp(r) = ir + 0(1).



Then we have the following lemma:

[LeLa?.zl Let f and H be asin the above. Then the
deficiency of f for H is given by

C
5p(H) =1— L2

Furthermore, the constant CﬁH is depending only on f and
on JH-




We first consider the case where d = 1. By making use of
Lemma 7.2, we have the following:

T heorem 7.3. Let NC|L| and eqg an arbitrary positive

number less than one. Suppose BsA #= (). Then there exists
a holomorphic curve f:.C — Pn(C) such that eg = 6¢(Bp).




Example 7.4. Let ({p,(1,{») be a homogeneous coordinate

system in P>(C) and W a subspace of '(IP>(C), L(H)) gen-
erated by (7 and (o. Then BsA = {(1,0,0)}. We define an
algebraically nondegenerate holomorphic curve f :C — P>(C) by

f(z) = (1,€%,€e%),

where c¢ is a positive number greater than one. In this case, we
have

"Io =5 €112 + 1¢2)?

Then, a direct calculation gives us the following:

Lo <|Co|2 + Gl + |c2|2) |

Ti(r) = Sr+0(1) and  mp(r, To) = —r + O(L).
7T 7T

Hence we have 46¢(B(A)) = 1/c. We notice that f does not hit
Bs A.



1 heorem 7.5. There exist a linearly nhondegenerate tran-

scendental holomorphic curve f : C — P,(C) of finite type and
finitely many linear systems {A;} included in |L(H)| that
have the following properties: The set of values of 6f IS a
finite set (say {e;}) with e; = ;(Bp). Furthemore,

5p(D) =e; forall DeN\[JA,
k

where {A\; } C{A\;} and 0<e; <1 for at least one j. For a
sufficiently small positive number o, there exist Nj ,---, N\
{A\;} such that

it n

t
k=1




Next we consider the case where d > 2. In this case, by using
Veronese map and Lemma 7.2, we have the following theorem:

T heorem 7.6. Let N C |L(H)®d|. Suppose that BsA #*

0. Then there exists a holomorphic curve f : C — P,(C),
nondegenerate with respect to A, such that

0 < 5]0(3/\) < 1.




