S See

A e k™
S-«.w&.agzr ord’&(&‘) zo for @i{@“” )‘.'55
S- mawt 1 owel, G =0 —_— -
‘ Eeaers ‘_g grompe of S- LLM*-S
-For' S=Ss» (L=o) | O;-'O,,_ )Os ‘Ou

many dioplhantine pecoblerms =>

(A.4)  otx+Py=d A x4 €O

o(,/LeR*) L =R=4A =abkc
C'LA) %POmM‘ECCLQ d&o»p&c,vu&me G |

CL.,- 54 b..
x=%er.. SRRSO i

-4

ts \
{ 84) =~ 8—4-4} ~Fuwc\,a,m£q.2 S&-&S‘Le—w\ o.c S,uwz{s

amkmowns : £,8 rootsof uwity , a;,bre2




e ffechive Lrvbeness resulbs

resulbs proved 4w am Awmplictt way
Suf‘e,civ& , Hatler, Parry
Lang (4360)

g,,mf"q.u ratlom S

— se\/e_ra.e, MRMWMS

— S%S'EC/WLS °‘c Po%wml&l e;r-l.ﬂ»‘ Sl

— Sm\o%romps O.F .F\:«M‘J:e Y‘C\_M-k @-F C"

G.&\.CLQO?H-Q-'& cn -Fu«mciio‘w -FC»QJ-&

qreo..{: Mu.—«wbc-\' c.g o.PP‘Q»‘cc»E\'.o—ns




e.F.F echive «F.%,Mse/mg«ss heorews
Q) 'bex—eom; of —Qg Y. X PSS .F;wms

P€.$¢£S provedt N - T dmp&cﬁb Mj

( for special egratioms):

Bakev‘ (19e6®), Coa.:!:c.s.@ssa)

L.M.-»-d.s for the Soutions(gemeral Ccvse,)
C_;':,_(«aak "1, Kotov-Trelliva
Sprimdank | Schaelt (4322) |
Bugeosid -Gy (43965, Havriston,
Gy~ Ko (2m0)

.b) olternotive effechive metlod |
&K"’—MSCOW Q_F Llhe TM&-S'CQ%Q_Q_ Y. .t,

D%Scm &MW\.C\ , Sovwe %e,ofvwg:b-v:' of

Mwbers

Bombiere (1233), Borbrvert —Cofien
(4833, Lo23)

Bugeorcl (1928)

applicatios

- Toune equs, clecormposalble form equs
- gu_Pgrg,&&P'Enc. esas

— AL TEONCR SequrenCeS
- pb&&mmwla.?,s ) E'Cwa.rg forms witfh givewn

iscrimuinant | power <wtegral bases

— teveduneible poliyymonlalls

| J
®
®



bowmds for tte solublons

(4.4) ol X +[Bua,r.4 A x\%eO;
m:ER:@]) A =|S]| ) k"’""&t

P __;M?,‘ N(F“‘—) , -Lﬁznm P/&%‘P

S-—rwr‘
‘Rszf\:sR K&%NCP{) ( ';-s]'e\.

H Cy) absofute fieigbt |, yeQ

LCp) —o - Rog. —w- , RogHCpR)
H e max (4, L0, 5 0p))
Z.oﬁ*o. = max (Roga 1)

:Bw?mo‘, .—G\:‘ C4996)
(4.?_) o X (&CK)"‘\,C%)) & C4 P Qs C‘eog"gs)z“"
.Sew w#anad;s

Bowbrer! , Bombiert —- Cotrer , Bugeant (1338)
(4.3) mnax CoO0), 8Cy)) 2 C, P (Rog P YRy =
» amax (C, P(lg*PIRs M)
C.)Cy of toe Same fovm asz G,

(4.2), (1.3) best possible v berwms of H

A termis of S , §S da-wv\:wcd;\'-ma -Fa.ciof‘

A CA.?.), CA.3A) whemever 'b>—eo%P




E
l‘c‘fr_"-_i (cg -—Y»»,ZooGD. 0L solutioms o.;
Choa) sakisgy
(4.4 max (&Cx),&(,a,))g CH P 25 (&3‘95)\4

Cy explicit , of the same form as C4,C, Cy

T‘C\.w\o 2L . Lvery soluction of (1.4) satisfies

(1.58) mmax (&0),h(y)) £ Cs CP/(QSKP>Q5H

CS' = C3S ) C3=C3 (M,‘e\,.ﬂ) ogpud

Qema,r'['(s :
— (1.5) modfiled ,more Precele vevrsiom of
o thm of Yw awrcl Ca\j C'Z.oce) £irst bouwnds
o ctbout s° => mmpor‘tan'h O,EP’Q»C—Q»’k\rWs
- d=f=4,H=1,01.5)= resatls i~ the
directiom of the abe c_owge.cl:ure
- C, awch smmafler thaw C,,C.,Cy

[P\ﬂoo{ls :

— Aaproveol estimates for S-awits

— recent than of Lobher - Masser omw

s L . «Cwo\,e,pemclbw‘t azt}. roar ~nbe v
— refivmements of arguenents of Gy(«319)
Lor (4.5 amcL'Bu%zwol-G__uC4ase7-\‘-or (4.4)
— recent estirates of Matveev (2000)
ol Yoo (2003) o o@o%qr‘itevwvic forans

Ssﬂ-v\ (1.4 . MavkRkowsll oo successive miwiwg




K:Q , (4.4) =

A,B,C, a,b,c momn-2evo tntegers

(A, B, C) =4, (ay b)) =4
v (1AL, 1B, IC) = |, \ake|>1

(4.6) Aa +BL +Cc =0

P = PCabe) ,t=w(ake)

explicct versiom of (4.8 =>

Covoteary t of Tom 2. IF (4.@) Botels T

(4.34) LRog mraxt Cla),ibi,lcl) <
) - ,
gAot+22 4 h (¢ P/‘Q"EP) (T Logp) Log'y
plabe

raciical of (a,b,c)

N = NCayb,c)=TU P

P(a.bc,
Pe N | 11} Logp < CLogN/.';)'*
' plabe
c1.2) .
L < 4.5 LogN /Roq, N

N e max (N,46)  Log, ik Lteratle of Loy

COV‘O‘(«CQJ‘\:, 4 =—'> M,PPer bouwo{_ A ":‘C"MS

Questiom best poss tble pper ol 2




n abc Comyecture in 2

For A=B=C=4, <~ 385,

‘a’bc’ c,oe,c;kure, (Oesterls ,Masser)

For_amy givem £

C2.4) a+beoc

wot B CoPr‘\:MQ, POSC-(;CVQ_. «:v\.{:egaers a,b,c

cvplles

C—<¢£'\l4+i ) N:NCQ;‘A.C.) ~ad<cal

best poss<ibfe w &

regwemzmtS, MMOre %P&oi-{; versitoms

Baker (41238), Gramuille (412a%)

C 2 N C%%H)t/-t. ’ t-= w(a.l:.c_)
Kwnpllied Comstant absolute , Bakev(ioor): S
=

very extewsive Aot eroture ' eg\&{:'\ro.o*di-nqrj

Comseguentes ( asympboblc Ferwal,

%emcrwu%z,o\ Fevrniat eqM Polros egm, ...)

abec : unifles awd moikivales a mumber

of reswults a~md P(‘o(«s&ms A
Mumbe,r ‘\;kbor:’

abc comgecture fome page
created amao mainwtal~ed ‘D‘a A. N‘v“’ﬁ

‘?\,-H»,p Y4 W W ot umicaen . fr/n mitay [
abe . .t




THhe abe comjecture seewms out of veach.

gﬂt"’\ﬁe— iQa%6 ) several moppec bM“M@’»S A
tevnas of NeNCa,lbe) for

(2.4) a+b=c , @b, c >0 coprowme

t%c:i of ‘Cc%a.ril:?(umﬁc Lo~rwra

Stewart — Tgoteman (1386), Stewart ~

Yo (4334 ,2004) , ClL (Roos)

S-bg.wo.rt—\fu. (oo 4):
P' = Mo CP(@.),P(E),P(&))
(1~4) —_-—> '

/o .
(2.2) &%¢<P'NC"‘Q'°33N [ Rog, N

el
C2.2) Xc%c < QS.NA/‘.: ({O%M)’%

Cy,Cr >0 effo ctive absclute cComatants

C@»C (ZOOS’) . c“-;'q—o(o



Corollary 4 with A=8=C=4 amd
PeN , T Rege £ (RogW 70 N

P 1enbc

t <« 4.5 LogWN [Loga W

Cormtgary 2 of Tomd, 3 asbec with

Coprime positive ‘ntegers.

C2.4) Logec < 9?0 22N (B p) (TN Logp)

N | plabe
(‘2 L) —n-=- < (2‘0‘5*11'/6—&) N (LegN)E
Md, «® L.l
23 . esilogaN /Lega ™
2.6) —» - <2 (PleagP) N 32~ 3
' <t ¢ N Large

Y X

(2. G) s AN tfhe o\,t:re,c,{—,\:om o; Oe_s-&erep’ p Macsser
of Baker, Qraﬁv‘ctz-g

(1-:) - iy o=

Cor.2 awnd Stewart ~Yu (eoo
gttty better tlham €2.6)

Comparcson of
oy (2.2) C2.3) sel

reaso
direct proof for (2.2), €2.1) , mse of

Specfic PfOPC\’{:Ct.s of{ Z (e-g. atb=c,
bsa = 2bsc s> b)
(2.4)- (2.6) sSpewxal coases of more Gqene

resuwtks
A% c® 3= 2702 ) -Zo%tb;i&

ex . Col,e,\xlegcr) 44?'.\.
boumd ~w €2.2) ¢

A0O




3
m . abe Comjecture tn rmarnber {idlals

{ mu.mber‘ fiekol, m=[¥:Q1, M, selt of places
veMg, | |, mnovmalizeol : € K*

" 1, 6(KYER
) M'\I’ = R
2 e'(:&,o.rwusg

| ol o, (¢
= prime ‘Aeal | x|, = N“/Q Cég) <)

’@»eiq&t of (a,b,c) e (K*)?
HK (o L ) C—) T A<, (\Q\\,,\B‘v)lc\u>
e
~ackical of (a,b <)
NK (a_,B,C) =TTNK,Q (L)
P pwwme plp, Tl over als fEwite
S.t. lafy ,lbly ,lcle Mot afL equar

A, absolute value of e oliscrivunant ol

\/on'&cu (‘23), E~L&K~es (‘e4), Qrober? (ra9)
Gran.v\‘(z&- Stark CZ_OOO), Brow k—\}v\, C’Looo)}

Masser (2002)

abe C,omit,c,{:uw-e, A K . For every &>0
ttiere ex~sts C; ,clepevolimg oby om €,
.+
M. Ca,b,c)=« C; (AK N Co.,h,c))“'e
for 0% a,bc €K witl a+bic=o




K =Q - OE.S'(;Q‘V'(&’) Massev C.o'v\,&'e_c,{ur@

very roch it erature , profoumol Criplica

- ]:oL!.'ka»v\,C}i‘ LB O votiosal poaiwkg
(ELkles '34)

— e{f é,c,{:\:ve versiom of abec e c-f—£eg’k¢%
S<egel's £ (Survroca, 200ok)with &,

_ mo Siegel's zeros for L-fumncliews of
chiar . with ~megative olliscrismuanan

( Gra~mvile -Stark,2000y
W e'.odz er but wrcorslitional ok e
bounds for Hy Caib,c) |
(2.49 atrb+ceco , ayb,cek®
S-GS_,vu { fimite veM, s.b. \a(‘,,lb\,ﬁ,’\@\\w_
Mot all egmal}

= x==-%/c , 5=-b/c so butblon of

(32) Xd*Med Ao Os“
boumreh Lov £ (x), & () =S boxunol for H.‘C&,k;t?

Qurroco (2003) : bouwrd of Bugeouc -Gy ('36)
for tte sofutioms of (2.2 =

(3.3) /Lo% HK (q’b,c) < (<CG N\-AK)Q\- Nu(ay \D;C)C?)’“)—

where Co-Cpro eff absotube comstamts




¢z

e D, Let £r0. Thea

(‘3-4) at+biceo R o.,b,c_e\(‘

A:MP‘&:C.S

Ca- ‘1) 'QO? H"Ca)b.C,) < cs C""')Ag,i) N4+E)
e£f.

w&,eré, N ""NK Cq,,b,c,)  Fa~tber ~f

N > ™max {e)tpu’: (max (A, ,g)),Az’t}

then

(3.5) LogHyCaibic) ‘CNL:‘E') A, N)”&
M.al S",CPS e tEee Pr‘co-c-.

ool (
P;: A A X NK(Q(F) A Ng(q,b‘c_) ;1‘ NK,£6°> s L

-FOr appmpr»‘m{:e cho~ce of S, T&zcégm 2

=
(2.6) LogHy (aibie) <R PRy
uPLCeCE
Q,S{;\:Mo'b'\:""'% *e.\') R)S, P ol Qs ’\:\'\,'Q'QX'MS

(3.6) => (3.5) => (3.h)



( over Q) (3Qmm‘t Wark \%/x\,i:ﬁ, A ‘pmwk&r)

Binoral Thare egmablong
a,b,c € Z No}, mz 13

Thue (1309) geme

¥. set of vnkegers Cormpo sed of primes pPa,...

Matler(1333): c €'F, (x.ag)=1
%o.le.e,r (4268) : mrax ((m{;»a%” P ic‘:*ﬁ( oy biey )
Coates (1363): ce'® , Cxyng)e4

Aro~ oler 'Poor‘ﬁﬂm (133y: ce?f cx"’%) "’4
{EB\&Q'QMOL -Gy (2oon):cef, explict bownsl for »

eqs :
(4.2) cugm—'oﬁmgc ) thMW‘\'\S; x\rﬁ,a,kﬂglmﬁz

Wit Ixg(24 , @, b, ce®, m23  and
(4.2) (ax, biyg,c)ed, a,)b,e mit powerfree

T‘Cye,orem h (Gy-Ponter, Wwog), ARR sols of
(4.2) with (u.3) satosfy

Ar~ax |axml,|ba§|,\c|)ccﬁ c(@_)&cr e
Q cpa-.ps ) Pemaxp,
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W & C;“ Q3 , Ce>o° absolut constant

T&»m bW ¢ provec A n the mumber LA case

Lma C, , Ce deperdrnce O~ Q, P ~eceass ary
— a,b f{xed => thms of Tijolern am amd

oo~ ey Poovier

— ixsmql=qg => effeckive resulis for S-uwit
| egatlioms |
v etfoel
Nf Ca): P-free part of ae Z\{o) X
absoclute value

max (Ngxd, Ng (4)) Ravrge
tfheory of (,o%qr“:‘g'\-wﬁ— forms | Cownplex.
Q/V\.o'. F-—OLOQ*‘Q
O (M? (%) ,Q\)? (7)) Mmoot LQ?L
=> PP X egM T8 . appro pwate S‘ES

q,bc. Coﬂvjcckuf‘( -=-_> A < S%%Q
alasolute

’e.q‘/uu.ou'b\\o—v\. (‘l- 7.) N ) -.po,mmd.-.er -Fo.ww:(aé

of S-mmit eguoatioms
(1.4) +tTa-wmb:c ~w a,b,cef

W CEf. para~eters t,w a~el m



%’—jf r P a~va~eters 'E. Wy A W»bﬁ- nzl,

(ew, P‘-'-Ps) 4 |+.w|>4 awneol MM(ltl,\w\,—v\)>Q

othher results om pqra.mv(-.v-cc Lo~ lieg

4) QS & ComsSegmince of more qeneragl
ressalts

'Cao-rvo»l‘o. ol Tamnier (Roog) R
£ leresg
Leva~ (2ecq)

results om one- para-weter fowllies

O-c ISPPPORIAL % e%a.b\‘.o«.s of 'l:‘e»&-FQV'M

(u.5)y L) a +g@B)Vb:=RA)e tnteQ,a bice?
Wbt £ A) Re)go

£.9,h certadm polymornials T QCel,

2.g9. ongi«l—d.c?q cckegh >2 ov £,3,%

Ad~neavr

\Mt\o«r\-
?.) coct S_unlé) over Q

Aa.-l—BB + Cc -;O, M«\,kmovvws:a:k,c ej’

(h.Q coeffoceamnts: A,B,C *QX,CL'E\';V%QA:] P+
ategers witth (ARC,p ...p)=4
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vertse, Gy, Stewart, Tijolean (1328),;
xx(@.’}’ tMV“& are o~y -F\.'v\.o.'he.bd nany
equotions of the forw (H.€) with
more tHhaw 2 MO~ propOovECo mal
Sobuitlomns a,b,c
ii) there are tmfimibely mamy  eqms
of thie fovm (h.6) witt e&mc.tbil
Ao — Pmpor{-&o‘w&% Solutieons a,h,c

Oamcl 2 '
4) ) N over munbevy -FC-—QolS

above Corouo.rvj (effective), Corvaja
ool Lamnier , Levin

(’ii) there are Amfimcibely mmamy es

of tte form (4.0) &u.v-c..-..? Moo

SolutlTon




@_G/
P g omanall equations O buro umknowng
@s.. e fipllcakive divistom gotqpa
o W&: worl with A. 'Bzrc,q.,e,s I W . Evertise
C.Pontrean )

\(X\*a) € @, Lxi24] absolute Cr~esbucl b e
-FCw&l:t,ij gzme_-ra}_eol S&b%-\—«ouﬂo of C@K)‘L

(S.4)  Plxig)e© <= Guy)el

AsSSaume P fias 2 A L&enwns (o‘b‘e\&vuu\":{ (s.4)

may fave TwRawbely ~mamy brivtal soluwkions)

anotlher 4.V\.£wpﬂ—£€e~'¥\"c~\

curve € : P (xig)=0 v CR* v
(s.2) €nin
Solutloms (potnts) Lro~ Larger seébs:

ﬁ::{f_é(@&)m l ;lke2>° WC‘E‘B\.}_(_\‘ c P }
(-? 1'3’35-’—'— -FOV' -y roots o.f_ M‘vv\?'l:\:l &'&’
for €50
F\e'- '-'{)_(_ 6(@")"—\ E "‘;8)}_ WCﬁe\_ 5::&_}.% )Aa’e ﬁ’
Zz € Cﬁ*)’—) ‘C\C}) = (4 )+ (=) ‘ES
z :C%»\) V)
”«C\-a/zfswale.r‘ " a~ommel [

CCF‘.E);z{x_e(ﬁ")"lH*_—é,g Wikt X =41
yel, 2e (@D, £(2)<e (1r & lay)

|
oL

" bmwc,a—ktcl, Com(" QO s~ Ok ("



PE. : was vntroclucecl by Poo~en (1299) } A Ao re
D

: ~e vral
C (ﬁoﬁrB : - W= Evertse (200> g:mtut
PC_FCFE' _C_.C(Fti)

N——— -

meot grops

Pe«tw*s X e ﬁe, are “"close” to [+ Af €>0 Amale

A q,-o\«\,z_v-q-?_ LA C,OOV‘OLC»Y\Q.&QS O-C )_L_ A -ﬁ, PE
ovr C( F, £) are Mmoot comntatmec v a

pPrescvibed ~ma wmber flR

1~effecktive rCSu%S
Liarclet (1234) : € N1 fonite
Powomen (1333): € n'{-\‘& —» - fovr s~ale &0
Evertse (t002): bou~at for#(€ny), z f:;*b
€NC(Me) ke for svmall &>0 Fornere
Reronal (2oo2): bouna for #(@ Na(l g) Form

Po~tvreaw (oo 2) . r\:w\,P roveol bound fov_u-~

s beiva riobe (flgher dlvansitoman )
%%m&:%aﬁcoms )oLQ,AcNCp'lx‘w of tlie
C’C’V‘-‘F‘C’V\":k) set O-F soluabtloms CPQ—\.‘V\:(;3>

” L aamremt | Gg, Borhter? , Mcx,sser)
Zamunier, Fatttvgs, Vojta , Mc Quilanm
Zharg Sap<ve , ALl o  Poomen
Daviea | @&.‘C&ppom , Cha~hert -—Lo'\‘.sr,
Bvertse |, Sebickew=al, Sefatald

)

LQQM‘V\G‘. ) ve




P v3) € Q O R absolute <rrect
O'F 'b'cve_ 'FO\""VV\.

LLL:-EQ,M»O’E

p of (&)™

(5.2 €nr , €N F »

— Pxig) Lo
feetel (S-umit eqp
resafts for €n

— Bo~breri (1333), Rombieri -Cotien (1233,%00y)
Pix,)4) dnear €N fivmite + effective

— Bombieri avnck Gabler (2006); Gome ol

w§) : several ccpllicit

case , €N femite + effective

Mmew reswlts

— Bercres, Evertse Gy(2002): Plxixy) Linear,
eacth set < (5.92) femite (Lor small €59
+ expliclt boirols for the briqleks omol legrees

%-@w%f&u%m‘bu‘o«m ( witt wealker boa~cls)

— BRercres, Evertse, Gy, Portrean (oo ?),

%cmzrcui Coase |, cach set Uwm (5.2) fiwite
(for sAmmal £50) + explicit boumetls for
the fevglbts amodl Aegrees




3
> r thece specal cimsse?c-c varietles )
effective verstoms of so~e (very general
isb effective ) thms of Laurent Poomnen
Evertse omol Relmomd | +espectively

)

G wantitotive vers<oms boumels for the
Lk of egm.(s4)

[ finctely generated subgroup of (@) of
rambk v, {w,,. . w,.} bas<s of r‘/qeﬂ
’c\-o = Anax {4 )‘k(_\ﬁfa),--~, ‘e‘(‘_"_’qh)}

K mumber £fiete s.t. M c (k™)) m=(r:@]
S fmite subget of M, with S 25, s.t.

Nz maxf{2,max N(p,}, o, prime <cteal
v €S\Se

dzdegP, Hzmoax{4,A(P)}

TEME e cocff. of P
3 ¢F 3, \*"2 23%
A:(e'\3§ M v si“_:l;':‘ ’COQ(’MQ" (J—V\.SN,:‘B\Q))‘;\:

L: extensiom of K gemevated by cocffs of P

To~ 5 (B8EGuP,200%). Let
€= (2" Clog Y )™
T8 for every x e€n Mg |

(s23) Bxye+Rhod At AH CL(D:LJ&zf?r(z,agSf“‘
gevevaoteal By R =(x,, x.°



g, d&pwd&mcg o~ H ,‘e\e , ™S, N
bosmnds “wclepevnolent of L

oro(,@,ar ( REGyP,2007), For every

xeenm, (5.2) hotas,

g.eme,ro.uft;outcom A %amugn.ﬁcv; fovrwm
O-‘: te Q.F Ro~bver ard Gubler C"LOQG“

wokh o s~ofler g , alwost the Sqre

folrs for €N CCP,8)

T © (REGYP, 20012). Let
£ (208 (kegS)T) 1 (+HSA+ARYT
THhenr for every x € €nc(l, ey,

flx) £ 2+0.8A+ 2AH, (L) : L] TS (Logs

For P(x,ka,) = A X+ Dy -4 maarnct better

gpumds A~ o carfier paper of
Relrcres  Evertse uG‘:s_("S;°° %)
For exarmple | i~ T8 &< ©.021f,
(L (x):L)£2 s~allevr bou~nel for 'Rt&)




e
Mol tools A~ the proofs of Th~s §,C
bom~ds -FO" ’e\—C_)_c_)

baseol 0~ O recew~t th of BEG:'C'bco?)

) —;,v_ > wpup\:f Lo oo~ houmd,

clepe~molimg v e\-(?)

okelé*) §€§~CV* ) ~reM.,

fomritely %MQN&O{
s eol

ICO%G.VCt‘z\-'W\«‘C. forms estimateg
Geo~metry of mambers

bom~ds .F-QP [LCX) (g |

QS'l:tM&tts -FOP tthe M~ hber of Pe—on{-_s
witlh sA~afe ‘e\.u?%\,f.

Ay pr&cod:»oms esSpecially <Tm the
case Plxiyg)eaxs+pay-4, N

wsing [N im place of Of (or(O5)),
arcth. better cvu.q‘w'bs‘ﬁe.ktvg results

— Pu*{,(,sd .)L,Pcm(ﬂ\.b\'c.e. o\u‘ofx‘es . t%-s
— OLCSC‘\'\‘WMQ‘V\t QCVLAS “VVN | MQ&%OL tcvu.:
— ol&c‘o—wspcsmbkc. -T—orm cqMs

- Almear reosrve~ces



