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What causes price changes in financial assets?

The major determiner of price changes is “new information”.

When a new piece of information circulates in a financial market (whether true,
partly true, misleading, or bogus), the prices of related assets adjust in response,
and move again when the information is updated.

The importance of the role of information is clear on an intuitive basis, but how
do we actually model the flow of information mathematically?

What is the information “about”?

In this talk I discuss some of the issues involved in modelling the flow of
information in financial markets, and I present some elementary models for
“information” in various situations.

Some applications to the pricing of various types of financial products will be
indicated. In particular I shall look at the problem of correlation modelling.

This is an issue where I think we all feel that a back to the basic approach is
clearly appropriate.

Finally, I shall make a few remarks about statistical arbitrage strategies.
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Information-based asset pricing

When models are constructed for the pricing and risk management of
complicated financial products, the price dynamics of the underlying simpler
financial assets, upon which the complicated products are based, are often
simply “assumed” (modulo some parametric freedom) on an ad hoc basis.

But even the simpler financial assets (shares, bonds, etc) are charaterized by
potentially “complex” features, and so to make sense of their behaviour we need
to consider what goes into the determination of their prices.

The main ingredients that go into the modelling of asset prices are as follows:

(A) Modelling the cash-flows as random variables
(B) Modelling the market filtration (“flow of information” to market)
(C) Modelling the pricing kernel (discounting, risk aversion).

In what follows we emphasise particularly the roles of (A) and (B), and show
how the filtration can be modelled by use of a special class of processes that we
call information processes.

We shall look at some applications to credit derivatives, equity pricing, insurance
products, and statistical arbitrage.

Fields Institute 29 April 2009



Information Flows in Financial Markets - 6 - L. P. Hughston

For simplicity we assume that interest rates are deterministic, and that the
pricing measure Q (the risk-neutral measure) has already been specified.

We model the financial markets with the specification of a probability space
(Ω,F ,Q) on which we are going to explicitly construct a filtration {Ft}0≤t<∞
representing the flow of information to market participants.

Absence of arbitrage implies that the default-free discount bond system
{PtT}0≤t≤T<∞ is of the form

PtT =
P0T

P0t
, (1)

where {P0t}0≤t<∞ is the initial term structure, which we take as given.

The markets we consider will, in general, be “incomplete”.

That is to say, although derivatives can be priced we do not assume that they
can be hedged.

Since we are actually going to model the filtration (rather than merely assume it
into existence) we say that we are working in an “information-based” framework.
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Cash flow structures and market factors

We consider a financial contract that delivers a set of random cash-flows
{DTk}k=1,...,n on the dates {Tk}k=1,...,n.

The value of the contract that generates the cash flows {DTk}k=1,...,n is given by
the standard risk-neutral valuation formula:

St =

n∑
k=1

1{t<Tk}PtTkE
Q [DTk|Ft

]
. (2)

We introduce a set of independent random variables {XTk}k=1,...,n, which we call
market factors.

For each k the cash flow DTk is assumed to depend on the independent market
factors XT1

, XT2
, . . . , XTk

.
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Thus for each date Tk we introduce a cash-flow function ∆Tk such that

DTk = ∆Tk(XT1
, XT2

, . . . , XTk
). (3)

For any given asset, it is the job of the financial analyst to determine the relevant
X-factors, their a priori probabilities, and the form of the cash-flow functions.
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Example I. Simple credit-risky coupon bond (two coupons, no recovery
on default).

DT1 = cXT1 (4)

DT2 = (c + n)XT1XT2. (5)

Here c and n denote the coupon and principal.

XT1, XT2 are independent binary variables taking the values {0, 1}, with a priori
probabilities p1 = Q[XT1 = 1] and p2 = Q[XT2 = 1].

The price of the bond is given by:

S0 = P0T1E[DT1] + P0T2E[DT2]. (6)

Example II. Credit-risky coupon bond with recovery.

DT1 = cXT1 + R1(c + n)(1−XT1) (7)

DT2 = (c + n)XT1XT2 + R2(c + n)XT1(1−XT2). (8)

Here R1, R2 are recovery rates.
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Information processes

For t ≤ Tk, we assume that the information available to market participants
about XTk

is contained in the so-called information process {ξtTk}0≤t≤Tk defined
by

ξtTk = σTkXTk
t + βtTk. (9)

The process {βtTk} is a standard Brownian bridge over the time interval [0, Tk],
with mean zero and variance t(Tk − t)/Tk.

The X-factors and the Brownian bridges are assumed to be independent.

The Brownian bridges represent “market noise” and only the terms σTkXTk
t

contain “true market information”.

The value of XTk
is “revealed” at time Tk.

The parameter σTk can be interpreted as the “information flow rate” for the
factor XTk

.
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Modelling the information flow

Now we are in a position to construct the market filtration.

We assume that {Ft} is generated by the collection of market information
processes {ξtTk}.
Thus the information at time t is given by:

Ft = σ
({
ξsTk
}

0≤s≤t, k=1,...,n

)
. (10)

The information process {ξtTk} is {Ft}-adapted, but this is not the case for the
Brownian bridge {βtTk}.

Clearly, for each Tk the market factor XTk
is FTk-measurable.

A calculation shows that the information processes {ξtTk} satisfy the Markov
property.

This feature implies a number of simplifications in the resulting models.
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Example III. Single-dividend paying asset.

Let the cash-flow function of an asset paying a single dividend be given by
DT = XT , where the market factor XT is a continuous non-negative random
variable with a priori probability density p(x).

The Markov property of {ξtT} implies that for t < T the price process of such
an asset can be written in the form

St = PtTE [DT |ξtT ] (11)

= PtT

∫ ∞
0

x πt(x) dx. (12)

Here πt(x) is the conditional probability density function.

Making use of the Bayes formula we can then show that πt(x) is given by

πt(x) =
p(x) exp

[
T
T−t(σxξtT −

1
2σ

2x2t)
]∫∞

0 p(x) exp
[
T
T−t(σxξtT −

1
2σ

2x2t)
]

dx
. (13)

Thus at each time t the price of the asset is determined by the value of the
information process ξtT .
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Dynamic asset pricing

In the case of a single-dividend-paying asset we can obtain the dynamics of the
price of the asset by applying Ito’s lemma to the risk-neutral valuation formula
for t < T :

St = PtTEt [XT ] . (14)

The result is:

dSt = rtStdt + PtT
σT

T − t
Vart [XT ] dWt. (15)

Here Vart [XT ] denotes the conditional variance of XT .

The {Ft}-adapted process {Wt} driving the dynamics of the asset is not given
exogenously, but rather is defined for t < T by the following formula:

Wt = ξtT −
∫ t

0

1

T − s
(σTEt [XT ]− ξsT ) ds. (16)

It is then an exercise to verify that {Wt} is an {Ft}-Brownian motion.
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A model for stochastic volatility

In the case of a multiple-dividend-paying asset the price is given by

St =

n∑
k=1

1{t<Tk}PtTkEt

[
DTk

]
. (17)

Making use of the cash-flow function DTk = ∆Tk

(
X1, . . . , XTk

)
, we obtain

dSt = rt St dt +

n∑
k=1

∆Tkd1{t<Tk}

+

n∑
k=1

1{t<Tk} PtTk

k∑
j=1

σjTj

Tj − t
Covt

[
∆Tk, XTj

]
dW j

t . (18)

Here the {Ft}-adapted Brownian motions {W j
t } driving the asset price are

defined by

W j
t = ξtTj −

∫ t

0

1

Tj − s
(σj Tj Es

[
XTj

]
− ξsTj)ds. (19)

The volatility of the price process depends on more than one Brownian motion.
As a consequence, the model gives rise in a natural way to unhedgeable
stochastic volatility.
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A model for dynamic correlation

Correlation results when assets share one or more X-factors in common.

Let us consider a pair of credit-risky zero-coupon bonds.

The first bond is defined by the cash flow DT1 at T1. The second bond is
defined by the cash flow DT2 at time T2, where T2 > T1.

The cash flow structure is given by:

DT1 = n1XT1 + R1n1(1−XT1) (20)

DT2 = n2XT1XT2 + Ra
2n2(1−XT1)XT2

+ Rb
2n2XT1(1−XT2) + Rc

2n2(1−XT1)(1−XT2). (21)

Here, n1 and n2 denote the bond principals.

XT1 and XT2 are independent binary variables taking the values {0, 1}.

R1, Ra
2, Rb

2, and Rc
2 denote possible recovery rates in the case of default.

For the dynamics of the first bond price

S
(1)
t = PtT1Et [DT1] (t < T1) (22)
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we have:

dS
(1)
t = rtS

(1)
t dt + PtT1

σ1T1

T1 − t
αVart [XT1] dW

(1)
t , (23)

where α = n1(1−R1).

For the dynamics of the second bond price

S
(2)
t = PtT2Et [DT2] (t < T2) (24)

we have:

dS
(2)
t = rtS

(2)
t dt + PtT2

σ1T1

T1 − t
(β + δEt [XT2]) Vart [XT1] dW

(1)
t

+PtT2

σ2T2

T2 − t
(γ + δEt [XT1]) Vart [XT2] dW

(2)
t , (25)

where β = n2(R
b
2 −Rc

2), γ = n2(R
a
2 −Rc

2), and δ = n2(1−Ra
2 −Rb

2 + Rc
2).

Here the filtration {Fs}0≤s≤t is generated by the information processes

{ξ(1)
s }0≤s≤t and {ξ(2)

s }0≤s≤t associated with XT1 and XT2 respectively.

The dynamics of the two bonds depend on a common Brownian driver {W (1)
t }.
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Thus the fact that the asset payoffs share an X-factor gives rise to a dynamic

correlation between the movements of the prices {S(1)
t } and {S(2)

t }.

The instantaneous correlation between the price movements is given by:

ρt =
dS

(1)
t dS

(2)
t√(

dS
(1)
t

)2 (
dS

(2)
t

)2
. (26)

Hence, using the expressions for the respective dynamics, we obtain:

ρt = (27)
σ1T1
T1−t

(β + δEt [XT1]) Vt [XT1]√(
σ1T1
T1−t

)2

(β + δEt [XT2])
2 (Vt [XT1])

2 +
(
σ2T2
T2−t

)2

(γ + δEt [XT1])
2 (Vt [XT2])

2

.

(28)

We see therefore that information-based asset pricing leads rather naturally to an
explicit model for deducing the correlations between the movements of assets.
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Gamma information

We consider now an information process of the following form:

ξtT = XT γtT .

Here XT is a random variable and {γtT}0≤t≤T is an independent gamma bridge
process.

We have the following representation for the gamma bridge:

γtT =
γt
γT
. (29)

Here {γt}0≤t≤T is a standard gamma process, with rate m.

We recall that the gamma process is positive, increasing Levy process, and is
purely discontinuous. For each t the random variable γt has the density

fγt(z) =
zmt−1 e−z

Γ(mt)
(z > 0).

We shall call {ξtT}0≤t≤T a gamma information process.
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Gamma information is applicable in situations where the random variable XT

represents the total accumulation of an irreversible gains process.

For example, XT may represent the total number of accidents or fatalities of a
certain type during the period from 0 to T , or the total number of sales
achieved, or the total amount of water, or gas, or electricity consumed, or the
total amount of emissions emitted, etc. There are many examples.

We are interested in valuing financial contracts for which the payoff is given by
some function DT = D(XT ) of the random variable XT .

Therefore we want to take the conditional expectation of DT given the
information available up to time t.

As before, we assume the filtration to be generated by the information process.

The conditional expectation can be simplified by use of the fact that the gamma
information process has the Markov property.

This follows from the observation that γt/γu and γu are independent for all
t ≤ u ≤ T .
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The value γtT of the gamma bridge at time t has a beta distribution:

fγtT (z) =
Γ(mT )

Γ(m(T − t))Γ(mt)
zmt−1(1− z)m(T−t)−1.

Let us consider the case when XT is discrete, taking the values xi for
i = 1, 2, ..., n, and for simplicity assume that DT = XT .

Since the gamma information process is Markovian, the value of the asset at
time t can be written

St = PtTE[XT |ξt] (30)

By use of the Bayes formula we then deduce that the value process is given by

St = PtT

∑
i πix

2−mT
i (xi − ξt)m(T−t)−11{ξt≤xi}∑

i πix
1−mT
i (xi − ξt)m(T−t)−11{ξt≤xi}

. (31)

This model allows us to value contracts that depend on cumulative gains, e.g.
the number of defaults in a basket, aggregate insurance claims in a given period,
total GDP over a give time horizon, total rainfall, total mortgage prepayments,
and so on and so forth. The “value” of an insurance contract tells us the reserve
that needs to be allocated.
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Information and statistical arbitrage

So far we have assumed that all market participants have equal access to
information, but one can ask what happens if some traders are more “informed”
than others.

For example, suppose we consider a financial product that pays a single cash
flow XT at time T . We can think of this product as a kind of bond.

The general market trader has access to an information process concerning XT ,
but there also “informed” traders that have access (say) to two or more
information processes concerning XT .

Thus the informed trader has in some sense a “better estimate” of the true
value of the bond.

Given that the informed trader is on average “more knowledgeable” than the
general market participant it is natural to ask how the informed trader can take
advantage of the situation, i.e. to seek out “statistical arbitrage” opportunities.

We’ll assume that the informed trader operates on a relatively small scale, and
that the actions of the informed trader do not significantly influence the market.
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For example, suppose now we consider a trading strategy such that at some
designated time t ∈ (0, T ) a market trader purchases a digital bond iff at that
time the bond price BtT is greater than KPtT for some specified threshold K.

The informed trader follows the same rule, but makes a better estimate for the
value of the bond, and hence purchases the bond iff B̃tT > KPtT .

In either case a bond that is purchased will be held until maturity.

That such a strategy leads to a statistical arbitrage opportunity for the informed
trader, but not for the general market trader, can be seen as follows.

We assume that the initial position of the trader is zero, i.e. purchase of a
digital bond at t requires borrowing the amount BtT at that time, and repaying
the amount P−1

tT BtT at T .

Thus the value of the market trader’s portfolio at T is

VT = 1{BtT > KPtT}(XT − P−1
tT BtT ), (32)

whereas the terminal value of the informed trader’s portfolio is

ṼT = 1{B̃tT > KPtT}(XT − P−1
tT BtT ). (33)
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Consider now the present value P0TE[∆VT ] of a security that delivers a cash
flow equal to the excess P&L ∆VT = ṼT − VT generated by the strategy of the
informed trader.

By use of the tower property we have E[∆VT ] = E[E[∆VT |Gt]]. But:

E[∆VT |Gt] = P−1
tT

(
1{B̃tT > KPtT} − 1{BtT > KPtT}

) (
B̃tT −BtT

)
, (34)

since the random variables BtT and B̃tT are both Gt-measurable.

If B̃tT > BtT then 1{B̃tT > KPtT} − 1{BtT > KPtT} is nonnegative, whereas
if B̃tT < BtT then 1{B̃tT > KPtT} − 1{BtT > KPtT} is nonpositive.

It follows that E[∆VT |Gt] is a nonnegative random variable, and hence
E[∆VT ] > 0, since E[∆VT |Gt] > 0 with probability greater than zero.

We know that the present value of the payoff of the strategy of the general
market trader must be zero.

Therefore, the informed trader can execute a transaction at zero cost that has
positive value, and this is what we mean by “statistical arbitrage”.
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