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Alber's Equation (1978)
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Correlation Function for 
Homogeneous Seas,

Kinsman (1965), p 377
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Instability of Inhomogeneous
Disturbances

( ) ( ) ( )h 1, , , , ,x r t r x r tρ = ρ + δ ρ

Assume a disturbance of the form:
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Three Narrow Spectra
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Isolines of the  non-dimensional 
growth-rate      for three 
spectra:
a) Square spectrum;
b) Lorentz spectrum;
c) Gaussian spectrum.
Dots refer to the cases for which 
long-time evolution is studied.
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Spectral interpretation 
of the initial conditions
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Connection to the initial surface elevation η

Schematic description of the main homogeneous spectrum and the 
inhomogeneous disturbance (here Sh(k) and s(k) are both 
Gaussian). As an example, the phases at (aR,bR,cR) and at (aL,bL,cL) 
are the same as at (a,b,c), respectively.
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Numerical solution of Alber's equation
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where, ν = 1/2 and λ = –1/8.

Schematic description of the numerical domain
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Boundary conditions

•Periodicity in ξ�

•Condition at large r �
Approximating S(k,x) by a square spectrum in (k-k0)∈(-w,w), 
and integrating, leads to :

( ) 2 2
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, , 2 ( , ) ( , )
w rr rx r t S x t S x t

r
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For r = 0: ρ(x,0,t) = 2S(x,t)w, 
thusS(x,t) = ρ(x,0,t) / 2w
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τ�

ρ�max(r �=0)

The influence of the extent of the r � domain on the maximum value of ρ at r �=0 as a 
function of non-dimensional time τ,  for r �end=10ξ�end ;  
r �=30ξ�end  , and  r �=50ξ�end  . These calculations are for a 
homogenous Gaussian spectrum and an inhomogeneous Gaussian disturbance with  
K=2, W=1, δ=0.1. A1
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Invariants of motion
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The influence of the extent of the r domain on the invariant I2 as a 
function of the non-dimensional time τ, for:  r �end=10ξ�end ; 
r �=30ξ�end ;         and  r �=50ξ�end . A1.
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Description of the initial conditions
Summary of parameters chosen for the various simulations, see also 

GaussianGaussian0.470.52.00.1D

GaussianGaussian02.02.00.1C

GaussianGaussian01.04.00.1B

Square

Width= 0.01
Gaussian0.4051.02.010A 6

Square

Width= 0.1
Gaussian0.4051.02.01A 5

Square

Width= 0.1
Gaussian0.4051.02.00.1A 4

SquareSquare0.4 1.02.00.1A 3

LorentzLorentz0.4251.02.00.1A 2

GaussianGaussian0.4051.02.00.1A 1

Inhomogeneous 
disturbance
spectrum

s

Initial 
homogeneous 

spectrum
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W
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Results: Reference case (A1)

ξ�

ρ� (ξ�,0,τ�)
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The value of ρ as a function of ξ�, at r �=0 for different times:
τ=0         ; τ=8.25          ; τ=16.25         ; τ=24.5              . Case A1.
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Results: The influence of the initial linear growth 
rate on the long time evolution
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Results: Influence of the shape of the 

initial spectrum

The values of ρ�(0,0,τ�)/ρ�h(0,0) as a function of time for 3 different initial spectra: 
Square (A1)            ; Gaussian (A3)           ; Lorentz  (A2)      .
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Schematic description of the initial homogenous spectrum and the inhomogeneous disturbances, 
case A4 ; case A5 ; case A6      .   
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• Conclusions
• The most striking result of this work is the recurrent behaviour
• This finding is very different from the results for homogeneous seas
• Reason: in the present study, the initial disturbance spectra are 

profoundly inhomogeneous, through their phase relation to the 
homogenous spectrum, in contrast with previous studies for which all 
initial phases where independent and randomly chosen

• Physical significance ?
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Theoretical background

( )
2

5
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o o

1 g 1 g r r
i gk x,r, t x ,0, t x ,0, t

t 2 k x 4 r x 2 2k

   ∂ρ ∂ρ ∂ ρ    + − = ρ ρ + −ρ −       ∂ ∂ ∂ ∂      

( ) r r*x , r, t A x , t A x , t
2 2

   
ρ = + −   

   

Alber’s Eq. for narrow banded random surface waves

The definition of the two-point spatial correlation ρ(x,r,t) is:

( ) ( ) ( )o oi k x gk t
2 x, t A x , t e * ,

−
η = +

A(x,t) (the complex envelope) is related to the random free-surface 
elevation η(x,t) by:
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Theoretical background

( )h r 0 S ( k ) d k
∞

− ∞

ρ = = ∫

The correlation for a homogeneous ocean at r=0 is given by the 
integral of the energy spectrum:

( ) 2
h r 0 Hρ = ∝ r m s 0

And thus:

( ) 2, , H (x , t )ρ ∝ rmsx r = 0 t

One can assume that for an inhomogeneous ocean:

where Hrms0 is the root mean square wave height of the homogeneous ocean. 
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Theoretical background
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The Rayleigh distribution:
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Seven Case Studies ,

IΩ%

0.0560.1260.080.080.080.160.08Eq. 4.5δ
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Growth rate
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3)

0.00320.01580.0130.00970.00650.00320.0032spectral widthW(m-1)
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Stability Diagram and Recurrent 
Solutions

( ) ( ) ( )h 1, , 0 , , 0 ,ρ = =ρ +δρ =x r t r x r t

( ) ( ) cos( )1ρ x,r,t R r Kx= ,

The initial conditions for ρ , are defined as 

Where the small disturbance is given by: 

( ) h cos( ) sin( ) ;2 2
 

ρ + 
 0

K r rR r = K i K
k

2 aδ l 0= k

For a sea-swell interaction :

The initial homogeneous correlation is:

( ) ( )( )2 / 6.45

h

1.133
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−
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Wr
r e

πρ
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Stability Diagram
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Stability Diagram: Isolines of the non-dimensional growth-rate for a 
Gaussian spectrum, Ts=8 sec. (triangle), Ts=10 sec.  (circles), Ts=12 sec.  
(square).



8/15

Recurrent Solutions

A typical cycle of the long time recurring evolution of ρ�m(τ�)/ρ�h(0), 
for:
A2           ; A1           ; B          ; C          ; D      .
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Iso-Lines of ρ(ξ�,0,τ	)/ρ	h(0).
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Probability density function, pdf(ρ/ρ	h), and probability function,
P(ρ/ρ	h), as functions of ρ/ρ	h.

Probabilities
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The probability of freak-waves(                    ) for the Rayleigh distribution         , 
and the probability obtained from Alber’s equation, Case A2           ;  Case A1          
; Case B           ; Case C            ; Case D          . The insert shows the probability 
function for the Rayleigh distribution              and case A2 .

ˆ 2.85≥rms0H H

Probabilities
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“Monte-Carlo” Simulations
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“Monte-Carlo” Simulations
Probability of freak-wavesas a function of time using a single 
nonlinear Schrödinger equation (Full line), and a coupled 
nonlinear Schrödinger equations (circles) for a) H≥2Hs, and b) 
exceptionally  high freak-waves H≥3Hs.



14/15

Summary
• Alber's equation was used to study the statistics of freak waves

in an unidirectional inhomogeneous sea. The inhomogeneity
arises due to the interaction of a deterministic, long swell with 
a stochastic, short sea.

• The probability of freak waves increased up to 20 times 
(compared to the reference, Rayleigh distribution) as the 
spectral width of the sea decreases and the amplitude of the 
swell increases. The probability for exceptionally high freak-
waves was increased by a factor of about 30,000.

• The results were confirmed by "Monte-Carlo" simulations of a 
system of two coupled nonlinear Schrödinger equations, and 
also of a single Schrödinger equation.
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