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Alber's Equation (1978)
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Correlation Function for
Homogeneous Seas,
Kinsman (1965), p 377
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Instability of Inhomogeneous
Disturbances

p (x,r,t)=»p, (r )+ dp, (x,r, t),

Assume a disturbance of the form:
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p, (x,r,t) = R (r){ ei{K(X_z K, J'Qt} +D}
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Three Narrow Spectra




Stability diagrams

Isolines of the non-dimensional
growthérgte for three

spectra:

a) Square spectrum,;

b) Lorentz spectrum;

c) Gaussian spectrum.

Dots refer to the cases for which
long-time evolution is studied.
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Spectral interpretation
of the Initial conditions

S(x, k)= S, (k)+3 s(x k),

p(x,r,t)= Te‘(k"‘o)r\/S(k, X + %,t) S( k x—%, ) dk
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S, (x, k)= 2 s(k)cos (K x)

s (k) = —2177 _[ R(r)e 'tk o)t gy
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P, (r): j Sh(k)ei(k—ko)rdk

Interrelations
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Connection to the initial surface elevatiom
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Schematic description of the main homogeneous spaain and the
Inhomogeneous disturbance (her&, (k) and s(k) are both
Gaussian). As an example, the phases at(b,cz) and at (g ,b, ,c,)
are the same as at (a,b,c), respectively.



Numerical solution of Alber's equation
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where,v = 1/2 and\. = -1/8.
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Schematic description of the numerical domain



Boundary conditions

Periodicity iné

«Condition at large r
Approximating §k,X) by a square spectrum iR-KO)LI(-w,w),
and integrating, leads to :

(xrt)—Z\/S(x+r vy s(x- 14, pSin(wr)

r
Forr = 0: p(x,0,t) = 25x,)w,
thusS(x,) = p(x,0,t) / 2w !

— ~smv’\'/)
p(err)=ypE+T4. 000 ¢ -04 00 )22
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The Iinfluence of the extent of

PrmadF=0)

The influence of the extent of th& domain on the maximum value of at r=0 as a
function of non-dimensional time#, for fend=10&end :
r=30&end . and r=50¢end o o o. These calculations are for a

homogenous Gaussian spectrum and an inhomogeneous Gaussian disamce with
K=2,W=1,6=0.1. A
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Invariants of motion

1 = _[ p (x,0,t )dx ! 60_7)
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S'(x,k,t)= [ p(x,r, t)e"  dr
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Second Invariant

1.0E-02

1.0E-03 -

1.0E-04 -

1.0E-05 -

1.0E-06 -
1.0E-07 - P

1.0E-08 -

1.0E-09

The influence of the extent of the domain on the invariantl, as a
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Summary of parameters chosen for the various simulations, seéso [g

Description of the initial conditions

Initial Inhomogeneous
Case 5 K homogeneous disturbance
~ 2 spectrum spectrum
w Q,
S, S
A 0.1 2.0 1.0 0.405 Gaussian Gaussian
A, 0.1 2.0 1.0 0.425 Lorentz Lorentz
A, 0.1 2.0 1.0 0.4 Square Square
Square
A, 0.1 2.0 1.0 0.405 Gaussian N
Width=0.1 W
A 1 2.0 1.0 0.405 Gaussian Square
5 | | | Width=0.1 W
: Square -
Ag 10 2.0 1.0 0.405 Gaussian :
Width= 0.01
B 0.1 4.0 1.0 0 Gaussian Gaussian
C 0.1 2.0 2.0 0 Gaussian Gaussian
D 0.1 2.0 0.5 0.47 Gaussian Gaussian
15 16 ] [18] [19] [eo




Results: Reference case (A

The value ofj as a function ofé, at r=0 for different times:
T=0 — ;7=8.25— 7=16.25>= §=24.50 o o .Case/A
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r’/gend

The values of t~he real part ofp (a) and tbejmaginary part (b) as
functions of f/ &end, at the cross sectiog=&end2, for different times
7 20— ;#=8.25— #=16.25 »= 7=24.5 <= . Case A



Results: The influence of the initial linear growth
rate on the long time evolution
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The value ofp(0,07)/ph(0,0) as a function of time, for 4 different initial growth
18 rates. Cases D,AC, and B 5




Results: Influence of the shape of the

initial spectrum

T

The values 0fp(0,0,7)/p,,(0,0) as a function of time for 3 different initial spetra:
Square (A) —— ; Gaussian (§ —— ; Lorentz (A) o .
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Results: Influence of the shape of the inhomogenesu
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Schematic description of the initial homogenous spgum and the inhomogeneous disturbances,
case A — ,case A, —— ,cCaseh —-—-.
i 5‘% R
. 3
:
o 5 10 ) 30 35

T
The values ofp(0,07)/p,,(0,0) as functions of time, for 4 different initialinhomogeneous
disturbance spectrums
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e Conclusions

* The most striking result of this work is the recurrent behaviour
« This finding is very different from the results for homogeneous seas

 Reason: in the present study, the initial disturbane spectra are
profoundly inhomogeneous, through their phase relabn to the
homogenous spectrum, in contrast with previous studs for which all
Initial phases where independent and randomly chose

* Physical significance ?
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A Lorentzian Profile with a small disturbance,

——
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The values 0fp(0,07)/p,,(0,0) as functions of time, for:

Case A — ; Janssen (1983)—
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Theoretical background

Alber’'s Eq. for narrow banded random surface waves

(op 1 /g op) 1/g 0P [ ( r j ( r j
| ——+= = — |-=— | = —==.,/0k X, It X+—,0,t|—-p| x—,0,t
(at 2\/k0 ax) 4\ kS 0dX gk px.rt) p 2 P

The definition of the two-point spatial correlatipfx,r,t) is:

p(x,r,t):<A [x+2L,t]A*(x—%,t]>

A(x,t) (the complex envelope) is related to the random free-surface
elevatiom(x,t) by:

2n (x,t) = A (x, 1)

K X-— gkot) 4 o*
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Theoretical background

The correlation for a homogeneous ocearsftis given by the
integral of the energy spectrum:

o, (r=0)= j S(k)dk

And thus:

po(r=0)O0H?

rmsoO

whereHrmsO is the root mean square wave height of the homogeneous ocean.

One can assume that for an inhomogeneous ocean:
p(x,r=0,t)0H? (x,1)
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Theoretical background

The Rayleigh distribution:

2

P(H=H)= e(%j

For a chosen value pfone can show

~ 2
(Yo Yo | 2

The probability to obtaiA>H throughout the spatial and terhpeoéution ofp

- AR
P(%_IrmsO2 ) H rms() i @r (%m) p ®
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Seven Case Studies,

S(K=1.45g
Case Al A, B C D E F
Ti(s) period 18 18 18 18 18 18 18
Swe_ll_ a,(m) amplitude 1 2 1 1 1 1 1
conditi
ons A (m) length 505 505 505 505 505 505 505
K(m-) wave-number 0.0124 0.0124 0.0124 0.0124 0.0124 0.0124 0.0124
T(s) peak period 10 10 10 10 10 8 12
a(m) amplitude 4 4 4 4 4 4 4
Initial H(m) significant height 11.3 11.3 11.3 11.3 11.3 11.3 11.3
Sea I o) length 156 156 156 156 156 100 225
conditi
ons ko(mY) wave-number 0.04 0.04 0.04 0.04 0.04 0.063 0.028
W(m) spectral width 0.0032 0.0032 0.0065 0.0097 0.013 0.0158 0.0032
S(m3) Eq. 4.7 1234 1234 617 411 309 253 1280
£ wave steepness 0.16 0.16 0.16 0.16 0.16 0.25 0.11
W Eq. 4.8 0.5 0.5 1 15 2 1 1
Non- Benjamin-Feir
dimens BFI index 1.4 1.4 0.7 0.47 0.35 0.7 0.7
ional K Eq. 4.8 1.9 1.9 1.9 1.9 1.9 0.8 4
parame
ters ~ Growth rate
Q, 0.46 0.46 0.41 0.3 0.14 0.22 0
B Eq. 4.5 0.08 0.1&/1% 0.08 0.08 0.08 0.126 0.056




Stability Diagram and Recurrent
Solutions

The initial conditions fop , are defined as

p(xr.t=0=q,(r)+op(xrt=9.
Where the small disturbance is given by:
A (x,r,t) = R(r)cos(Kx),

For a sea-swell interaction :
K .
R(r)=ph[%cos(<72>wsm(<72ﬂ 5= 2ak,

The initial homogeneous correlation is:

Ph

_1.133/m _((rwyre.4
(r)= 2N e
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Stablility Diagram

Stability Diagram: Isolines of the non-dimensional growth-ratefor a
Gaussian spectrum, Ts=8 sec. (triangle), Ts=10 sec. (&%), Ts=12 sec.
(square).
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Recurrent Solutions

A typical cycle of the long time recurring evolution ofg.(7)/p,,(0),
for:
A2A A AIN A e am;D @O
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Iso-Lines ofp(&0,7)/5,(0).
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Probabilities

Probability density function, pdf(s/g,), and probability function,
P@®/p,), as functions ofp/p,,. B

0 059 L16 LT74 232 2.9 347 405 463 5.2 0 059 116 L74 232 2.0 347 405 463 5.2
2 2 PP
afp P@P af(Gp ]
Lot pdi(pp:) #Pn) 1otP (&5 P
R | - i e + 0.8

T+ D.6

T 0.4

T 0.2

0 059 L6 L74 232 2.0 347 405 463 52 0.5 116 174 232 2.9 347 4.05 463 5.2
PPy A fin
- pAf(A4:) P(ﬁ’e‘h)

1B T 0.8
+ 0.6
+ 0.4

T 0.2

— t t t t t t + 0
0.5 116 174 2.32 2.9 347 40F 463 5.2
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Probabilities

The probability of freak-waves(H/H,,=2.85 ) for the Rayleigh distributiom— ,
and the probability obtained from Alber’s equation, Case A2 ++ ; Case Al=*
; Case B +¢ ; Case C== ; Case®* . The insert shows the probability
function for the Rayleigh distribution —— and ase A2 —




“Monte-Carlo” Simulations

Coupled NLS
(0A, 1 0A %OZA %/2
(Bt )5 g

5
[ 9AL i\ﬁf’Au g oA :Q%KA\A P, +o 20K 2 A
ot 2VK ox | gx* ox® 2 o

Single NLS

0A, , 1 [g 0A, _g% aZAS:g%ko%‘A ‘2A
ot 2\ ky dx gk 2 OX” 2 "

2000 Realizations
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“Monte-Carlo” Simulations

Probability of freak-wavesas a function of time using a single
nonlinear Schrédinger equation (Full line), and a coupled
nonlinear Schrddinger equations (circles) for a) 2Hs, and b)
exceptionally high freak-waves E3HSs.

( P(H=3H,) )




Summary

* Alber's equation was used to study the statistics of freak waves
In an unidirectional inhomogeneous sea. The inhomogeneity
arises due to the interaction of a deterministic, long swell with
a stochastic, short sea.

* The probability of freak waves increased up to 20 times
(compared to the reference, Rayleigh distribution) as the
spectral width of the sea decreases and the amplitude of the
swell increases. The probability for exceptionally high freak-
waves was increased by a factor of about 30,000.

* The results were confirmed by "Monte-Carlo" simulations of a

system of two coupled nonlinear Schrodinger equations, and
also of a single Schrddinger equation.
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