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Background

I Target-date mutual funds are relatively new instruments ( 10 years
in US, less in Canada)

I TDF is an extension of fund-of-funds i.e. it is a combination of
several mutual funds with specific targets of investment in stocks
and bonds (40% bonds, 60% stocks)

I The equity weight is continuously adjusted in time (80%− 90%
when you have 40 years before retirement to 40%− 50% at
retirement).
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Motivation

I There is no consensus in the industry on how to roll down the equity
weight until retirement (e.i. how to select the optimal glide path)
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Questions

In relation to target-date funds one can formulate several questions.

I How to rank the ability of FMs to pick better stocks?

I Are these FMs who actively manage the funds actively manage the
funds actually adding value to the overall return? (i.e. adding value
by tweaking the glide path around the target value)

I What is the optimal design of the glide path?
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Questions

I The first two questions correspond more to the paradigm of
portfolio management and there are many tools out there for
answering these questions

I The last one can be more relevant in defining fund’s characteristics
and for promotion. It is related to the following situations:

I How a given glide path matches the needs of a particular
firm’s employees

I Use unique labor income distribution among employees
I Use particular employees risk preferences

I By this approach managers can run comparisons and present
them to pension directors for promotion of their instruments.
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Our task

I For specific preferences, there is no clear way on how to choose
among target-date funds

I We want to find a useful model for comparison of strategies among
different target-date funds and be able to come up with a ranking
system
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Outline our approach

Outline of the solution

I Consider uncertainty in the stock markets and labor income as
stochastic processes

I We consider investment in one risky asset (stock index) and in a
risk-free instrument (bond)

I Given the stochastic nature of the risky asset and the labor income,
the total wealth of investment in the financial markets will also
behave stochastically

I Formulate the problem as a stochastic control problem: to find the
”optimal strategy” that maximizes the expected utility of terminal
wealth at retirement

I We considered two different utility functions (CRRA, HARA) to
capture different preferences
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The market and labor

Reference: Bodie and Treussard (2007)

I The risk-free asset (bond)

dRt = rRtdt,

I The risky asset
dSt = St [µdt + σdZt ] ,

where the drift µ > 0 and the volatility σ > 0 are constants, and Zt

is a Brownian motion.

I Labor income behaves

det = et [µedt + σedZt ] ,

I For St and et , we consider the same source of randomness
(perfectly correlated assets)
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Wealth

I If ωt is the fraction of wealth invested in the risky asset St , and
labor earnings flows into the retirement account at a rate etdt then,
the wealth process evolves according to

dXt = etdt + Xtrdt + Xtωt(µ− r)dt + XtωtσdZt

I We represent consumer’s preferences by a constant relative risk
aversion utility function (CRRA) of terminal wealth

U(XT ) =
X 1−γ

T

1− γ
,

where γ is the parameter of relative risk aversion

Evaluation of target-date funds 9/23



The Problem
Proposed solution

Methodology
The End

First model
Second model
Other models

Wealth

I If ωt is the fraction of wealth invested in the risky asset St , and
labor earnings flows into the retirement account at a rate etdt then,
the wealth process evolves according to

dXt = etdt + Xtrdt + Xtωt(µ− r)dt + XtωtσdZt

I We represent consumer’s preferences by a constant relative risk
aversion utility function (CRRA) of terminal wealth

U(XT ) =
X 1−γ

T

1− γ
,

where γ is the parameter of relative risk aversion

Evaluation of target-date funds 9/23



The Problem
Proposed solution

Methodology
The End

First model
Second model
Other models

Wealth

I If ωt is the fraction of wealth invested in the risky asset St , and
labor earnings flows into the retirement account at a rate etdt then,
the wealth process evolves according to

dXt = etdt + Xtrdt + Xtωt(µ− r)dt + XtωtσdZt

I We represent consumer’s preferences by a constant relative risk
aversion utility function (CRRA) of terminal wealth

U(XT ) =
X 1−γ

T

1− γ
,

where γ is the parameter of relative risk aversion

Evaluation of target-date funds 9/23



The Problem
Proposed solution

Methodology
The End

First model
Second model
Other models

Related stochastic control problem

I We want to find the optimal strategy ω∗t that maximizes utility from
terminal wealth

v(t, x , e) = max
ωt

E

[
X 1−γ

T

1− γ
|X0 = x , eo = e

]

I Exploiting the similarity solutions properties to reduce the order of
the problem

Yt =
Xt

et

and
v(t, x , e) = e1−γu(t, y)
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Solution to the first problem

I In this case, one gets an analytic solution

u(t, y) =
(y + α(t))1−γ

1− γ
β(t),

with

α(t) =
1

a1
(1− exp{−a1(T − t)}) ,

β(t) = exp

{(
ao + a1(1− γ) + a2

(
1− γ

γ

))
(T − t)

}
where a0, a1 and a2 are constants depending on the parameters.
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Analytic solution

Figure:
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Optimal strategy

I Finally, the optimal strategy obtained is

ω∗(t, y) =
(µ− r − γσσe)

γσ2

(
1 +

1

a1y
[1− exp{−a1(T − t)}]

)
+

σe

σ
.
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Results

Figure: Optimal strategy as a function of time and for different ratios of
initial wealth/initial labor income

r = 0.02, γ = 1.1, µ = 0.07, µe = 0.01, σ = 0.2, σe = 0.05.
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Monte Carlo simulations

Figure: Simulation of the processes
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Monte Carlo simulations

Figure: Simulation of the optimal strategies
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Monte Carlo simulations

Figure: Optimal strategy and glide paths
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Manulife glide path examples

Figure: Glide paths for comparison
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Comparison of glide paths vs the optimal strategy
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The utility function

We also used a more realistic utility function (HARA). It sets a target x̂
in the final wealth

I We find the optimal strategy ω∗t that maximizes utility from
terminal wealth, this is,

v(t, x , e) = max
ωt

E
[
(XT − x̂)1−γ

1− γ
|X0 = x , eo = e

]
.
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The results

I We obtained explicit solution for the case ρ = ±1

I Monte Carlo simulations and numerical solution of the PDE is under
development

I The MC simulation and the numerical implementation can be used
for more general cases
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Future work

I Use other processes to capture more realistic behaviours

I Other utility functions

I Include other instruments for investment (derivatives, etc.)
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The End

(a) The tension fund (b) The pension fund
fairy
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